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Let (a,b) be a finite or infinite interval on R. Consider

I(y) := > (—1)" F(pp(a)y(n=F)H)n=Fk) 4
k=0
n—1

+i Y (D" [(qe(@)y TR 4 (gua)y ) (D
k=0
(1)

Here we consider even order expressions, odd order ones
require a separate consideration.

How to understand this expression? Smooth coefficients,
no problems. Classical results give a chance to define this
operator, provided that the conditions

(o)~ Y, P, @u_1 € LE (a,b), k=1,....n; qo € AC;.(a,b),
(2)
hold.



The first our objective is to weaken these conditions, we let
the coefficients to be distributions of finite order singularity
(depending on the indices k).

The second objective is to find how to work with arbitrary
non-self-adjoint expressions, not only with formally self-adjoint
ones.

Namely, we will work with differential expressions of the general
form

T(y) = Zn: (rksy(”_k)>(n_s), (3)

r,s=0

where r., are complex valued functions.
Results:

Conditions (2) can be replaced by
1 Pr Qp_1

pol lpol  \/Ipol

e L (a,b), k=1,2,...,n. (4)



Here P, and Q; are k—th antiderivatives of p, and q; in the
sense of distributions, i.e., Plgk) = pr(x) u Q,(ﬁ = qi.(x), where
the equalities are understood in D/(a,b).

In the case of non-self-adjoint expression 7(y) we assume that

1 1

)
rol  4/I7ol

where R, are functions defined by

Ri. € LZQOC(a, b) k,s=0,1,...,n, (5)

Res =7, 1=min(k,s),

For giving a correct definition of differential operators
associated with the above expressions we will apply the
regularization procedure. The main idea is to rewrite these
expressions in a nicer form. To do this we have to associate
with these expressions the so-called Shin-Zettl matrices.



REGULARIZATION PROCEDURE. Let us consider

Fy=—y' +4(2)y, wulz)= /q(az) dz.

Here the antiderivative is understood in the sense of
distributions.

u(z) € LQ,ZOC(Q’7 b).
Denote
yt = o/ (@) — u(z)y.
Then
Fy=—y" +d(@)y = -y —u(@)ylt! — u2(a)y.
Denote y; =y, y» = yll. Then
/
Y1\ _ U 1 Y1 0
) = (e 2 () +(9)

Here the first row is the definition of the quasi-derivative and
the second row is the resolvent equation Ay — Ay = f. The



matrix

U 1
=l )

Is said to compatible with the differential expression Fy.

Theorem. Let F(x) —m xm be a matrix function with entries
fij(x) € L1 joc(a,b). Then ¥Vf € Ly 1,.(a,b) the equation

y =F(@)y+f, yl)=£€C™, cée(a,b),

has a unique solution which is absolutely continuous on any
subinterval in (a,b). If

|[F1(z) — F(z)||L, <s,
then
ly1 — yllyya < Ce(|If]]| + 1I€]])-



Now we can define the operators

D(Fmax) — {y S D(]:)| Y, Fy € LQ(aa b>}7
D( mzn) = {y € D(Fmaz)| suppy C Ky C (a,b)},

The operator Fy,;,, which is the closure of F9. s called

minimal operator, and Fi,qr 1S the maximal one.
Denote by F{,,J"ax and Fﬁsm maximal and minimal operators
which correspond to the differential expression with conjugate
potential q.

Theorem. D(F,,;,) is dense in L»>(a,b). The following relations
hold F}, .. = Fﬂ‘,tm,F;‘un = Fmax- All these operators are
Fredholm with the indices < 2. If the problem is regular then
any correct restriction of then operator Fmax IS given by two

boundary conditions

U;(y) = Oéjy[l](a) + ﬁjy[l](b) + vy(a) + 6;y(b) = 0O,
1.2.

