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Time-frequency Analysis

Let f be a function from L2(R).

Translation and modulation

T f(t) = f(t — x), M f(t) = ™t (¢).
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Time-frequency Analysis

Let f be a function from L2(R).

Translation and modulation
T f(t) = f(t — x), M f(t) = ™t (¢).
Noncommutative

M, = e XM, T,.
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Time-frequency Analysis

Let f be a function from L2(R).

Translation and modulation
T f(t) = f(t — x), Muf(t) = 2™t (t).
Noncommutative
M, = e XM, T,.

If f is concentrated near 0 in time domain and frequency domain,
then T, M, f is concentrated near x in time domain and near w in
frequency domain.
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Time-frequency Analysis

Let f be a function from L2(R).

Translation and modulation
T f(t) = f(t — x), Muf(t) = 2™t (t).
Noncommutative
M, = e XM, T,.

If f is concentrated near 0 in time domain and frequency domain,
then T, M, f is concentrated near x in time domain and near w in
frequency domain.

Definition

We will say that T,M,,f is a time-frequency shift of f.
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Time-frequency Plane

Short-time Fourier transform

Vef(x,w) := / f(t)e2riw(t—x)g(t — x)dt = (f, TxM,,g)— overdeterm.
R
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Time-frequency Plane

Short-time Fourier transform

Vef(x,w) := / f(t)e2riw(t—x)g(t — x)dt = (f, TxM,,g)— overdeterm.
R

Uncertainty principle
A realizable signal occupies a region of area at least one in the
time-frequency plane.

We want to reconstruct arbitrary function f from the discrete set
of samples (f, TxM,g), (x,w) € A C R?, where g is some fixed
function.
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Time-frequency Plane

Short-time Fourier transform

Vef(x,w) := / f(t)e2riw(t—x)g(t — x)dt = (f, TxM,,g)— overdeterm.
R

Uncertainty principle

A realizable signal occupies a region of area at least one in the
time-frequency plane.

We want to reconstruct arbitrary function f from the discrete set
of samples (f, TxM,g), (x,w) € A C R?, where g is some fixed
function.

Example: g = xj0,1, A =Z x Z.

We have a usual orthogonal representation in each interval
[n,n+1].
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Gabor analysis and Stable Reconstruction

Definition

The set of time-frequency shifts
g(g7a75):{TakM,3mg:kamEZ}a OJ,B>O,

is called a Gabor system.
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Gabor analysis and Stable Reconstruction

Definition

The set of time-frequency shifts

g(g7a75):{TakM,3mg:kvaZ}a OJ,B>O,

is called a Gabor system.

Stability

Definition
We will say that G(g, «, 3) is a frame if

AlFIZ< D I(F, TakMsmg)? < BIIF|?, £ € LX(R)
k,m€EZ

for some A, B > 0.
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Dual representations and Main Question

Proposition

If G(g,a, ) is a frame, then there exists a dual window ~y such
that

f= Z(f, TakMﬁmg) TakMﬂm’Y = Z(f, Tak Mﬁm")’) TakMﬁmg'

k,m k,m

In particular, G(v, «, B) also is a frame.
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Dual representations and Main Question

Proposition

If G(g,a, ) is a frame, then there exists a dual window ~y such
that

f= Z(f, TakMﬁmg) TakMﬂm’Y = Z(f, Tak Mﬁm")’) TakMﬁmg'

k,m k,m

In particular, G(v, «, B) also is a frame.

We want to find conditions on (g, c, 3) for which the frame
inequality holds.
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General Theory

If system G(g, o, B) is a frame, then aff < 1.
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General Theory

If system G(g, o, B) is a frame, then aff < 1.

Ifg € W, ie esssupycio1)2_,lg(x+ n)| < oo, then G(g,a, B) is
a frame for sufficiently small o, 3 > 0.
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General Theory

If system G(g, o, B) is a frame, then aff < 1.

Ifg € W, ie esssupycio1)2_,lg(x+ n)| < oo, then G(g,a, B) is
a frame for sufficiently small o, 3 > 0.

