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Äçåòà-ôóíêöèÿ Ðèìàíà è îïåðàòîðû Ãèëüáåðòà-Ïîéà

ζ(s) =
∞∑
n=1

1

ns , Re s > 1; àíàëèòè÷åñêîå ïðîäîëæåíèå â C \ {1}

ζ(s) = 0 =⇒ Re s < 1; íåòðèâèàëüíûå íóëè ζ ëåæàò â ïîëîñå 0 < Re s < 1

Ãèïîòåçà Ðèìàíà: âñå íåòðèâèàëüíûå íóëè ζ èìåþò âåùåñòâåííóþ ÷àñòü 1

2

Îïåðàòîð Ãèëüáåðòà�Ïîéà: [ñàìîñîïðÿæ¼ííûé] îïåðàòîð, ñïåêòð êîòîðîãî èìååò
âèä {t : |Im t| < 1

2
, ζ(1

2
+ it) = 0}

Öåëü: ïîñòðîåíèå îïåðàòîðîâ ñ òàêèì ñïåêòðîì, áëèçêèõ ê ñàìîñîïðÿæ¼ííûì;
ìàëûå âîçìóùåíèÿ ñàìîñîïðÿæ¼ííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ

Îäíîìåðíîå âîçìóùåíèå ñàìîñîïðÿæ¼ííîãî îïåðàòîðà ñ òàêèì ñïåêòðîì áûëî
ïîñòðîåíî â ñòàòüå
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Îñíîâíàÿ òåîðåìà

Òåîðåìà

Ðàññìîòðèì îïåðàòîð Øð¼äèíãåðà ñ ïîòåíöèàëîì Ìîðñà:

f 7→ −f ′′ +
(
e2x

4
+

ex

2

)
f

íà ëó÷å (log(4π),+∞) c ñàìîñîïðÿæ¼ííûì ãðàíè÷íûì óñëîâèåì íà ëåâîì êîíöå.

Òîãäà ñóùåñòâóåò îäíîìåðíîå âîçìóùåíèå îáðàòíîãî ê íåìó îïåðàòîðà, ñïåêòð
êîòîðîãî èìååò âèä{

4

λ2
: ζ

(
1

2
+ iλ

)
= 0, Reλ > 0,

1

2
+ iλ 6= α

}
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Ïðîñòðàíñòâî Õàðäè H2

H2 ⊂ L2(R):

H2 åñòü ÇËÎ ôóíêöèé (z − λ)−1 ïðè Imλ < 0

H2 = F L2(0,+∞), ãäå F � ïðåîáðàçîâàíèå Ôóðüå (F L2(R) = L2(R) ):

(F f )(z) = 1√
2π

∫
R
e itz f (t) dt

Èìååì L2 = H2 ⊕ H2

H2({Re s > 1

2
}) =M L2(0, 1), ãäåM � ïðåîáðàçîâàíèå Ìåëëèíà:

(Mf )(s) = 1√
2π

+∞∫
0

f (t) ts−1 dt
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Äçåòà-ôóíêöèÿ è ïðîñòðàíñòâî H2

Re s > 1 : ζ(s) =
∞∑
n=1

1

ns

Re s > 0 : ζ(s)
s = 1

s−1 −
+∞∫
1

{x}
xs+1 dx

= 1

s−1 −
1∫
0

{
1

y

}
y s−1 dy

Èíòåãðàë çàäà¼ò ïðåîáðàçîâàíèå Ìåëëèíà îãðàíè÷åííîé ôóíêöèè
{

1

y

}
íà (0, 1),

÷òî äà¼ò ôóíêöèþ èç H2({Re s > 1

2
})

Ïðåäëîæåíèå

Ôóíêöèÿ s−1
s2

ζ(s) ïðèíàäëåæèò H2({Re s > 1

2
})

Ðàâíîñèëüíîå óòâåðæäåíèå: âîçüì¼ì αj , j = 1, 2, 3, Reαj = 1

2
, ζ(αj) = 0.

Ïðåäëîæåíèå

Ôóíêöèÿ s(s−1)
p(s) ζ(s), p(s) = (s −α1)(s −α2)(s −α3), ïðèíàäëåæèò H2({Re s > 1

2
})
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ßäðà îïåðàòîðîâ Ò¼ïëèöà

Îïåðàòîð Ò¼ïëèöà Tγ â H2 ñ ñèìâîëîì γ ∈ L∞: f 7→ PH2γf

Ëþáàÿ ôóíêöèÿ f ∈ H2 ïðèíàäëåæèò ÿäðó îïåðàòîðà Ò¼ïëèöà ñ ñèìâîëîì f̄ /f

Äëÿ f (s) = i ·s(s−1)
(s−α1)(s−α2)(s−α3) ζ(s) ∈ H2({Re s > 1

2
}) ïîëó÷àåì ñèìâîë f (s)

f (s) = ζ(s)
ζ(s)