.
|



Let us remind the concepts of quasi-derivatives. We say that
the matrix function F = {fkj(:c)}}gszl belongs to the class
Sm(a,b) (the class of Shin-Zettl matrices) if all its entries
frj € L} (a,b) and

loc
fer+1(x) Z0 a.e. on(a,b), fri(x)=0ifj>k+1, k=1,...,m.

Let F = {fkj(x)}?j:1 € Sm(a,b). Let us define the quasi-
derivatives

k
1 :
O =y, W = (f41@) (y[k_1]>/ = > f @y
j=1
k=1,...,m — 1.

Consider the operator
_ (o m=1Y N oy b1l
Fy=(y" ) =3 fmi@y
J=1

on the domain

D(F) = {y| y!¥ € AC),.(a,b), k=0,1,...,m —1}.



This operator is correctly defined in the space Llloc(a,b).
Consider’ the restrictions Fpee and F%m of this operator on
the space L»(a,b). We take the following domains for these

operators

D(Frmaz) = {y € D(F)| y, Fy € Lo(a,b)},
D(F2,;.) = {y € D(Fmaz)| suppy C Ky C (a,b)},

The operator F,,;, which is the closure of F%m

minimal operator, and Fi,qr IS the maximal one.

is called

Now, how does the classical theory treat the differential
expressions? Let us correspond to dif. expression (1) the
matrix function



[ 0 1 0 0. 0 0 0. 0)
0 0 1 o . 0 0 o . 0
0 0 0 1 0 0 o . 0
0 0 0 0 1 0 0 0
| O 0 0 0 B -pgt O 0
1q1 o I} 1 0
p2 g1 O O 0
. . . oL . .0
0 1Qm—2 Pm—2 - - - O 1 0
W9m—1 Pm—1 1Gm—2 0 1
\ Pm  iGm_1 O 0 0/

—1 —1
a=p1+qipg, B=—qopg -

This is the Shin-Zettl type matrix, provided that the classical
conditions hold.



The crucial moment is that one can check Fy = I(y), provided
that the coefficients p, and ¢, are smooth enough. But the
left hand side is defined for non-smooth coefficients.

This follows from the equation

[

Yy
1]

)

\y[zﬁ—u )

/

+ F

(

Yy
1]

)

\y[Qo;,—l] )

(0)
0

/)

, [ € Lo(a,b).

Therefore this equation is equivalent to Fy = I(y) = f.



Deffinition 1. The Shin-Zettl matrix F is said to be associated
with differential expression (1) (or (3)) if

I(y) =Fy for all ye C;°(a,b)

and all infinitely smooth functions p; and q;. In the case of
the existence of the associated matrix F we define I(y) = Fy.

Definition 2. The matrix F € S»,,(a,b) is said to be compatible
with differential expression (3), if for all yv € D(Fmaz) the
functions ry.(z)y" k) (z) in the parenthesis of the expression
(3) belong to the space of distributions D'(a,b) and the
equality

T(y) = Fy Vy & D(F), (6)

holds in the sense of distributions.
It turns out that these definitions are equivalent.

Let us formulate the main results.



Differential expression (1) with complex valued coefficients

PL, g Obeying the conditions (13) we call normal. It is formally
symmetric iff all these coefficients are real.

Theoreml. Any differential expression of the form (3) with
complex valued coefficients ry, subject to conditions (5) can
be reduced to a normal form (1) subject to conditions (13).

The proof follows from

( (k))(s) ( (k— 1))(8+1) (r’y(k_1)>(8), ecnmn k > s,

(ry(k))(s) = (r’y(k))(s_l) + (ry(k+1))(8_1)

, ecnun k < s.

Theorem 2. Let the conditions (5) hold. Then there exists
a compatible matrix function with differential expression (3).



For normal differential expression (1) the compatible matrix
function ¥ can be presented explicitly. Namely, let us denote

Pl -— Pk_l_iQk—lv @k L= Pk_iQk—la k=1,2,...,n.