If a8 =1, then frame operator S

Sf = (f, TakMsmg) TakMpmg

k,m

is unitary equivalent (by Zak transform) to multiplication operator
in space L2([0,a] - [0, ]). In particular, if g is smooth and
decreasing (g,& € W, g € C(R)), then G(g,a,a™!) is not a
frame.
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Known Results

e Gaussian g(t) = et G(g,a, ) is a frame iff af < 1
[Lyubarskii, Seip, 1992];

o Hyperbolic secant g(t) = (et + e~ %)L, G(g, , B) is a frame
iff a8 < 1 [Janssen - Strohmer, 2002];

@ One-sided exponential function g(t) = e *x+>0(t), G(g, @, )
is a frame iff a8 < 1 [Janssen, 1996];

@ Two-sided exponential function g(t) = e Itl, G(g,a, 8) is a
frame iff a8 < 1; [Janssen, 2003];

o Interval g(t) = x[0,11(t), G(g,, B); complicated answer;
[Xin-Rong — Qiyu, 2016];
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Known Results

e Gaussian g(t) = et G(g,a, ) is a frame iff af < 1
[Lyubarskii, Seip, 1992];

o Hyperbolic secant g(t) = (et + e~ %)L, G(g, , B) is a frame
iff a8 < 1 [Janssen - Strohmer, 2002];

@ One-sided exponential function g(t) = e *x+>0(t), G(g, @, )
is a frame iff a8 < 1 [Janssen, 1996];

@ Two-sided exponential function g(t) = e Itl, G(g,a, 8) is a
frame iff a8 < 1; [Janssen, 2003];

o Interval g(t) = x[0,11(t), G(g,, B); complicated answer;
[Xin-Rong — Qiyu, 2016];

Since, -
g(g7a7ﬂ) = g(§767a)7
we have a description also for g(x) = X%H and g(x) = m.
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Totally positive functions

Definition
We will say that function g is totally-positive if for any finite
sequences x1 < xp < ... < Xp, Y1 < Yo < .... < yy we have

det[g(xj — yi)]1<jk<n > 0.

A
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Totally positive functions

Definition

We will say that function g is totally-positive if for any finite
sequences x1 < xp < ... < Xp, Y1 < Yo < .... < yy we have

det[g(xj — yi)]1<jk<n > 0.

Theorem (Shoenberg, 1951)
Function g is totally positive iff

M or co
g(¢&) = ce— 3 gibt H (1+ i5k§)_1ei5k§,
k=1

aZO,ékER,Zk5ﬁ<oo.
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Totally positive functions meet Gabor analysis
Theorem (Grochenig, Stockler, 2011)
If function g is totally positive of finite type M > 2, i.e.

M

g¢)=[Ia+iae)™,

k=1

then the system G(g, o, 3) is a frame iff af <1 (for M =1,
af <1).
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Totally positive functions meet Gabor analysis

Theorem (Grochenig, Stockler, 2011)
If function g is totally positive of finite type M > 2, i.e.

M

g =JJa+is&)™,

k=1

then the system G(g, o, 3) is a frame iff af <1 (for M =1,
af <1).

.

Theorem (Grochenig, Romero, Stockler, 2017)
If g is a totally positive function of Gaussian type , i.e.
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Non-frame systems

First Hermite polynomial.

Proposition (Lyubarskii, Nes, 2006)

If g € W and g(—x) = —g(x), then the system G(g,a, 3) is not a
frame for af = "1, n=2,3, ...

n !
v
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Non-frame systems

First Hermite polynomial.

Proposition (Lyubarskii, Nes, 2006)

If g € W and g(—x) = —g(x), then the system G(g,a, 3) is not a
frame for af = "%1 n=2,3,...

Let g(x) = xe=™. Then the system G(g, v, B) is a frame iff
af <1 and

n—1
n

ap #

,n=23,....
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Non-frame systems

First Hermite polynomial.

Proposition (Lyubarskii, Nes, 2006)

If g € W and g(—x) = —g(x), then the system G(g,a, 3) is not a
frame for af = "%1 n=2,3,...

Let g(x) = xe=™. Then the system G(g, v, B) is a frame iff
af <1 and

n—1
n

af # ,n=2,3,....

