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Reconstruction theorem

Let G be a group and sVect the category of actions of G on
vector spaces X € Vect. Consider the “forgetting” functor

F : gVect — Vect that assigns to every action X € gVect of G
the same space X, but viewed as a vector space (without the
structure of G-action). An endomorphism of the functor F is a
family of linear mappings

p={px: F(X) ' F(X); X e gVect}
such that for each G-morphism ¢ : X aVect y
F(X) -7+ F(X) (M
F(@)j JF(AD)
F(Y) -+ F(Y)

An endomorphism p is an automorphism < each mapping
px : F(X) ' F(X) is a bijection.
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Theorem (on reconstruction)

The class AutF of all automorphisms of the functor F is a group
isomorphic to G.

Proof. For each element a € G and for each G-space X € gVect
we consider the mapping ax : X — X

~

ax(x) =a-x, XegVect, xeX. (2)

1. For every a € G, the family of mappings a = {ax; X € gVect}
is a natural transformation of the functor F into itself, since for

any morphism ¢ : X aVest y
alp(x)) = a-p(x) = p(a-x) = p(ax)).

2. For any a € G, the family of mappings a = {ax; X € gVect} is
an isomorphism of the functor F into itself, since every mapping
ay is a bijection. As a corollary, a € AutF.
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3. Ifa,be @G, then

since

—~—

a-bx(x)=(a-b)-x=a-(b-x)=
= Ax(bx(x)) = (Fo b)x(x)

Hence the mapping a€ G — a € AutF is a group
homomorphism.

4. It is injective, because on the group algebra Cg we have the
chain

0

axzb = A,(6")=62-6"=62%6°=6° 6" = br,(6")
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5. Let us show that it is surjective. Take p € AutF. Consider the
group algebra Cg € gVect and the mapping pc, : Cg — Cg.
This mapping is an automorphism of the functor F, hence it
commutes with each mapping ¢ : Cg — Cg that commutes with
the left multiplication by elements of G:

(vb.xeCq wlb-x)=b-p(x)) =

= (xeCq pealplN) = @lpcs())).
This implies that pc, commutes with the right multiplications
o(x) = x -y by elements y € G:
vaye CG ch(x y) = p(CG(X) -y
If we now put a = pc,(6'), where 1 is the unitin G, then we get
p(CG(y) = p(CG((51 ' y) = p(CG(61) y=a-y= E(CG(y)v ye CG'

That is
pcs = acg (3)
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Let us now show that for any object X € gVect the equality
px = ax holds. We fix x € X and consider the mapping

1:Cg—> X 169y =g-x (4)

This is a morphism of G-modules. On the other hand, p is a
natural transformation of F : gVect — Vect into itself. Hence, by

1),
peg

F(Ca)--=~F(Cqg)
F(L)J lF(b)
F(X)- - » F(X)
So
px(x) = px(F(1)(8")) = F(1)(pcg(61)) = (8) = F(1)(Ace(s")) =
= (2) = F(1)(6%-8") = F(1)(6%) = 1(6%) = (4) = a- x = ax(x)

All this means that the mapping ae€ G — a € AutF is a group
isomorphism.
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Monoidal categories

A monoidal category is a list of six objects M, ®, /, o, <, = with
the following properties:
1) Mis a category,
2) ® is a covariant furctor ® : M x M — M; the requirement of
functoriality means the fulfillment of the identities

Tage = 1a®18, (x®X')o(e®¢") = (xo)®(x'o¢') (5)

B -
7 N N
A——C

¢ Al w/ 3 CI
J
BB
N ©)
!/ /
A® A g c®cC
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3) ois an isomorphism of functors
((4.8.0) - (A®B)®C) — ((A B,C) — AB(BET)),
i.e. a family of isomorphisms in M

o = {eapc: (A®B)®C > A® (B C); AB,Cec )
such thatforeachp: A S A, x:BS B, y:C5 C
(A®B)®C —2°, A®(B® C)
(@@X)@iﬁl l¢®<x®¢>; (7)

(A/®BI)®CI AI®(BI®CI)

DA/ / /
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and in addition forany A, B,C,D e M