L et us define the matrices F1 and F? as follows. All the entries
of F1 which are staying in the first n — 1 rows and in the last
n — 1 columns we define to be zero, but the entries flg’k+1,
which we put to be equal 1 forallk=1,...,.n—1,n4+1,...,2n.
All the other entries ¥1 define as follows:

- » 1 ool 1.
fag = GO Yoppgpot, S=120 0 flgg = pp

1 . 1—j ~ —1. ,1 . ~ -1
fij = (D) g Gk apo T Fhnal = —Ph—nPg
k=n—+1,....2n, 7=1,2,...,n.
All the entries of the matrix F2 in the first n rows and the last
n columns we define to be equal 0 as well as the entries f5+k <
for k=1,...,n,s < k. All the other entries of the matrix F?



define as follows:

. 2k
2 ._ ko ok -
Fishmany = (—=1)1FCr, [Pj+1 T (1 — = ) Qj] :
k : 17 . . . ,j, j : 1’ . L] L] ’n - 1’

where Cf+1 are the binomial coefficients. Then the compatible
with differential expression (1) matrix ¥ (=: F»,,) is the sum

Fl 4+ F2,

It is easy to show that F»,, is the Shin-Zettl matrix, provided
that the conditions (13) hold. To check the compatibility is
much more difficult task.

In the cases n = 1, 2,3 the compatible matrices Fo, F4,Fg have
the representation

©1 1
_ Po_ PO
> _P191 P17

Po Po



[ 0 1 0

_$2 P1 1

Po PO _ PQ
$2PL op, 191 _¥1
pQ PO Po
pop2  _P1¥2 P2
Po Po Po




1 O 0

0 1 0

_¥2 Y1 1

y4o) » 0o _ 4o}
—3Pa—i $2¥1 op,_¥1¥1 _¥1
3P3 7JO~2+ 20 2= 50 10
P2p2 3Ps—iO~_Y1¥2 _ P2

o, 3 ZQQN 7 m
PY2¥L3 _P1¥3 _¥3

PO Po Po

O O +»r O OO

o O

0)



Mpn HeYeTHbIX n = 2m + 1 wumeem (NO-NpPe>XHEMY
Y ‘= pr + 1K)

1. Mpn n =3 (m = 1) maTpuua F vmeeT BUA

1
( 0 2q0 0 )
_ %P1 ipg 1
20 290 V2q0 |’
0 — 1Pl 0
K 2qo )

a KBa3nMnpoumssoAHble y[k] (k = 0,1,2) n kBasunanddepeHumn-
aJlbHOE Bblpa>keHue 7(y| BbIrNAAAaT Tak:

ylol = o, Yyl =\ /2400, v = (qoy) + g0y — ivoy’ + iz1y.

Tyl = —i((poy’)’ — Piy + i(a0y’)” + (q0¥” + ©1v)" + a1v')).



2. MNpn n=>5 (m = 2) matpuua F nmeeT BUA

{ O 1 0 O
1
o o V200 X
192 1Py P 1
240 v2q0 Z,QCIO v2q0
0 —21po \/% 0
| O 0 Lp2 0
2q0

°/



3. Myctb n =7 (m = 3) matpuua F nMeeT BuUA

6

g ©
o

oooﬁ
lw)
(@)

1
O
O

P2
Vv 240
q3 + 3ip3

O
O

O
1
O
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V2490
—21po
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O

0
0
1
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2q0
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2q
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6
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4. MmaTpuua Fp,41 UMEET BUA

( 0] 1 0 .. 0] 0] 0] 0 ) O\
0 0 1 .. 0 O 0 0] 0]
0] 0] 0] ... 1 O 0] 0 0]
0 0 0 A 0 fn’n+1 0] 0 0]
Jnt+11 Jot+12 Sfo+13 - - - fatin Sfotint+r Sating2 O 0
0 o422 faa23 - - o fadom  Jodont1 0 1 0
0 0 0 . . . foun  formit 0o o0 1
\ o 0 0 ... 0  fotinm 0O O 0/
_ _ 1
fon+t1 = fntint2 = e
iw; .
fn—I—ln—I—l ]—< 1)‘7\/%0 J=12,...,n

