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Reconstruction theorem
Let G be a group and GVect the category of actions of G on
vector spaces X P Vect. Consider the “forgetting” functor
F : GVect Ñ Vect that assigns to every action X P GVect of G
the same space X , but viewed as a vector space (without the
structure of G-action). An endomorphism of the functor F is a
family of linear mappings

ρ � tρX : F pX q Vect
Ñ F pX q; X P GVectu

such that for each G-morphism ϕ : X GVect
Ñ Y

F pX q

F pϕq
��

ρX // F pX q

F pϕq
��

F pY q ρY
// F pY q

(1)

An endomorphism ρ is an automorphism ô each mapping
ρX : F pX q Vect

Ñ F pX q is a bijection.
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Theorem (on reconstruction)
The class AutF of all automorphisms of the functor F is a group
isomorphic to G.

Proof. For each element a P G and for each G-space X P GVect
we consider the mapping raX : X Ñ X

raX pxq � a � x , X P GVect, x P X . (2)

1. For every a P G, the family of mappings ra � traX ; X P GVectu
is a natural transformation of the functor F into itself, since for
any morphism ϕ : X GVect

ÝÑ Y

rapϕpxqq � a � ϕpxq � ϕpa � xq � ϕprapxqq.
2. For any a P G, the family of mappings ra � traX ; X P GVectu is
an isomorphism of the functor F into itself, since every mappingraX is a bijection. As a corollary, ra P AutF.
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3. If a,b P G, then �a � b � ra � rb
since

�a � bX pxq � pa � bq � x � a � pb � xq �

� raX prbX pxqq � pra � rbqX pxq
Hence the mapping a P G ÞÑ ra P AutF is a group
homomorphism.
4. It is injective, because on the group algebra CG we have the
chain

a � b ñ raCGpδ
1q � δa � δ1 � δa � δb � δb � δ1 � rbCGpδ

1q
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5. Let us show that it is surjective. Take ρ P AutF. Consider the
group algebra CG P GVect and the mapping ρCG : CG Ñ CG.
This mapping is an automorphism of the functor F , hence it
commutes with each mapping ϕ : CG Ñ CG that commutes with
the left multiplication by elements of G:�

@b, x P CG ϕpb � xq � b � ϕpxq
	

ñ

ñ
�
@x P CG ρCGpϕpxqq � ϕpρCGpxqq

	
.

This implies that ρCG commutes with the right multiplications
ϕpxq � x � y by elements y P G:

@x , y P CG ρCGpx � yq � ρCGpxq � y .

If we now put a � ρCGpδ
1q, where 1 is the unit in G, then we get

ρCGpyq � ρCGpδ
1 � yq � ρCGpδ

1q � y � a � y � raCGpyq, y P CG.

That is
ρCG � raCG (3)

Sergei Akbarov Tannaka duality for stereotype algebras



Let us now show that for any object X P GVect the equality
ρX � raX holds. We fix x P X and consider the mapping

ι : CG Ñ X
��� ιpδgq � g � x (4)

This is a morphism of G-modules. On the other hand, ρ is a
natural transformation of F : GVect Ñ Vect into itself. Hence, by
(1),

F pCGq

F pιq
��

ρCG // F pCGq

F pιq
��

F pX q ρX
// F pX q

So

ρX pxq � ρX pF pιqpδ1qq � F pιqpρCGpδ
1qq � (3) � F pιqpraCGpδ

1qq �

� (2) � F pιqpδa � δ1q � F pιqpδaq � ιpδaq � (4) � a � x � raX pxq

All this means that the mapping a P G ÞÑ ra P AutF is a group
isomorphism.
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Monoidal categories
A monoidal category is a list of six objects M,b, I, �,�,� with
the following properties:

1) M is a category,
2) b is a covariant furctor b : M� MÑ M; the requirement of

functoriality means the fulfillment of the identities

1AbB � 1Ab1B, pχbχ1q�pϕbϕ1q � pχ�ϕqbpχ1�ϕ1q (5)

B

A C
��

χ??ϕ

//

ψ

B1

A1 C1
��

χ1??ϕ1

//

ψ1

ó

B b B1

Ab A1 C b C1
$$

χbχ1
::