(A®(BOC) ©D —— - AB((BOC)®D)
1A®E‘B,C,D\L
E‘A,B,C®1DT
(A®B)®C)®D A®(B®(C®D))
— —

YA®B,C,D (A@ B) ® (C® D) DA,B,C®D

4) Iis an object in the category M, and < and = are two
isomorphisms of functors < : (A — I ® A) — (A — A),

and o - (A - A® /) — (A — A), i.e. two families of
isomorphisms in M

<a={<,:IQA— A, Ac M}, >={ms: AQI > A, Ac M}
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so that for each ¢ : A 5 A’

I9A —2 A AR —2 A
1@ ® P®1 ®
/®A/TA,>A/ AI®/>4A,>A/

It is additionally reqired that
— when the object / is substituted into the argument of these
transformations, they must coincide

(€ I®1I-> 1) = (= I®1-> 1),

— foreach A,BeM

(A®N®B —— ——— AR(I®B)

DAQ‘ A< B ®)
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Symmetric categories

A monoidal category (M, ®, /, 0, <, =) is symmetric if a
morphism of functors

o ((A, B)— A® B> — ((A, B) B®A) is defined, i.e. a
family of isomorphisms in M

o={oap:AQRB—- B®A;, A BeM}
such thatforeach o : A5 A, x:B5 B

°AB
ARB — B®A

w@xl lx@ﬂ :

ARB —— BoA

OA,«,BI
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and in addition
— foreach Ae M

I0A — " s A®|

DE

— foreach A,Be M

1
AB — 2 . A®B

0%\,5\4 AA
B®A
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— foreach A,B,CeM

A®(B®C) .— (BRC)®A

UA,B,C ©B,C.A

(A®B)®C B® (C® A)
on8®1c 15®04.0

(B®A)®C ?Ac} B®(A®C)
Examples:

1) The category Set of sets.
2) The category ,Vect of vector spaces over a given field k.
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Algebras and modules over them

An algebra (or a monoid) in a monoidal category M is a triple
(A, p, ), where Ae M, and

uw:A®A— A (multiplication), t:1— A (unit)
are morphisms such that

AA

ARAQA— 2 AR (AR A)

#®1A‘ lu@w

ARA—" A P ARA
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A left module over an algebra (A, i1, ¢) in @ monoidal category M
is an arbitrary pair (X, &), consisting of an object X and a
morphism £ : A® X — X in M such that the following diagrams
are commutative:

ARA QX — 22 L A®(A®X) o1, ABX
u®1xJ( J{b@& I®X/ E‘

AOX — X5 AgX %x
Examples:

1) In the category Set of sets the algebras are monoids, and
the modules over them are actions of monoids on sets.

2) In the category ,Vect of vector spaces over a given field k
the algebras are usual algebras over k, and the modules are
usual modules over them.
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Closed categories

A monoidal category M is closed if we have:
1) a bifunctor (A, B) — % : M x M — M, contravariant in the first
variable and covariant in the second:

18 _ 4, Xog X ¢
14 7 pox X ¥
B B
@ X @ X
A<TC AI;W' C’
\

BI
s B ¥
7 N
AL C
A ¥ C
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2) a system of bijections

+#
Cu(AgB) — 22 ng

which for any three objects A, B, C establishes a bijection

between the morphisms A® B — C and the morphisms
A— %:

+ 4
( A® B @ c ) ﬂ,c ( A A,B,C(«P)g )
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and this correspondence is natural in A, B, C € M: for each
AL A BEBandCc D C

4
C|Z|(A®B)ﬂ>gzm

©8 7\
! a
v (6)

/ i / C/ !
CuAeb) Ha 8 cf ng

of course, this defines an isomorphism of functors

(A.B,0)~ CcTI(A®B)) X (A.B.C)~ ng),

Examples:
1) The category Set of sets.

2) The category ,Vect of vector spaces over a given field k.