1P

fn—l—l—l—],n—l—l— V2400 J=L12,...,n
— k+1 -~k 2k
Frnd1gkngh—j = (Z1)7TRHLCY, [”‘py+1 + ( 34——1) qj+1}

Denote by T+(y) the differential expression, which is formally
adjoint to (3) (the functions r., are replaced by (—1)kT57,,).
By virtue of Theorem 2 there is a compatible matrix with the



expression 71 (y). Denote by Fﬂ{ax and F;,L"m the maximal and

minimal operators generated by the matrix Ft.

Theorem 3. Let the conditions (5) are valid and the matrices
F and F1+ are compatible with differential expressions (3)
and formally adjoint v+ (y), respectively. Let Fmaz, Firax and
me,F,r;%"m be maximal and minimal operators generated by
the matrices F and F"‘, respectively. Then all 4 operators
have dense domains of definition in the space L->(a,b) and are
Fredholm operators. The image codimensions of the maximal
operators and the kernel dimensions of the minimal ones are
equal to zero. The defects of the minimal operators and the
kernel dimensions of the maximal operators do not exceed 2n.

The following equalities hold

FT = F*. Fr = F*

max man>’ man max



The differential expression (3) is said to be regular if the
interval (a,b) is finite and all the functions in conditions (5)
belong to the space L?(a,b) (instead L2 (a,b)). Further let us
deal with regular expressions. Consider the operators Fir, which
are the extensions of the minimal operator and the restrictions
of the maximal one, i.e. Fy,;n, C Fiy C Fmax.

Theorem 4. Let the expression (3) be regular. Then any
operator Fy; subject the condition Fi;, C Fy C Fmaz, has
the domain

D(Fy) = {y € D(Fmaz)| U;(y) =0, =1,...5},

where U;(y) are linear forms (boundary conditions) having the
representation

et k—1 k—1
Ui() = Y (e @) + 8 H®)) =0, j=1,...s

k=1
(7)



The operator Fy is Fredholm and its index > 2n — s. In
particular, if the index equals to zero, then the domain id
defined by 2n boundary conditions of the above form. In this
case the spectrum of the operator Fy; is discrete iff its resolvent
set is not empty.

Theorem 5. Let the expression (1) be regular and its
coefficients p,. u q. are real. Then the operator Fy which is
defined in Theorem 4 is self-adjoint iff the boundary conditions
(7) are linearly independent, s = 2n, and the coefficients in (7)
satisfy the relations

2n 2n
SN D reypdionr1 k=Y DB Biont1k  Li=1,2,...,2n.
k=1 k=1
(8)
For any such conditions the spectrum of Fy; is discrete.

Theorem 6. Let the operator Fyy is generated by a regular
differential expression (3) and boundary conditions of the form



(8). Assume c¢1 < roolx) < co where c1,cp are constants.
Assume that a family ri_ of infinitely smooth functions and
their l-antiderivatives (I = min(k,s)) are such that

HRlis_RksHLg_)O as € —+ 0, k,s=0,1,...,n.

Let the quasi-derivatives y[gk] be defined as before but the
functions Ry, are replaced by Ri.. Then the family of the
corresponding operators F§ IS norm resolvent convergent to
the operator Fy;. This means that for all u € p(Fy) holds

| (F7 — ,u)_l — (Fy — ,u)_1|| —0 as e—0.

The results can be generalized for dealing with spectral
problems of the form

I(y) = w(x)y
or for operators dgenerated by differential expressions
I(y) = [w(x)] ti(y), where w is a positive function and
w € Llloc(a, b). Certainly, in this case one should work in the

weighted space L2((a,b); w) instead of L2(a,b).



The fundamental role in the theory of ordinary differential
operators plays Birkhoff theorem on asymptotic solutions for
differential equations with spectral parameter. To move further

one should have an analogue of this theorem for differential
equations with singular coefficients.



