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Let (a, b) be a �nite or in�nite interval on R. Consider

l(y) :=
n∑

k=0

(−1)n−k(pk(x)y(n−k))(n−k)+

+i
n−1∑
k=0

(−1)n−k−1
[
(qk(x)y(n−k−1))(n−k) + (qk(x)y(n−k))(n−k−1)

]
.

(1)

Here we consider even order expressions, odd order ones

require a separate consideration.

How to understand this expression? Smooth coe�cients,

no problems. Classical results give a chance to de�ne this

operator, provided that the conditions

(p0)−1, pk, qk−1 ∈ L1
loc(a, b), k = 1, . . . , n; q0 ∈ ACloc(a, b),

(2)

hold.



The �rst our objective is to weaken these conditions, we let

the coe�cients to be distributions of �nite order singularity

(depending on the indices k).

The second objective is to �nd how to work with arbitrary

non-self-adjoint expressions, not only with formally self-adjoint

ones.

Namely, we will work with di�erential expressions of the general

form

τ(y) =
n∑

r,s=0

(
rksy

(n−k)
)(n−s)

, (3)

where rks are complex valued functions.

Results:

Conditions (2) can be replaced by

1√
|p0|

,
Pk√
|p0|

,
Qk−1√
|p0|
∈ L2

loc(a, b), k = 1,2, . . . , n. (4)



Here Pk and Qk are k−th antiderivatives of pk and qk in the

sense of distributions, i.e., P
(k)
k = pk(x) è Q(k)

k = qk(x), where

the equalities are understood in D′(a, b).

In the case of non-self-adjoint expression τ(y) we assume that

1√
|r0|

,
1√
|r0|

Rks ∈ L2
loc(a, b) k, s = 0,1, . . . , n, (5)

where Rks are functions de�ned by

Rks = r
(l)
ks , l = min (k, s),

For giving a correct de�nition of di�erential operators

associated with the above expressions we will apply the

regularization procedure. The main idea is to rewrite these

expressions in a nicer form. To do this we have to associate

with these expressions the so-called Shin-Zettl matrices.



REGULARIZATION PROCEDURE. Let us consider

Fy = −y′′+ u′(x)y, u(x) =
∫
q(x) dx.

Here the antiderivative is understood in the sense of

distributions.

u(x) ∈ L2,loc(a, b).

Denote

y[1] = y′(x)− u(x)y.

Then

Fy = −y′′+ u′(x)y = −(y[1])′ − u(x)y[1] − u2(x)y.

Denote y1 = y, y2 = y[1]. Then(
y1
y2

)′
=

(
u 1

−λ− u2 −u

)(
y1
y2

)
+

(
0
f

)
.

Here the �rst row is the de�nition of the quasi-derivative and

the second row is the resolvent equation Ay − λy = f . The



matrix

F =

(
u 1
−u2 −u

)
is said to compatible with the di�erential expression Fy.

Theorem. Let F(x)−m×m be a matrix function with entries

fij(x) ∈ L1,loc(a, b). Then ∀f ∈ L1,loc(a, b) the equation

y′ = F(x)y + f , y(c) = ξ ∈ Cm, c ∈ (a, b),

has a unique solution which is absolutely continuous on any

subinterval in (a, b). If

‖F1(x)− F(x)‖L1
6 ε,

then

‖y1 − y‖W1,1 6 Cε(‖f‖+ ‖ξ‖).



Now we can de�ne the operators

D(Fmax) = {y ∈ D(F)| y, Fy ∈ L2(a, b)},
D(F0

min) = {y ∈ D(Fmax)| supp y ⊂ Ky ⊂ (a, b)},
The operator Fmin which is the closure of F0

min is called

minimal operator, and Fmax is the maximal one.

Denote by F+
max and F+

min maximal and minimal operators

which correspond to the di�erential expression with conjugate

potential q̄.

Theorem. D(Fmin) is dense in L2(a, b). The following relations
hold F ∗max = F+

min, F
∗
min = Fmax. All these operators are

Fredholm with the indices 6 2. If the problem is regular then

any correct restriction of then operator Fmax is given by two

boundary conditions

Uj(y) = αjy
[1](a) + βjy

[1](b) + γjy(a) + δjy(b) = 0,

j = 1,2.