ϕbϕ1

//

ψbψ1

(6)
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3) � is an isomorphism of functors
� :
�
pA,B,Cq ÞÑ pAbBqbC

	
�
�
pA,B,Cq ÞÑ AbpBbCq

	
,

i.e. a family of isomorphisms in M

� � t�A,B,C : pAb Bq b C Ñ Ab pB b Cq; A,B,C P Mu

such that for each ϕ : A M
Ñ A1, χ : B M

Ñ B1, ψ : C M
Ñ C1

pAb Bq b C Ab pB b Cq

pA1 b B1q b C1 A1 b pB1 b C1q

��

pϕbχqbψ

//
�A,B,C

��

ϕbpχbψq

//
�A1,B1,C1

; (7)
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and in addition for any A,B,C,D P M

pAb pB b Cqq b D Ab ppB b Cq b Dq

ppAb Bq b Cq b D Ab pB b pC b Dqq

pAb Bq b pC b Dq

//
�A,BbC,D

��
1Ab�B,C,D

OO
�A,B,Cb1D

++
�AbB,C,D

33

�A,B,CbD

4) I is an object in the category M, and � and � are two
isomorphisms of functors � :

�
A ÞÑ I b A

	
�
�

A ÞÑ A
	

,

and � :
�

A ÞÑ Ab I
	
�
�

A ÞÑ A
	

, i.e. two families of
isomorphisms in M

� � t�A : IbA Ñ A; A P Mu, � � t�A : AbI Ñ A; A P Mu
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so that for each ϕ : A M
Ñ A1

I b A A

I b A1 A1
��

1Ibϕ

//
�A

��

ϕ

//
�A1

Ab I A

A1 b I A1
��

ϕb1I

//
�A

��

ϕ

//
�A1

It is additionally reqired that
— when the object I is substituted into the argument of these

transformations, they must coincide

p�I : I b I Ñ Iq � p�I : I b I Ñ Iq,

— for each A,B P M

pAb Iq b B Ab pI b Bq

Ab B
$$�Ab1B

//
�A,I,B

zz 1Ab�B

(8)
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Symmetric categories

A monoidal category pM,b, I, �,�,�q is symmetric if a
morphism of functors
� :
�
pA,Bq ÞÑ Ab B

	
�
�
pA,Bq ÞÑ B b A

	
is defined, i.e. a

family of isomorphisms in M

� � t�A,B : Ab B Ñ B b A; A,B P Mu

such that for each ϕ : A M
Ñ A1, χ : B M

Ñ B1

Ab B B b A

A1 b B1 B1 b A1
��

ϕbχ

//
�A,B

��

χbϕ

//
�A1,B1

;
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and in addition
— for each A P M

I b A Ab I

A
��

�A

//
�I,A

��
�A

— for each A,B P M

Ab B Ab B

B b A
$$�A,B

//
1AbB

::

�B,A
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— for each A,B,C P M

Ab pB b Cq pB b Cq b A

pAb Bq b C B b pC b Aq

pB b Aq b C B b pAb Cq

//
�A,BbC

��

�B,C,A

��

�A,Bb1C

OO

�A,B,C

//
�B,A,C

OO

1Bb�A,C

Examples:
1) The category Set of sets.
2) The category kVect of vector spaces over a given field k .
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Algebras and modules over them
An algebra (or a monoid) in a monoidal category M is a triple
pA, µ, ιq, where A P M, and

µ : Ab A Ñ A (multiplication), ι : I Ñ A (unit)

are morphisms such that

pAb Aq b A

µb1A

��

�A,A,A
// Ab pAb Aq

1Abµ

��

Ab A
µ

// A Ab A
µ

oo

Ab A

µ

��

I b A

�A ((

ιb1A
77

Ab I

�Avv

1Abιgg

A

Sergei Akbarov Tannaka duality for stereotype algebras



A left module over an algebra pA, µ, ιq in a monoidal category M
is an arbitrary pair pX , ξq, consisting of an object X and a
morphism ξ : Ab X Ñ X in M such that the following diagrams
are commutative:

pAb Aq b X

µb1X

��

�A,A,X
// Ab pAb X q

1Abξ

��

Ab X
ξ

// X Ab X
ξ

oo

Ab X

ξ

��

I b X

�X ((

ιb1X
66

X

Examples:
1) In the category Set of sets the algebras are monoids, and
the modules over them are actions of monoids on sets.
2) In the category kVect of vector spaces over a given field k
the algebras are usual algebras over k , and the modules are
usual modules over them.
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Closed categories
A monoidal category M is closed if we have:

1) a bifunctor pA,Bq ÞÑ B
A : M� MÑ M, contravariant in the first

variable and covariant in the second:
1B

1A
� 1 B

A
,

χ1 � ϕ1

ϕ � χ
�
χ1

χ
�
ϕ1

ϕ

B

A C
��

ϕ __ χ

oo

ψ

B1

A1 C1
��

χ1??ϕ1

//

ψ1

ó

B1

B

A1

A
C1

C

��

χ1

χ
??ϕ1

ϕ

//

ψ1

ψ
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2) a system of bijections

C m pAb Bq C
B
m A//

mA,B,C

which for any three objects A, B, C establishes a bijection
between the morphisms Ab B Ñ C and the morphisms
A Ñ C

B :

�
Ab B C//

ϕ
	

//
mA,B,C

�
A

C
B
//

mA,B,Cpϕq
�
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and this correspondence is natural in A,B,C P M: for each
A α
Ð A1, B β

Ð B1 and C γ
Ñ C1

C m pAb Bq C
B
m A

C1
m pA1 b B1q

C1

B1
m A1

��

γαbβ

//
mA,B,C

��

�
γ
β

	α

//

mA1,B1,C1

of course, this defines an isomorphism of functors�
pA,B,Cq ÞÑ C m pAb Bq

	
m
�
�
pA,B,Cq ÞÑ

C
B
m A

	
,

Examples:
1) The category Set of sets.
2) The category kVect of vector spaces over a given field k .
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Enriched categories

Let pM,b, I, α,�,�q be a monoidal category. A class E is called
an enriched category over M, or an M-category, if
E1: each two objects A,B P E are associated with an object

B m A P M, called the space of morphisms from A into B,
E2: each three objects A,B,C P E are associated with a

morphism 
A,B,C : C m B b B m A Ñ C m A in the category
M, called a morphism of composition in E,

E3: each object A P E is associated with a morphism
εA : I Ñ Am A in the category M, called the unit morphism
in A,

so that the following conditions are fulfilled:
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— for each A,B,C,D P E�
D m C b C m B

	
b B m A

�DmC,CmB,BmA
//


B,C,Db1BmA

��

D m C b
�

C m B b B m A
	

1DmCb
A,B,C

��

D m B b B m A


A,B,D
))

D m C b C m A


A,C,D
uu

D m A

— for each A,B P E

I b B m A B m B b B m A

B m A

B m Ab I B m Ab Am A

''�BmA

//
εBb1BmA

ww 
A,B,B

77�BmA

//

1BmAbεA

gg 
A,A,B
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Examples:
1) Usual categories are enriched over Set.
2) A closed monoidal category is enriched over itself. In
particular, the category Set of sets, and the category kVect of
vector spaces over a given field k are enriched over
themselves.
3) If M is a closed monoidal category with equalizers, then for
each algebra A in M the category AM of left modules over A is
enriched over M.

Sergei Akbarov Tannaka duality for stereotype algebras



Support of an enriched category

If E is an enriched category over M, then its support suppE is
the usual category with the same objects as in E,

X P suppE ô X P E,

and the morphisms from I into Y m X (in the category M) as the
morphisms from X into Y :

ϕ : X suppE
Ñ Y ô ϕ : I M

Ñ Y m X .