Äëÿ Re s = 1

2
èìååì s̄ = 1− s, ζ(s) = ζ(s̄) = ζ(1− s)

Ïîëó÷àåì îïåðàòîð Ò¼ïëèöà ñ ñèìâîëîì

ζ(s)

ζ(s)
=
ζ(1− s)

ζ(s)
= π

1
2
−s ·

Γ
(
s
2

)
Γ
(
1−s
2

)
â ñèëó ôóíêöèîíàëüíîãî óðàâíåíèÿ ζ(s) = 2sπs−1 sin

(
πs
2

)
Γ(1− s)ζ(1− s),

êîòîðîå ïåðåïèñûâàåòñÿ êàê ζ(1−s)
ζ(s) = π

1
2
−s · Γ( s

2)
Γ( 1−s

2 )

Ïîëüçóåìñÿ àïïðîêñèìàöèåé Γ(z) = lim
n→∞

nz

z

n∏
k=1

(
1 + z

k

)−1
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Ïðîñòðàíñòâà äå Áðàíæà

Ïðîñòðàíñòâî äå Áðàíæà � ãèëüáåðòîâî ïð-âî öåëûõ ôóíêöèé ñ L2-íîðìîé íà R

(db1) ôóíêöèîíàë F 7→ F (λ) íåïðåðûâåí äëÿ âñåõ êîìïëåêñíûõ λ;

(db2) ïðîñòðàíñòâî èíâàðèàíòíî îòíîñèòåëüíî èíâîëþöèè F 7→ F ](z) = F (z̄);

(db3) åñëè F (λ) = 0, òî F (z)
z−λ ëåæèò â ïðîñòðàíñòâå

;

(db4)∗ èíâîëþöèÿ F 7→ F (−z) äåéñòâóåò â ïðîñòðàíñòâå è ÿâëÿåòñÿ èçîìåòðèåé

Ïðîñòðàíñòâî ðàñïàäàåòñÿ â îðòîãîíàëüíóþ ïðÿìóþ ñóììó ñâîèõ ÷åòíîãî è
íå÷åòíîãî ïîäïðîñòðàíñòâ

Ïðèìåð: ïðîñòðàíñòâî ìíîãî÷ëåíîâ ñòåïåíè 6 n
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Ñòðóêòóðíàÿ ôóíêöèÿ ïðîñòðàíñòâà äå Áðàíæà

Öåëàÿ ôóíêöèÿ E � èç êëàññà Ýðìèòà�Áèëåðà, åñëè |E(z̄)| < |E(z)| ïðè Im z > 0

Òîãäà ïðîñòðàíñòâî äå Áðàíæà HE ñîñòîèò èç öåëûõ ôóíêöèé F , äëÿ êîòîðûõ
F
E è F ]

E ïðèíàäëåæàò H2({Im z > 0})

Äîïîëíèòåëüíîå ïðåäïîëîæåíèå: E](z) = E(−z)

Íîðìû F
E è F ]

E â H2 ñîâïàäàþò è îïðåäåëÿþò íîðìó F â HE

Ïðèìåð: E � ìíîãî÷ëåí ñ íóëÿìè â íèæíåé ïîëóïëîñêîñòè
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Òåîðåìà

Êñè ôóíêöèÿ Ðèìàíà: ξ(s) = 1

2
s(s − 1)π−s/2 Γ

(
s
2

)
ζ(s); èìååì ξ(1− s) = ξ(s)

Òåîðåìà

Ôóíêöèÿ E(z) = Ks(2π), ãäå K � ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ è
s = s(z) = 1−iz

2
, ïðèíàäëåæèò êëàññó Ýðìèòà�Áèëåðà,

è ïðîñòðàíñòâî äå Áðàíæà HE ñîäåðæèò ôóíêöèþ
ξ( 1

2
−iz)

p(s) , ãäå

p(s) = (s − α1)(s − α2)(s − α3)

Òàê êàê K ]
s (2π) = Ks−1(2π), èìååì E](z) = E(−z), òî åñòü F 7→ F (−z) åñòü

èçîìåòðè÷åñêàÿ èíâîëþöèÿ íà HE . Ñëåäîâàòåëüíî,
HE åñòü îðòîãîíàëüíàÿ ïðÿìàÿ ñóììà ñâîèõ ÷¼òíîãî è íå÷¼òíîãî ïîäïðîñòðàíñòâ

Ëåììà (Ð. Â. Ðîìàíîâ)

Ôóíêöèÿ 2πs

Γ(s) Ks(2π) îãðàíè÷åíà è îãðàíè÷åííî îáðàòèìà â îáëàñòè {Re s > 1

2
}

è ñòðåìèòñÿ ê 1 ïðè s →∞
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Îïåðàòîð â ïðîñòðàíñòâå äå Áðàíæà

Ïóñòü ϕ � öåëàÿ ôóíêöèÿ, ϕ(0) = 1, ϕ(λ) = 0 è ϕ
z−λ ∈ HE

Îïðåäåëèì (íåïðåðûâíûé) îïåðàòîð â HE :