Let us remind the concepts of quasi-derivatives. We say that

the matrix function F = {fkj(x)}mk,j=1 belongs to the class

Sm(a, b) (the class of Shin-Zettl matrices) if all its entries

fk,j ∈ L1
loc(a, b) and

fk,k+1(x) 6= 0 a.e. on(a, b), fk,j(x) ≡ 0 if j > k+1, k = 1, . . . ,m.

Let F = {fkj(x)}mk,j=1 ∈ Sm(a, b). Let us de�ne the quasi-

derivatives

y[0] := y, y[k] =
(
fk,k+1(x)

)−1
(y[k−1]

)′
−

k∑
j=1

fk,j(x)y[j−1]

 ,
k = 1, . . . ,m− 1.

Consider the operator

Fy =
(
y[m−1]

)′
−

m∑
j=1

fm,j(x)y[j−1]

on the domain

D(F) = {y| y[k] ∈ ACloc(a, b), k = 0,1, . . . ,m− 1}.



This operator is correctly de�ned in the space L1
loc(a, b).

Consider' the restrictions Fmax and F0
min of this operator on

the space L2(a, b). We take the following domains for these

operators

D(Fmax) = {y ∈ D(F)| y, Fy ∈ L2(a, b)},
D(F0

min) = {y ∈ D(Fmax)| supp y ⊂ Ky ⊂ (a, b)},

The operator Fmin which is the closure of F0
min is called

minimal operator, and Fmax is the maximal one.

Now, how does the classical theory treat the di�erential

expressions? Let us correspond to dif. expression (1) the

matrix function



F =



0 1 0 0 . . 0 0 0 . . . 0
0 0 1 0 . . 0 0 0 . . . 0
0 0 0 1 . . 0 0 0 . . . 0
. . . . . . . . . . . . .
0 0 0 . . 0 1 0 0 . . . 0
0 0 0 . . 0 β −p−1

0 0 . . . 0
. . . . . iq1 α β 1 . . . 0
. . . . . p2 iq1 0 0 . . . 0
. . . . . . . . . . . . 0
0 iqm−2 pm−2 . . . 0 . . . . 1 0

iqm−1 pm−1 iqm−2 . . . . . . . . 0 1
pm iqm−1 0 . . . . . . . . 0 0



α = p1 + q2
0p
−1
0 , β = −q0p

−1
0 .

This is the Shin-Zettl type matrix, provided that the classical

conditions hold.



The crucial moment is that one can check Fy = l(y), provided

that the coe�cients pk and qk are smooth enough. But the

left hand side is de�ned for non-smooth coe�cients.

This follows from the equation

−


y

y[1]

·
·

y[2n−1]



′

+ F


y

y[1]

·
·

y[2n−1]

 =


0
0
·
·
f

 , f ∈ L2(a, b).

Therefore this equation is equivalent to Fy = l(y) = f .



De�nition 1. The Shin-Zettl matrix F is said to be associated

with di�erential expression (1) (or (3)) if

l(y) = Fy for all y ∈ C∞0 (a, b)

and all in�nitely smooth functions pk and qk. In the case of

the existence of the associated matrix F we de�ne l(y) = Fy.

De�nition 2. The matrix F ∈ S2n(a, b) is said to be compatible

with di�erential expression (3), if for all y ∈ D(Fmax) the

functions rks(x)y(n−k)(x) in the parenthesis of the expression

(3) belong to the space of distributions D′(a, b) and the

equality

τ(y) = Fy ∀y ∈ D(F), (6)

holds in the sense of distributions.

It turns out that these de�nitions are equivalent.

Let us formulate the main results.



Di�erential expression (1) with complex valued coe�cients

pk, qk obeying the conditions (13) we call normal. It is formally

symmetric i� all these coe�cients are real.

Theorem1. Any di�erential expression of the form (3) with

complex valued coe�cients rks subject to conditions (5) can

be reduced to a normal form (1) subject to conditions (13).

The proof follows from(
ry(k)

)(s)
=
(
ry(k−1)

)(s+1)
−
(
r′y(k−1)

)(s)
, åñëè k > s,

(
ry(k)

)(s)
=
(
r′y(k)

)(s−1)
+
(
ry(k+1)

)(s−1)
, åñëè k < s.