Enriched categories

Let (M,®, I, , <1, =) be a monoidal category. A class E is called
an enriched category over M, or an M-category, if

E1: each two objects A, B € E are associated with an object
B @ A e M, called the space of morphisms from A into B,

E2: each three objects A, B, C € E are associated with a
morphismespc: COB®B©@A — C@Ain the category
M, called a morphism of composition in E,

E3: each object A € E is associated with a morphism
ea: l— AQ Ain the category M, called the unit morphism
inA,

so that the following conditions are fulfilled:
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— foreach A,B,C,DeE

9pQC,CQB,BRA

(D@C@C@B)@B@A D@C@(C@B@B@A)

'B,C,D®1B®Al JjD@C@'A,B,C
DpBRBQpA DoC®CQpA
*A.B,D *ACD
DpA
— foreach A,BeE
®1
IQBOA ———  BoB®BOA
<1BpA *AB,B
BpA
>BpA WB
BoA®I BOARAQA
180a®ceA
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Examples:

1) Usual categories are enriched over Set.

2) A closed monoidal category is enriched over itself. In
particular, the category Set of sets, and the category ,Vect of
vector spaces over a given field k are enriched over
themselves.

3) If M is a closed monoidal category with equalizers, then for
each algebra A in M the category M of left modules over A is
enriched over M.
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Support of an enriched category

If E is an enriched category over M, then its support suppk is
the usual category with the same objects as in E,

X eESUppPE < XEeE,

and the morphisms from /into Y @ X (in the category M) as the
morphisms from X into Y:

o Xy o LB vox

In other words,
SUPPE M

Y 1 X=(YoX 1l
Local identities

1 XX = 1= 1B X0OX,
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Composition of morphisms ¢ : X % v and y : Y *%° Z:

[—— - X% _LZoX
<I—1J T’x,y,z
&1 N ZoYRYoX

The support suppk of any enriched category E is a usual
category (over Set).
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Fraction of morphisms

Let E be an enriched category over M and suppose ¢ : A *%° B
SUPPE . o )
and x : C "= D are two morphisms in its support:

Vv: 15 BOA, yv:15DopcC.

Then
X@¢:C®BE>D®A

ICoB DoBRBQA
(>I®C®B)1J/ T’B,C,D®1B®A

IRCOBRI ———— Do CRCOBXRBQA
X®1cps® ¥
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Functors between enriched categories

Suppose we have two enriched categories K and L over a
monoidal category (M, ®, /, o, <1, =) and suppose we have a
complex mapping which

— to each object X € Ob(x) assigns an object F(X) € Ob(L),
— to each pair of objects X, Y € Ob(k) assigns a morphism
FY:YoXSE(Y)oF(X),
and the following conditions are fulfilled:

() the unit morphisms turn into unit morphisms, i.e. for each
X € Ob(x)
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(il) the multiplication operation turns into the multiplication
operation, i.e. for each X, Y, Z € Ob(k)

FZRF)

ZOoYOYoX—"X L FZ2)0F(Y)®F(Y) 5 F(X)

‘X,Y,Zl {'F(X%F(V%F(Z)

ZoX F(2) & F(X)

Z
FX

Then we say that we have a covariant functor F from the
category X into the category 1. over the category M, and denote
this as follows:

F:x5L
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Support of a functor

To each functor
F.:x 51

between enriched categories K and 1. over a closed monoidal
category M one can assign a usual functor

suppF : suppk Set suppL

between the supports of these categories:

— to each object X € Ob(k) the functor suppF assigns the
very same object F(X) € Ob(L), as the functor F does,

suppF(X) = F(X),
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. SUpPPK . M K
— to each morphism e : X =" Y,ie. o: 1 > Y@ X, the
functor F assigns the morphism

4 M L
Fy op:1— F(Y)© F(X)
which is @ morphism in suppL

suppF(p) = Fy o ¢ : F(X) "% F(Y).

If F: k 5 L is a functor between enriched categories K and 1.
over a closed monoidal category ™, then

suppF : suppk Set sSuppL is a functor between the supports of
these categories.
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Natural transformations of functors

Let F: K - Land G: K - L be two covariant functors between
enriched categories over a monoidal category M. We say that a
natural transformation or a morphism o of a functor F into the
functor G is given, and denote this as

o: F— G,

if each object X € K is associated to a morphism

ox : 155 G(X) @ F(X) in such a way that for any two objects
X, Y € K the following diagram is commutative in M:
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YO X
<|_:< |>_;<