In other words,

Y
suppE
m X :� pY m X q

M
m I

Local identities

1X : X suppE
Ñ X ô 1X � εX : I M

Ñ X m X ,
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Composition of morphisms ϕ : X suppE
Ñ Y and χ : Y suppE

Ñ Z :

I

��1
I
��

χ�ϕ
// Z m X

I b I
χbϕ

// Z m Y b Y m X


X ,Y ,Z

OO

Theorem
The support suppE of any enriched category E is a usual
category (over Set).
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Fraction of morphisms

Let E be an enriched category over M and suppose ψ : A suppE
Ñ B

and χ : C suppE
Ñ D are two morphisms in its support:

ψ : I M
Ñ B m A, χ : I M

Ñ D m C.

Then
χm ψ : C m B M

Ñ D m A

C m B
χmψ

//

p�CmBq
�1

��

D m A

I b C m B
p�IbCmBq

�1

��

D m B b B m A


A,B,D

OO

I b C m B b I
χb1CmBb ψ

// D m C b C m B b B m A


B,C,Db1BmA

OO
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Functors between enriched categories

Suppose we have two enriched categories K and L over a
monoidal category pM,b, I, α,�,�q and suppose we have a
complex mapping which
— to each object X P ObpKq assigns an object F pX q P ObpLq,
— to each pair of objects X ,Y P ObpKq assigns a morphism

F Y
X : Y

K
m X M

Ñ F pY q
L
m F pX q,

and the following conditions are fulfilled:
(i) the unit morphisms turn into unit morphisms, i.e. for each

X P ObpKq

I

X
K
m X F pX q

L
m F pX q

zz

εKX

$$

εLFpXq

//

F X
X
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(ii) the multiplication operation turns into the multiplication
operation, i.e. for each X ,Y ,Z P ObpKq

Z
K
m Y b Y

K
m X

F Z
Y bF Y

X //


X ,Y ,Z

��

F pZ q
L
m F pY q b F pY q

L
m F pX q


FpXq,FpYq,FpZq

��

Z
K
m X

F Z
X

// F pZ q
L
m F pX q

Then we say that we have a covariant functor F from the
category K into the category L over the category M, and denote
this as follows:

F : K
M
Ñ L

Sergei Akbarov Tannaka duality for stereotype algebras



Support of a functor

To each functor
F : K

M
Ñ L

between enriched categories K and L over a closed monoidal
category M one can assign a usual functor

suppF : suppK Set
Ñ suppL

between the supports of these categories:
— to each object X P ObpKq the functor suppF assigns the

very same object F pX q P ObpLq, as the functor F does,

suppFpXq � FpXq,
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— to each morphism ϕ : X suppK
Ñ Y , i.e. ϕ : I M

Ñ Y
K
m X , the

functor F assigns the morphism

F Y
X � ϕ : I M

Ñ F pY q
L
m F pX q

which is a morphism in suppL

suppFpϕq � FY
X � ϕ : FpXq suppL

Ñ FpYq.

Theorem

If F : K
M
Ñ L is a functor between enriched categories K and L

over a closed monoidal category M, then
suppF : suppK Set

Ñ suppL is a functor between the supports of
these categories.
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Natural transformations of functors

Let F : K
M
Ñ L and G : K

M
Ñ L be two covariant functors between

enriched categories over a monoidal category M. We say that a
natural transformation or a morphism σ of a functor F into the
functor G is given, and denote this as

σ : F � G,

if each object X P K is associated to a morphism

σX : I M
Ñ GpX q

L
m F pX q in such a way that for any two objects

X ,Y P K the following diagram is commutative in M:
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Y
K
m X

��1

Y
K
mX

ww

��1

Y
K
mX

''

I b Y
K
m X

σYbFY
X
��

Y
K
m X b I

GY
XbσX
��

GpY q
L
m F pY q b F pY q

L
m F pXq


FpXq,FpYq,GpYq ''

GpY q
L
m GpXq b GpXq

L
m F pXq


FpXq,GpXq,GpYqww

GpY q
L
m F pXq
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A composition of two natural transformations σ : F � G and
τ : G � H is the natural transformation σ � τ : F � H such that
the following diagram is commutative:

I

�I
�1

��

pτ�σqX
// HpX q

L
m F pX q

I b I
τXbσX

// HpX q
L
m GpX q bGpX q

L
m F pX q


FpXq,GpXq,HpXq

OO
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Space of natural transformations NatpF,Gq