Theorem 2. Let the conditions (5) hold. Then there exists

a compatible matrix function with di�erential expression (3).



For normal di�erential expression (1) the compatible matrix

function F can be presented explicitly. Namely, let us denote

ϕk := Pk + iQk−1, ϕ̃k := Pk − iQk−1, k = 1,2, . . . , n.

Let us de�ne the matrices F1 and F2 as follows. All the entries

of F1 which are staying in the �rst n− 1 rows and in the last

n − 1 columns we de�ne to be zero, but the entries f1
k,k+1,

which we put to be equal 1 for all k = 1, . . . , n−1, n+1, . . . ,2n.

All the other entries F1 de�ne as follows:

f1
nj := (−1)n−jϕn+1−jp

−1
0 , j = 1,2, . . . , n; f1

n,n+1 := p−1
0 ;

f1
kj := (−1)n+1−jϕn+1−jϕ̃k−np

−1
0 ; f1

k,n+1 := −ϕ̃k−np−1
0 ,

k = n+ 1, . . . ,2n, j = 1,2, . . . , n.

All the entries of the matrix F2 in the �rst n rows and the last

n columns we de�ne to be equal 0 as well as the entries f2
n+k,s

for k = 1, . . . , n, s 6 k. All the other entries of the matrix F2



de�ne as follows:

f2
n+k,n+k−j := (−1)j+kCkj+1

[
Pj+1 + i

(
1−

2k

j + 1

)
Qj

]
,

k = 1, . . . , j, j = 1, . . . , n− 1,

where Ckj+1 are the binomial coe�cients. Then the compatible

with di�erential expression (1) matrix F (=: F2n) is the sum

F1 + F2.

It is easy to show that F2n is the Shin-Zettl matrix, provided

that the conditions (13) hold. To check the compatibility is

much more di�cult task.

In the cases n = 1,2,3 the compatible matrices F2,F4,F6 have

the representation

F2 =

 ϕ1
p0

1
p0

−ϕ1ϕ̃1
p0

−ϕ̃1
p0

 ,



F4 =


0 1 0 0
−ϕ2
p0

ϕ1
p0

1
p0

0
ϕ2ϕ̃1
p0

2P2−
ϕ1ϕ̃1
p0

−ϕ̃1
p0

1
ϕ2ϕ̃2
p0

−ϕ1ϕ̃2
p0

−ϕ̃2
p0

0

 ,



F6 =

0 1 0 0 0 0
0 0 1 0 0 0
ϕ3
p0

−ϕ2
p0

ϕ1
p0

1
p0

0 0

−ϕ3ϕ̃1
p0

−3P3−iO2+
ϕ2ϕ̃1
p0

2P2−
ϕ1ϕ̃1
p0

−ϕ̃1
p0

1 0

−ϕ3ϕ̃2
p0

ϕ2ϕ̃2
p0

3P3−iQ2−
ϕ1ϕ̃2
p0

−ϕ̃2
p0

0 1
ϕ3ϕ̃3
p0

ϕ2ϕ̃3
p0

−ϕ1ϕ̃3
p0

−ϕ̃3
p0

0 0


.



Ïðè íå÷åòíûõ n = 2m + 1 èìååì (ïî-ïðåæíåìó

ϕk := pk + iqk).

1. Ïðè n = 3 (m = 1) ìàòðèöà F èìååò âèä
0 1√

2q0
0

− iϕ1√
2q0

ip0
2q0

1√
2q0

0 − iϕ1√
2q0

0

 ,

à êâàçèïðîèçâîäíûå y[k] (k = 0,1,2) è êâàçèäèôôåðåíöè-

àëüíîå âûðàæåíèå τ [y] âûãëÿäÿò òàê:

y[0] = y, y[1] =
√

2q0y
′, y[2] = (q0y

′)′+ q0y
′′ − ip0y

′+ iϕ1y.

τ [y] = −i((p0y
′)′ − p′1y + i(q0y

′)′′+ (q0y
′′+ q1y)′+ q1y

′)).