K K
I®YoX YOX®I
O'Y@F)»(/l J{G;@a'x
G(Y) & F(Y)® F(Y) & F(X G(Y) © G(X)® G(X) & F(X)
'F(mm Aem
G(Y) @ F(X
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A composition of two natural transformations o : F — G and
7 : G — His the natural transformation o o 7 : F — H such that
the following diagram is commutative:

I (roo)x H(X) & F(X)
<,1J T'F(X),G(X),H(X)
I® — L H(X) © G(X) ® G(X) © F(X)
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Space of natural transformations Nat(F, G)

The system of natural transformations of the covariant functor
F : kK 5 L into the covariant functor G : K -> L of enriched
categories over M can be represented as an object of the
category M. This is done in two steps.

First of all, a wedge of the functor F into the functor G with a
vertex B € M is defined as an arbitrary system of morphisms

By : B G(X) O F(X), XeOb(x),

such that for any morphism ¢ : X %~

is commutative

Y the following diagram

Bx

G(X) © F(X)

B
ﬁyl G(£)OF(1x)
G(Y) O F(Y)——— G(Y) & F(X)
G(1)GF(¢)
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In other words,
L L
Glp) @ F(1x) o Bx = G(1y) @ F(¢) o By, X, Y € Ob(K).
Further, if we have two wedges
ax:A— GX)OF(X), XeOb(k)

and .
Bx : B— G(X) @ F(X), X € Ob(K)

then a morphism w : A - Bis called a morphism of wedges, if
for each object X € Ob(K) the following diagram is commutative

ax

=

8
o G(X) & F(X)
|
N2 \/
B
Bx
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Finally, the space of natural transformations or the space of
morphisms of the functor F into the functor G is a universal
attracting wedge from F to G, that is, such a wedge

ox: US GX)GF(X),  XeOb(K),
that for any other wedge
Bx: B GX)@ F(X), XeOb(x),
there is a unique morphism of wedges
w: B35 U.

Notation: U = Nat(F, G).
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Integral unit

We say that the unit / in the monoidal category M is integral, if

for any two parallel morphisms ¢, : X %; Y, which do not
coincide, there is a morphism ¢ : / > X such that the
compositions ¢ o ¢ and v o « do not coinside as well:

p#YY: X->Y = J:l->X por#our
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Tannaka duality

Theorem

LetM be a closed symmetric monoidal category with equalizers,
where the unit | is an integral object. If A is a monoid in M and
AM the (enriched over M) category of left modules over A in M,
then

() the forgetful functor F : sM — M has the space of
endomorphisms End(F), which is a monoid in M;

(if) the monoid A can be reconstructed from the forgetful
functor F : sM — M by the formula

A = End(F),

and this is not only isomorphism of objects of the category
M, but also of monoids in M.
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Stereotype spaces

A stereotype space is a topological vector space X over C such
that the natural map

i X > X™, ix(x)(f) = f(x), xeX, feX*

is an isomorphism of topological vector spaces (i.e. a linear
and a homeomorphic map). Here the dual space X* is defined
as the space of all linear continuous functionals f : X — C
endowed with the topology of uniform convergence on totally
bounded sets in X, and the second dual space X** is the space
dual to X* in the same sense.

The category Ste of stereotype spaces is a closed symmetric
monoidal category with equalizers, where the unit C is an
integral object.
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Tannaka theorem for stereotype algebras

In the category Ste of stereotype spaces the Tannaka theorem
holds: each stereotype algebra A can be reconstructed from
the forgetful functor F : ,Ste — Ste.
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Stereotype group algebras

For every locally compact group G and for every stereotype
space X the diagram

G d C*(G)

sets a bijection between the continuous representations of G in
the space X and the morphisms of stereotype algebras

v :C*(G) » L(X), and G is reconstructed from C*(G) as its
involutive group part:
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Reconstruction theorem for locally compact groups

Consider the category
cSte = ¢+ Ste

of G-actions on stereotype spaces, or what is the same the left
stereotype C*(G)-modules.

Each locally compact group G can be reconstructed from the
forgetful functor F : zSte — Ste.
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[§ S.S. Akbarov. Stereotype spaces and algebras. Berlin. De
Gruyter, 2022.
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