Theorem (Savchuk-Shkalikov, 2003). Assume q € W, t[a,b].
Then the equation —y" + q(x)y = M2y has a pair of solutions
of the form

yS(xaA) :Sin>\x+90(w7)\)a yC(xaA) — COS)\x‘l‘@b(iEa)\),

where |p(x,\)| + [v(x,A)| = o(1) provided that |A\| — oo in
a strip |ImX| < r uniformly with respect to x € [a,b]. The
number r can be taken arbitrary large. These asymptotic
representations generally do not admit the differentiation.
However, if yl1l = — w(z)y with w = [ qdt, then

(2, \) = A(cos Az + p1(z, V),
yH (@, \) = —A(sin Az + ¥1(z, V)
with preserving of the property
l1(z, )|+ [1(z, N)| = 0o(1) npu |A] = o0

in the strip |[Im)\| < r uniformly with respect to x € [a,].



The Birkhoff idea for proving of this theorem does not
work. We used the Priufer substitution and worked with the
corresponding Prufer non-linear equation.



A recent result. Theorem. (Shkalikov-Vladykina, 2015).
Consider the equation

—" + p(x)y + q(x)y = X%p(x)y, z € [a,b] CR,
provided that

p(z) € Lola,b], q€ W 12[a,b], peWhlla,b],

Moreover, p(x) > 0 for x € [a,b], and

o' (x)u(x) € L1[a,b], where u(x) = /q(m) dzx.

Then there exists a pair of fundamental solutions of this
equation of the form

y+(z, \) =
()]~ 1/ exp (%P@:) £ix [Tp(r)dr) (14 e, 0) . (9)

Here

Pe) = [ p(r)dr



and the functions o4+ vanish asymptotically

o1 (@, )] + [p—(2,3) = o(1)  as |\| = oo

in the half plane ImMA > —r, uniformly with respect to
x € [a,b], and the number r can be taken arbitrary large.
These asymptotics are preserved if we take the quasi-derivative

ylll = o/ —u(a)y.



ANDPDPEPEHUNAJIBHBIE OINEPATOPLI BbICLLNX T10-
PAOKOB.

Ona onpeneneHHoOCTU pacCMaTpuMBaeM YeTHbl NOPAAOK WU
onepaTopbl BNAA

lon(y) = ( Z (—1)n_k(pky(n_k))(n—k)_|_
k=0

n—1
+i Y (1) (g (TR g (g (TR (TR,
k=0
(10)

Mpegnonaraem, 4To PYHKUMA po(x) OTAMYHA OT HYAS MOYTU
BCctoay Ha (a,b), npuyem
—1

po (LU) S Llloc(a’7b)7 (11)

T.€. byHKUNSA pc_)l NIOKaNbHO cymmupyema Ha (a,b). Teopus
anddepeHumanbHbIX OMNEPATOPOB, MOPOXKAEHbLIX OOopMasibHO



CUMMETPUYECKMU BblparkeHnamn suaa (10), B KOTOPbIX Be-
LLIeCTBEHHbIE (PYHKLUNN

P1,P2s---yPn, 41,492;--.,q9n—1 (12)

JIOKaNbHO cymMmmupyembl Ha (a,b), xopowo pa3suta (A.LLwnH,
M.KpeiiH, Axunesep, Everitt, Marcus, Zettl). Mbl xoTum pac-
LWNPUTb PaMKWU 3TON KJACCUYECKOW TEeopumn, a UMEHHO, AATb
KOPPEKTHOE onpeaeneHne n NnpUBECTU aHANOMM KNACCUYECKUX
TEeopeM ANnsa onepaTtopa, B KOTOPOM KOIXDMUNUNEHTbI ABNAKOT-
CA HEe KJIACCUYECKUMUN (PYKHKMAMW, a pacnpeaeneHnamn. bo-
Jlee TOYHO, Mbl MOKAX>XEM, 4YTO paclWnNpeHNE KNAaCCNYECKON Teo-
pun andpdepeHumnasibHbIX ONEPATOPOB MOXXHO NMPOBECTU, €CNKn
BMECTO YCNOBUIN JTIOKAJIbHOW CYMMUPYEMOCTU AN KO DULUKN-
eHTOB AN D ePEeHUNANBHOIO BbIPAXXEHUSA OrPaAHNYUNTBLCA YCNO-
BUSMU