2. Ïðè n = 5 (m = 2) ìàòðèöà F èìååò âèä

0 1 0 0 0
0 0 1√

2q0
0 0

iϕ2√
2q0

− iϕ1√
2q0

ip0
2q0

1√
2q0

0

0 −2ip2
iϕ1√
2q0

0 1

0 0 iϕ2√
2q0

0 0


.



3. Ïóñòü n = 7 (m = 3) ìàòðèöà F èìååò âèä

0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1√

2q0
0 0 0

− iϕ3√
2q0

ϕ2√
2q0

− ϕ1√
2q0

ip0
2q0

1√
2q0

0 0

0 q3 + 3ip3 −2ip2
iϕ1√
2q0

0 1 0

0 0 q3 − 3ip3
iϕ2√
2q0

0 0 1

0 0 0 iϕ3√
2q0

0 0 0


.



4. ìàòðèöà F2m+1 èìååò âèä

0 1 0 . . . 0 0 0 0 . . . 0
0 0 1 . . . 0 0 0 0 . . . 0
. . . . . . . . . . . . . .
0 0 0 . . . 1 0 0 0 . . . 0
0 0 0 . . . 0 fn,n+1 0 0 . . . 0

fn+1,1 fn+1,2 fn+1,3 . . . fn+1,n fn+1,n+1 fn+1,n+2 0 . . . 0
0 fn+2,2 fn+2,3 . . . fn+2,n fn+2,n+1 0 1 . . . 0
. . . . . . . . . . . . . .
0 0 0 . . . f2n,n f2n,n+1 0 0 . . . 1
0 0 0 . . . 0 f2n+1,n+1 0 0 . . . 0


fn,n+1 = fn+1,n+2 = 1√

2q0

fn+1,n+1−j = (−1)j
iϕj√
2q0

, j = 1,2, . . . , n

fn+1+j,n+1 =
iϕj√
2q0

, j = 1,2, . . . , n

fn+1+k,n+k−j = (−1)j+k+1Ckj+1

[
ipj+1 +

(
1− 2k

j+1

)
qj+1

]

Denote by τ+(y) the di�erential expression, which is formally

adjoint to (3) (the functions rks are replaced by (−1)k+srsk).

By virtue of Theorem 2 there is a compatible matrix with the



expression τ+(y). Denote by F+
max and F+

min the maximal and

minimal operators generated by the matrix F+.

Theorem 3. Let the conditions (5) are valid and the matrices

F and F+ are compatible with di�erential expressions (3)

and formally adjoint τ+(y), respectively. Let Fmax, F
+
max and

Fmin, F
+
min be maximal and minimal operators generated by

the matrices F and F+, respectively. Then all 4 operators

have dense domains of de�nition in the space L2(a, b) and are

Fredholm operators. The image codimensions of the maximal

operators and the kernel dimensions of the minimal ones are

equal to zero. The defects of the minimal operators and the

kernel dimensions of the maximal operators do not exceed 2n.

The following equalities hold

F+
max = F ∗min, F+

min = F ∗max,



The di�erential expression (3) is said to be regular if the

interval (a, b) is �nite and all the functions in conditions (5)

belong to the space L2(a, b) (instead L2
loc(a, b)). Further let us

deal with regular expressions. Consider the operators FU , which

are the extensions of the minimal operator and the restrictions

of the maximal one, i.e. Fmin ⊂ FU ⊂ Fmax.

Theorem 4. Let the expression (3) be regular. Then any

operator FU subject the condition Fmin ⊂ FU ⊂ Fmax, has

the domain

D(FU) = {y ∈ D(Fmax)| Uj(y) = 0, j = 1, . . . s},

where Uj(y) are linear forms (boundary conditions) having the

representation

Uj(y) =
2n−1∑
k=1

(
αjky

[k−1](a) + βjky
[k−1](b)

)
= 0, j = 1, . . . , s.

(7)



The operator FU is Fredholm and its index > 2n − s. In

particular, if the index equals to zero, then the domain id

de�ned by 2n boundary conditions of the above form. In this

case the spectrum of the operator FU is discrete i� its resolvent

set is not empty.