The system of natural transformations of the covariant functor
F : K

M
Ñ L into the covariant functor G : K

M
Ñ L of enriched

categories over M can be represented as an object of the
category M. This is done in two steps.
First of all, a wedge of the functor F into the functor G with a
vertex B P M is defined as an arbitrary system of morphisms

βX : B M
Ñ GpX q

L
m F pX q, X P ObpKq,

such that for any morphism ϕ : X suppK
Ñ Y the following diagram

is commutative

B
βX //

βY
��

GpX q
L
m F pX q

Gpϕq
L
mF p1X q

��

GpY q
L
m F pY q

Gp1Y q
L
mF pϕq

// GpY q
L
m F pX q
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In other words,

Gpϕq
L
m F p1X q � βX � Gp1Y q

L
m F pϕq � βY , X ,Y P ObpKq.

Further, if we have two wedges

αX : A Ñ GpX q
L
m F pX q, X P ObpKq

and
βX : B Ñ GpX q

L
m F pX q, X P ObpKq

then a morphism ω : A M
Ñ B is called a morphism of wedges, if

for each object X P ObpKq the following diagram is commutative

A
αX

$$

ω

��

GpX q
L
m F pX q

B
βX

<<

Sergei Akbarov Tannaka duality for stereotype algebras



Finally, the space of natural transformations or the space of
morphisms of the functor F into the functor G is a universal
attracting wedge from F to G, that is, such a wedge

υX : U M
Ñ GpX q

L
m F pX q, X P ObpKq,

that for any other wedge

βX : B M
Ñ GpX q

L
m F pX q, X P ObpKq,

there is a unique morphism of wedges

ω : B M
Ñ U.

Notation: U � NatpF,Gq.
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Integral unit

We say that the unit I in the monoidal category M is integral, if

for any two parallel morphisms ϕ,ψ : X
M
Ñ Y , which do not

coincide, there is a morphism ι : I M
Ñ X such that the

compositions ϕ � ι and ψ � ι do not coinside as well:

ϕ � ψ : X Ñ Y ñ Dι : I Ñ X ϕ � ι � ψ � ι.
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Tannaka duality

Theorem
Let M be a closed symmetric monoidal category with equalizers,
where the unit I is an integral object. If A is a monoid in M and
AM the (enriched over M) category of left modules over A in M,
then

(i) the forgetful functor F : AMÑ M has the space of
endomorphisms EndpFq, which is a monoid in M;

(ii) the monoid A can be reconstructed from the forgetful
functor F : AMÑ M by the formula

A � EndpFq,

and this is not only isomorphism of objects of the category
M, but also of monoids in M.
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Stereotype spaces

A stereotype space is a topological vector space X over C such
that the natural map

iX : X Ñ X ��, iX pxqpf q � f pxq, x P X , f P X �

is an isomorphism of topological vector spaces (i.e. a linear
and a homeomorphic map). Here the dual space X � is defined
as the space of all linear continuous functionals f : X Ñ C
endowed with the topology of uniform convergence on totally
bounded sets in X , and the second dual space X �� is the space
dual to X � in the same sense.

Theorem
The category Ste of stereotype spaces is a closed symmetric
monoidal category with equalizers, where the unit C is an
integral object.
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Tannaka theorem for stereotype algebras

Corollary
In the category Ste of stereotype spaces the Tannaka theorem
holds: each stereotype algebra A can be reconstructed from
the forgetful functor F : ASte Ñ Ste.
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Stereotype group algebras

Theorem
For every locally compact group G and for every stereotype
space X the diagram

G

π
!!

δ // C�pGq

ϕ
{{

LpX q

sets a bijection between the continuous representations of G in
the space X and the morphisms of stereotype algebras
ϕ : C�pGq Ñ LpX q, and G is reconstructed from C�pGq as its
involutive group part:

G � GpC�pGqq
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Reconstruction theorem for locally compact groups

Consider the category

GSte � C�pGqSte

of G-actions on stereotype spaces, or what is the same the left
stereotype C�pGq-modules.

Corollary
Each locally compact group G can be reconstructed from the
forgetful functor F : GSte Ñ Ste.
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