1

v po(x)

P,(z) € L? (a,b) k=1,2,...,n;

L i@ eLi(ab), K
po(x)

1,2,....,n—1. (13)



30ecb P n Q. k—e nepBoobpa3Hble PYHKUNN pi. U g, B CMbIC-
e Teopun pacnpeneneHunii, T.e. Plgk) = pr(x) W ngk) = qp(x),
rAe paBeHCTBA NOHMMAKOTCSA B NMPOCTPAHCTBE pacnpeaeneHui
D'(a,b). KOHeYHO, ecnu P N qi. NOKANbHO CYMMUPYEMbI, TO P
N Q. aBCONOTHO HenpepbiBHblE dyHKUMK KU ycnosua (13) cne-
ayroT 13 (11). 3aMeTuM TakXKe, 4TO BbIOGOp NepBOOOPaA3HbLIX
HEOAQHO3HA4YeH, HO BbINOJHEHWE ycnoBwuik (13) B cuny ycno-
Busa (11) He 3aBuUCAT OT ux Bbibopa. B cnyyae, ecnm pyHk-
uMa pg OTAeNneHa OT Hyns Ha Ha nrobom komnakTe u3 (a,b),
T.e. Ana kaxxgoro komnakta K C (a,b) HanpeTcs 3aBUCSA-
wee ot K 4ymcno 6 > 0, Takoe, 410 |po(x)| > §, TO ycno-
Bus (13) ynpouwatoTca. B 3ToOM cnydae 4oCTaToO4YHO noTpebo-
BaTb Py(z), Qr(x) € L2 (a,b) unu py,q, € WR2[c,d] anst nio-
6oro oTpe3ska [¢,d] C (a,b). 3aecb W—k2[¢,d] - cobonesckoe
NPOCTPAHCTBO C HErATUBHbLIM UHAEKCOM rNnagkocTu. MNMoctpo-
NTb onepaTop, oTBeYarwwmnm anddepeHunanbHOMY Bblparke-
HUO (10), HENPOCTO Aa>ke B CAyYae BbINOJIHEHUS YCNOBWUIA

(12). Jeno B TOM, 4TO B C/y4ae Hernagkux KoapdnyneHTon



PL, Q. Mbl HE MMeeM npaBa AnddepeHUnpoBaTb Cnaraemblie B
(10), T.e. caMO BbIpa>keHNe onpeaeneHo TONbKO hoOpManbHO.

OCHOBHOW NpuemMm AN NPOBEAEHUSA Peryasapmsaunn B KNac-
CUYECKOW Teopunm - BBEAEHME TaK HA3bIBAEMbIX KBA3UMNPOU3-
BOAHbIX U NOCTPOEHUE COr/1IacCoBaHHON C AngbepeHUnaibHbIM
BbipaxxeHnem (10) maTtpuubl A pa3mepa 2n x 2n locTpoe-
HNEe TakKOoW MaTpuubl - Ba>KHEWLWWI 3Tan, NOCKOJIbKY MNO3BO-
NAEeT CBEeCTU Pa3pelMMOCTb CKANAPHOro KeasnandpddepeHumn-
aNlbHOroO ypaBHEHUSA Io,(y) = h C NPOU3BONIbHOW YHKLNEN
h € Llloc(a, b) K paspewinMmoCcT MaTpUYHOro andpdepeHunanb-

HOIrO YpaBHEHNSA NepBOro Nnopsaaka CCyMMUpyeMbIMU KO D u-
LMEHTAMMN.

NMocTpoeHue corsiacoBaHHoO maTpuubl A.