F 7→ F − F (0)ϕ

z

Èìååì ϕ
z−λ →

ϕ
z−λ+ 1

λ
ϕ

z = 1

λ
ϕ

z−λ , ïîëó÷àåì ñïåêòð îïåðàòîðà: { 1λ : ϕ(λ) = 0}

Âîçüì¼ì α, Reα = 1

2
, ζ(α) = 0, è îïðåäåëèì

ϕ(z) =
|Imα|2

ξ
(
1

2

) · ξ
(
1

2
− iz

)(
1

2
− iz − α

) (
1

2
− iz − ᾱ

)
Òîãäà ϕ(0) = 1; ìíîæåñòâî íóëåé ϕ åñòü ìíîæåñòâî âñåõ íåòðèâèàëüíûõ íóëåé ζ
êðîìå α è ᾱ, ðàçâ¼ðíóòîå íà âåùåñòâåííóþ ïðÿìóþ

Îòìåòèì, ÷òî ϕ � ÷¼òíàÿ ôóíêöèÿ
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Îïåðàòîð â ïðîñòðàíñòâå äå Áðàíæà

Ïóñòü ϕ � öåëàÿ ôóíêöèÿ, ϕ(0) = 1, ϕ(λ) = 0 è ϕ
z−λ ∈ HE

Îïðåäåëèì (íåïðåðûâíûé) îïåðàòîð â HE :

F 7→ F − F (0)ϕ

z

Èìååì ϕ
z−λ →

ϕ
z−λ+ 1

λ
ϕ

z = 1

λ
ϕ
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2
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2
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1

2
− iz
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1

2
− iz − ᾱ
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ϕ � ÷¼òíàÿ ôóíêöèÿ, ñïåêòð èìååò âèä { 1λ : ϕ(λ) = 0} =
{
1

λ : 1

2
− iλ ∈ Z

}
,

ãäå Z = {s : Re s ∈ (0, 1), ζ(s) = 0} \ {α, ᾱ}

Êâàäðàò îïåðàòîðà èìååò âèä

F 7→
F −

(
F (0) + zF ′(0)

)
ϕ

z2

Åñëè F ÷¼òíàÿ, òî F → F−F (0)ϕ
z2

, è åñëè F íå÷¼òíàÿ, òî F → F−F ′(0) zϕ
z2

Ýòè îïåðàòîðû ÿâëÿþòñÿ îäíîìåðíûìè âîçìóùåíèÿìè îïåðàòîðîâ F 7→ F−F (0)ψ
z2

è

F → F−F ′(0) zψ
z2

, ãäå ψ � ÷¼òíàÿ ôóíêöèÿ, íà ÷¼òíîì è íå÷¼òíîì ïîäïðîñòðàíñòâàõ
ñîîòâåòñòâåííî, è ñðåäè òàêèõ îïåðàòîðîâ åñòü ñàìîñîïðÿæ¼ííûå
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Äèôôåðåíöèàëüíûå îïåðàòîðû

Èçîìåòðèÿ V : L2(R+)→ L2
(
{Re s = 1

2
}, eπ Im s + e−π Im s

)
(Vu)(s) = 1

2π

∞∫
0

(
Ks(t) + Ks−1(t)

)
u(t) dt

s = 1−iz
2
: V {u : u ≡ 0 íà (0, a)} = HEa , Ea(z) =

√
2a
π · Ks(a) (a = 2π)

Îïåðàòîðó Øòóðìà�Ëèóâèëëÿ u 7→ − d
dt

(
4t2 u̇

)
+ (4t2 − 4t − 1)u â L2(R+)

ñîîòâåòñòâóåò óìíîæåíèå íà z2

Ãðàíè÷íîå óñëîâèå u(2π) = 0 îïðåäåëÿåò ñàìîñîïðÿæ¼ííûé îïåðàòîð â L2(2π,∞)

Åãî îáðàòíîìó ñîîòâåòñòâóåò îïåðàòîð F 7→ F−F (0)ψ
z2

â ïðîñòðàíñòâå äå Áðàíæà

ïðè ψ = E+E]
2

Çàìåíà t = ex

2
: u ∈ L2(R+)→ ex/2√

2
· u( e

x

2
) ∈ L2(R) x ∈ (log(4π),∞)

Îïåðàòîð Øð¼äèíãåðà ñ ïîòåíöèàëîì Ìîðñà f 7→ −f ′′ +
(
e2x

4
+ ex

2

)
f

Ïðè ñàìîñîïðÿæ¼ííîì ãðàíè÷íîì óñëîâèè â log(4π) îäíîìåðíîå âîçìóùåíèå
îáðàòíîãî îïåðàòîðà èìååò ñïåêòð { 4

λ2
: ζ(1

2
+ iλ) = 0, Reλ > 0, 1

2
+ iλ 6= α}
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