Theorem 5. Let the expression (1) be regular and its

coe�cients pk è qk are real. Then the operator FU which is

de�ned in Theorem 4 is self-adjoint i� the boundary conditions

(7) are linearly independent, s = 2n, and the coe�cients in (7)

satisfy the relations

2n∑
k=1

(−1)kαl,kᾱj,2n+1−k =
2n∑
k=1

(−1)kβl,kβ̄j,2n+1−k, l, j = 1,2, . . . ,2n.

(8)

For any such conditions the spectrum of FU is discrete.

Theorem 6. Let the operator FU is generated by a regular

di�erential expression (3) and boundary conditions of the form



(8). Assume c1 6 r00(x) 6 c2 where c1, c2 are constants.

Assume that a family r εks of in�nitely smooth functions and

their l-antiderivatives (l = min(k, s)) are such that

‖R ε
ks −Rks‖L2

→ 0 as ε→ 0, k, s = 0,1, . . . , n.

Let the quasi-derivatives y
[k]
ε be de�ned as before but the

functions Rks are replaced by R ε
ks. Then the family of the

corresponding operators F ε
U is norm resolvent convergent to

the operator FU . This means that for all µ ∈ ρ(FU) holds

‖(F ε
U − µ)−1 − (FU − µ)−1‖ → 0 as ε→ 0.

The results can be generalized for dealing with spectral

problems of the form

l(y) = w(x)λy

or for operators generated by di�erential expressions

l̃(y) = [w(x)]−1l(y), where w is a positive function and

w ∈ L1
loc(a, b). Certainly, in this case one should work in the

weighted space L2((a, b);w) instead of L2(a, b).



The fundamental role in the theory of ordinary di�erential

operators plays Birkho� theorem on asymptotic solutions for

di�erential equations with spectral parameter. To move further

one should have an analogue of this theorem for di�erential

equations with singular coe�cients.



Theorem (Savchuk-Shkalikov, 2003). Assume q ∈ W−1
2 [a, b].

Then the equation −y′′+ q(x)y = λ2y has a pair of solutions

of the form

ys(x, λ) = sinλx+ ϕ(x, λ), yc(x, λ) = cosλx+ ψ(x, λ),

where |ϕ(x, λ)| + |ψ(x, λ)| = o(1) provided that |λ| → ∞ in

a strip |Imλ| 6 r uniformly with respect to x ∈ [a, b]. The

number r can be taken arbitrary large. These asymptotic

representations generally do not admit the di�erentiation.

However, if y[1] = y′ − u(x)y with u =
∫
q dt, then

y
[1]
s (x, λ) = λ(cosλx+ ϕ1(x, λ)),

y
[1]
c (x, λ) = −λ(sinλx+ ψ1(x, λ))

with preserving of the property

|ϕ1(x, λ)|+ |ψ1(x, λ)| = o(1) ïðè |λ| → ∞

in the strip |Imλ| 6 r uniformly with respect to x ∈ [a, b].



The Birkho� idea for proving of this theorem does not

work. We used the Pr�ufer substitution and worked with the

corresponding Pr�ufer non-linear equation.



A recent result. Theorem. (Shkalikov-Vladykina, 2015).

Consider the equation

−y′′+ p(x)y′+ q(x)y = λ2ρ(x)y, x ∈ [a, b] ⊂ R,

provided that

p(x) ∈ L2[a, b], q ∈W−1,2[a, b], ρ ∈W1,1[a, b],

Moreover, ρ(x) > 0 for x ∈ [a, b], and

ρ′(x)u(x) ∈ L1[a, b], where u(x) =
∫
q(x) dx.

Then there exists a pair of fundamental solutions of this

equation of the form

y±(x, λ) =

[ρ(x)]−1/4 exp
(

1

2
P (x)± iλ

∫ x
a

√
ρ(τ) dτ

)
(1 + ϕ±(x, λ)) . (9)

Here

P (x) =

x∫
a

p(τ) dτ,



and the functions ϕ± vanish asymptotically

|ϕ+(x, λ)|+ |ϕ−(x, λ)| = o(1) as |λ| → ∞

in the half plane Imλ > −r, uniformly with respect to

x ∈ [a, b], and the number r can be taken arbitrary large.

These asymptotics are preserved if we take the quasi-derivative

y[1] = y′ − u(x)y.



ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÎÏÅÐÀÒÎÐÛ ÂÛÑØÈÕ ÏÎ-

ÐßÄÊÎÂ.

Äëÿ îïðåäåëåííîñòè ðàññìàòðèâàåì ÷åòíûé ïîðÿäîê è

îïåðàòîðû âèäà

l2n(y) := (
n∑

k=0

(−1)n−k(pky
(n−k))(n−k)+

+ i
n−1∑
k=0

(−1)n−k−1{(qky(n−k−1))(n−k) + (qky
(n−k))(n−k−1)}),

(10)

Ïðåäïîëàãàåì, ÷òî ôóíêöèÿ p0(x) îòëè÷íà îò íóëÿ ïî÷òè

âñþäó íà (a, b), ïðè÷åì

p−1
0 (x) ∈ L1

loc(a, b), (11)

ò.å. ôóíêöèÿ p−1
0 ëîêàëüíî ñóììèðóåìà íà (a, b). Òåîðèÿ

äèôôåðåíöèàëüíûõ îïåðàòîðîâ, ïîðîæäåíûõ ôîðìàëüíî



ñèììåòðè÷åñêèìè âûðàæåíèÿìè âèäà (10), â êîòîðûõ âå-

ùåñòâåííûå ôóíêöèè

p1, p2, . . . , pn; q1, q2, . . . , qn−1 (12)

ëîêàëüíî ñóììèðóåìû íà (a, b), õîðîøî ðàçâèòà (Ä.Øèí,

Ì.Êðåéí, Àõèåçåð, Everitt, Marcus, Zettl). Ìû õîòèì ðàñ-

øèðèòü ðàìêè ýòîé êëàññè÷åñêîé òåîðèè, à èìåííî, äàòü

êîððåêòíîå îïðåäåëåíèå è ïðèâåñòè àíàëîãè êëàññè÷åñêèõ

òåîðåì äëÿ îïåðàòîðà, â êîòîðîì êîýôôèöèåíòû ÿâëÿþò-

ñÿ íå êëàññè÷åñêèìè ôóêíêèÿìè, à ðàñïðåäåëåíèÿìè. Áî-

ëåå òî÷íî, ìû ïîêàæåì, ÷òî ðàñøèðåíèå êëàññè÷åñêîé òåî-

ðèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ ìîæíî ïðîâåñòè, åñëè

âìåñòî óñëîâèé ëîêàëüíîé ñóììèðóåìîñòè äëÿ êîýôôèöè-

åíòîâ äèôôåðåíöèàëüíîãî âûðàæåíèÿ îãðàíè÷èòüñÿ óñëî-

âèÿìè

1√
p0(x)

Pk(x) ∈ L2
loc(a, b) k = 1,2, . . . , n;

1√
p0(x)

Qk(x) ∈ L2
loc(a, b), k = 1,2, . . . , n− 1. (13)



Çäåñü Pk è Qk k−å ïåðâîîáðàçíûå ôóíêöèé pk è qk â cìûñ-
ëå òåîðèè ðàñïðåäåëåíèé, ò.å. P

(k)
k = pk(x) è Q

(k)
k = qk(x),

ãäå ðàâåíñòâà ïîíèìàþòñÿ â ïðîñòðàíñòâå ðàñïðåäåëåíèé

D′(a, b). Êîíå÷íî, åñëè pk è qk ëîêàëüíî ñóììèðóåìû, òî Pk
è Qk àáñîëþòíî íåïðåðûâíûå ôóíêöèè è óñëîâèÿ (13) ñëå-