[MTono>X>Xmnum Tenepb

gok::Pk—I—iQk_l, k=1,2,....n



n onpeaenum KBaapaTHble MmaTpuubl F1 U Fo Pa3MeEPHOCTH 2n,
nosiaras

( 0 1 0 0 .. 0 o) 0
0 0 1 0 Coe 0 0 0
0 0 0 0 L. 1 0 0
1 1 1 1 1 1
.F]_ — n,1l n,2 n,3 n,4 oo n,n nn+1 0
1 1 1 1 1 f 1
n+1,1 n+1,2 n+1,3 n+14 - - n+1ln n+1n+1
. . . . . . . . . . .
f2n 1,1 f2nl—1,2 f2nl—1,3 f2nl—1,4 oo f2n1—l,n f2nl—1,n—|—1 0
K f2n 1 f2n,2 f2n,3 f2n,4 oo f2n,n f2n,n—|—1 0




(O O O O O O...O\

0 0 o . .. 0 0 0 0
0 fiyin fivis -+ - fivin1 Jiyim O 0
Fo=10 0 fiios - - - foyon1 figon, O - . .0
0 O 0 . . . f3om1 fop0, 0. . .0
0 O o . .. 0 f5. 4, 0 .. .0
\0 © o . .. 0 o 0...o0

rae 3nemMeHTbl fklj (k=n,n+1....2n,j=1,2...n+1) maT-
puubl F1 ONPeaenAaAroTCA paBeHCTBAMMU

1 _j _1 S . |
frj = (D" Yonp1-5pg 7, 3=1,2,...,n0 fraq1 = Do

1. 1—j _ 1
fkj -— (_1)n—l— ]90n+1—j90k—npo :
flat1 = —Prnpgl k=n+1,....2n,j=1,2,...n,



a aneMeHTbl f2. ntk—j MaTPUUbl F2

: 2k
2 _ k ~k : .
Fatkmth— = G RO |pjr i (1 - ]+—1> 9| = Vkj
(14)
roe 7 NPUHNMAET UeNoYUC/IEHHblIE 3HAYEHUA OT 1 Ao n— 1 w

k=1,2,...,7, a C';?_I_l - OMHOMMANbHbIE KOI(PPULINEHTLI.

Taknm obpa3om, Fq1 -3TO KBaApaTHAA MaTpuua pasMepHO-
CTU 2n, TakKada, 4TO BCe HaAAMaAroHasNibHble 3/1EMEHTbl paB-
Hbl eaAnHuUe, KpoMe anemMeHTa ¢ HomepoMm (n,n + 1), ane-
MEHTbl KBAAPATHOrO 6/10Ka Pa3sMePHOCTU n+ 1, paCnONO>KEH-
HOMrO B HUXHEM JIEBOM YyrJje, paBHbI f%+j’k, 7 = 0,1,...,n,
k= 1,2,...,n+ 1, a CTpYyKTypa MaTpuubl Fo TakKOBa, 4TO,
6nok pa3smepHoCcTU (n — 1) x (n — 1) C HOMeEpamMun CTPOK OT
n+1 00 2n—1 n ctonbuyos C HOMeEpamMmM OT 2 A0 n COCTOUT
N3 BEPXHENW TPEeyroabHOM MaTpuubl C SNEMEHTaAMU f7f+k’n+k_j
(cm. (14)).




Onpeaennm, HakoHel, maTpuuy A, = A, nonaras

A= F1 + Fo.

Ana HarnagHoCcTn NpuBeaéEM ABHbIN Bna Matpul Ao, Aa n Ag:
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OcHoBHaa Teopema. (Mup3oeB-LLIkannkos, 2016) MaTpuy-
hbyHKUns A cornacoBaHa C AncbepeHUnasibHbIM BblIPaXXeHUeEM
(10). Co BCceMu BbITEKAOLMNMMU U3 O3TOrO hakTa nocaeacTBu-
AMU.