äóþò èç (11). Çàìåòèì òàêæå, ÷òî âûáîð ïåðâîîáðàçíûõ

íåîäíîçíà÷åí, íî âûïîëíåíèå óñëîâèé (13) â ñèëó óñëî-

âèÿ (11) íå çàâèñÿò îò èõ âûáîðà. Â ñëó÷àå, åñëè ôóíê-

öèÿ p0 îòäåëåíà îò íóëÿ íà íà ëþáîì êîìïàêòå èç (a, b),

ò.å. äëÿ êàæäîãî êîìïàêòà K ⊂ (a, b) íàéäåòñÿ çàâèñÿ-

ùåå îò K ÷èñëî δ > 0, òàêîå, ÷òî |p0(x)| > δ, òî óñëî-

âèÿ (13) óïðîùàþòñÿ. Â ýòîì ñëó÷àå äîñòàòî÷íî ïîòðåáî-

âàòü Pk(x), Qk(x) ∈ L2
loc(a, b) èëè pk, qk ∈ W−k,2[c, d] äëÿ ëþ-

áîãî îòðåçêà [c, d] ⊂ (a, b). Çäåñü W−k,2[c, d] - ñîáîëåâñêîå

ïðîñòðàíñòâî ñ íåãàòèâíûì èíäåêñîì ãëàäêîñòè. Ïîñòðî-

èòü îïåðàòîð, îòâå÷àþùèé äèôôåðåíöèàëüíîìó âûðàæå-

íèþ (10), íåïðîñòî äàæå â ñëó÷àå âûïîëíåíèÿ óñëîâèé

(12). Äåëî â òîì, ÷òî â ñëó÷àå íåãëàäêèõ êîýôôèöèåíòîâ



pk, qk ìû íå èìååì ïðàâà äèôôåðåíöèðîâàòü ñëàãàåìûå â

(10), ò.å. ñàìî âûðàæåíèå îïðåäåëåíî òîëüêî ôîðìàëüíî.

Îñíîâíîé ïðèåì äëÿ ïðîâåäåíèÿ ðåãóëÿðèçàöèè â êëàñ-

ñè÷åñêîé òåîðèè - ââåäåíèå òàê íàçûâàåìûõ êâàçèïðîèç-

âîäíûõ è ïîñòðîåíèå ñîãëàñîâàííîé c äèôôåðåíöèàëüíûì

âûðàæåíèåì (10) ìàòðèöû A ðàçìåðà 2n × 2n Ïîñòðîå-

íèå òàêîé ìàòðèöû - âàæíåéøèé ýòàï, ïîñêîëüêó ïîçâî-

ëÿåò ñâåñòè ðàçðåøèìîñòü ñêàëÿðíîãî êâàçèäèôôåðåíöè-

àëüíîãî óðàâíåíèÿ l2n(y) = h c ïðîèçâîëüíîé ôóíêöèåé

h ∈ L1
loc(a, b) ê ðàçðåøèìîñòè ìàòðè÷íîãî äèôôåðåíöèàëü-

íîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà ññóììèðóåìûìè êîýôôè-

öèåíòàìè.

Ïîñòðîåíèå ñîãëàñîâàííîé ìàòðèöû A.

Ïîëîæèì òåïåðü

ϕk := Pk + iQk−1, k = 1,2, . . . , n



è îïðåäåëèì êâàäðàòíûå ìàòðèöû F1 è F2 ðàçìåðíîñòè 2n,

ïîëàãàÿ

F1 =



0 1 0 0 . . . 0 0 0 . . . 0
0 0 1 0 . . . 0 0 0 . . . 0
. . . . . . . . . . . . . .
0 0 0 0 . . . 1 0 0 . . . 0
f1
n,1 f1

n,2 f1
n,3 f1

n,4 . . . f1
n,n f1

n,n+1 0 . . . 0
f1
n+1,1 f1

n+1,2 f1
n+1,3 f1

n+1,4 . . . f1
n+1,n f1

n+1,n+1 1 . . . 0
. . . . . . . . . . . . . .

f1
2n−1,1 f1

2n−1,2 f1
2n−1,3 f1

2n−1,4 . . . f1
2n−1,n f1

2n−1,n+1 0 . . . 1
f1

2n,1 f1
2n,2 f1

2n,3 f1
2n,4 . . . f1

2n,n f1
2n,n+1 0 . . . 0



è



F2 =



0 0 0 . . . 0 0 0 . . . 0
. . . . . . . . . . . . .
0 0 0 . . . 0 0 0 . . . 0
0 f2

n+1,2 f2
n+1,3 . . . f2

n+1,n−1 f2
n+1,n 0 . . . 0

0 0 f2
n+2,3 . . . f2

n+2,n−1 f2
n+2,n 0 . . . 0

. . . . . . . . . . . . .

0 0 0 . . . f2
2n−2,n−1 f2

2n−2,n 0 . . . 0

0 0 0 . . . 0 f2
2n−1,n 0 . . . 0

0 0 0 . . . 0 0 0 . . . 0



ãäå ýëåìåíòû f1
kj (k = n, n + 1 . . . ,2n, j = 1,2 . . . n + 1) ìàò-

ðèöû F1 îïðåäåëÿþòñÿ ðàâåíñòâàìè

f1
nj := (−1)n−jϕn+1−jp

−1
0 , j = 1,2, . . . , n; f1

n,n+1 := p−1
0

f1
kj := (−1)n+1−jϕn+1−jϕk−np

−1
0 ;

f1
k,n+1 := −ϕk−np−1

0 , k = n+ 1, . . . ,2n, j = 1,2, . . . n,



à ýëåìåíòû f2
n+k,n+k−j ìàòðèöû F2

f2
n+k,n+k−j = (−1)j+kCkj+1

[
pj+1 + i

(
1−

2k

j + 1

)
qj

]
=: ψkj

(14)

ãäå j ïðèíèìàåò öåëî÷èñëåííûå çíà÷åíèÿ îò 1 äî n − 1 è

k = 1,2, . . . , j, à Ckj+1 - áèíîìèàëüíûå êîýôôèöèåíòû.

Òàêèì îáðàçîì, F1 -ýòî êâàäðàòíàÿ ìàòðèöà ðàçìåðíî-

ñòè 2n, òàêàÿ, ÷òî âñå íàääèàãîíàëüíûå ýëåìåíòû ðàâ-

íû åäèíèöå, êðîìå ýëåìåíòà ñ íîìåðîì (n, n + 1), ýëå-

ìåíòû êâàäðàòíîãî áëîêà ðàçìåðíîñòè n+ 1, ðàñïîëîæåí-

íîãî â íèæíåì ëåâîì óãëå, ðàâíû f1
n+j,k, j = 0,1, . . . , n,

k = 1,2, . . . , n + 1, à ñòðóêòóðà ìàòðèöû F2 òàêîâà, ÷òî,

áëîê ðàçìåðíîñòè (n − 1) × (n − 1) ñ íîìåðàìè ñòðîê îò

n + 1 äî 2n − 1 è ñòîëáöîâ ñ íîìåðàìè îò 2 äî n ñîñòîèò

èç âåðõíåé òðåóãîëüíîé ìàòðèöû ñ ýëåìåíòàìè f2
n+k,n+k−j

(ñì. (14)).



Îïðåäåëèì, íàêîíåö, ìàòðèöó A2n = A, ïîëàãàÿ

A := F1 + F2.

Äëÿ íàãëÿäíîñòè ïðèâåä¼ì ÿâíûé âèä ìàòðèö A2,A4 è A6:

A2 =


ϕ1
p0

1
p0

−|ϕ1|2
p0

−ϕ1
p0

 ,

A4 =


0 1 0 0
−ϕ2
p0

ϕ1
p0

1
p0

0
ϕ2ϕ1
p0

2p2 −
|ϕ1|2
p0

−ϕ1
p0

1
|ϕ2|2
p0

−ϕ1ϕ2
p0

−ϕ2
p0

0





A6 =

0 1 0 0 0 0
0 0 1 0 0 0
ϕ3
p0

−ϕ2
p0

ϕ1
p0

1
p0

0 0

−ϕ3ϕ1
p0

−3p3 − iq2 + ϕ2ϕ1
p0

2p2 −
|ϕ1|2
p0

−ϕ1
p0

1 0

−ϕ3ϕ2
p0

|ϕ2|2
p0

3p3 − iq2 −
ϕ1ϕ2
p0

−ϕ2
p0

0 1
|ϕ3|2
p0

ϕ2ϕ3
p0

−ϕ1ϕ3
p0

−ϕ3
p0

0 0


.

Îñíîâíàÿ òåîðåìà. (Ìèðçîåâ-Øêàëèêîâ, 2016) Ìàòðèö-

ôóíêöèÿ A ñîãëàñîâàíà ñ äèôåðåíöèàëüíûì âûðàæåíèåì

(10). Ñî âñåìè âûòåêàþùèìè èç ýòîãî ôàêòà ïîñëåäñòâè-

ÿìè.