Calculations supports that many systems G(g, o, 8) with a8 < 1
are not frame systems. For second Hermite polynomials there are
other exceptional values.
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Main results

Theorem (Belov, Kulikov, Lyubarskii)
Let

N

ak
JORD Do

k=1
If ax > 0, wy > 0, then the system G(g, «, 3) is a frame iff a5 < 1.
o
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Main results

Theorem (Belov, Kulikov, Lyubarskii)

Let
N

ak
g(x) = Zx—i— wg

k=1

If ax > 0, wy > 0, then the system G(g, «, 3) is a frame iff a5 < 1.

Theorem (Belov, Kulikov, Lyubarskii)

If N =2, ay, wx € R, then the system G(g, v, 3) is a frame iff
af <1 (<1lifa;=—ap)
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Main results

Theorem (Belov, Kulikov, Lyubarskii)

Let
N

ak
g(x) = Zx—i— wg

k=1

If ax > 0, wy > 0, then the system G(g, «, 3) is a frame iff a5 < 1.

Theorem (Belov, Kulikov, Lyubarskii)

If N =2, ay, wx € R, then the system G(g, v, 3) is a frame iff
af <1 (<1lifa;=—ap)

It is curious that for g(x) = F7 we have all (o, 3)!
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Theorem (Belov, Kulikov, Lyubarskii)

IfRewy >0, Rews > Rew, () #0,£ >0, af <1 andaf is
irrational, then the system G(g,«, 3) is a frame.

Yurii Belov joint with Alexei Kulikov and Yurii Lyubarskii Gabor analysis for rational functions



Theorem (Belov, Kulikov, Lyubarskii)

IfRewy >0, Rews > Rew, () #0,£ >0, af <1 andaf is
irrational, then the system G(g,«, 3) is a frame.

There exist many rational functions g and «, 8 with irrational
a8 < 1 such that G(g, a, ) is not a frame.
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Theorem (Belov, Kulikov, Lyubarskii)

IfRewy >0, Rews > Rew, () #0,£ >0, af <1 andaf is
irrational, then the system G(g,«, 3) is a frame.

There exist many rational functions g and «, 8 with irrational
a8 < 1 such that G(g, a, ) is not a frame.

Moreover, for any 6 > 0 there exists qo = qo(9, g, ) such that if
af = g <1—4and g > qo, then the system G(g,a, ) is a
frame.
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Theorem (Belov, Kulikov, Lyubarskii)

IfRewy >0, Rews > Rew, () #0,£ >0, af <1 andaf is
irrational, then the system G(g,«, 3) is a frame.

There exist many rational functions g and «, 8 with irrational
a8 < 1 such that G(g, a, ) is not a frame.

Moreover, for any 6 > 0 there exists qo = qo(9, g, ) such that if
af = g <1—4and g > qo, then the system G(g,a, ) is a
frame.

For any fixed 3 > 0 for any o < B! except at most discrete
subset (finite or — B~) the system G(g, o, B) is a frame.
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Tools

Previous tools: Bargmann transform, Theta-functions, Totally
positive functions, Zeevi-Zibulski matrices for rational af.
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Tools

Previous tools: Bargmann transform, Theta-functions, Totally
positive functions, Zeevi-Zibulski matrices for rational af.

New tools: Paley-Wiener spaces, Dynamical systems, N-diagonal
matrices.
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Tools

Previous tools: Bargmann transform, Theta-functions, Totally
positive functions, Zeevi-Zibulski matrices for rational af.

New tools: Paley-Wiener spaces, Dynamical systems, N-diagonal
matrices.

We can assume that 8 =1. So, e < 1. Let

Z(z,€) = i 1 e mof€) + zm(6) + .. JrZN*lmel(f).

= 1- ze2mwi/a - Hll:/:]-(]_ _ Ze27rwk/a)
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Tools

Previous tools: Bargmann transform, Theta-functions, Totally
positive functions, Zeevi-Zibulski matrices for rational af.

New tools: Paley-Wiener spaces, Dynamical systems, N-diagonal
matrices.

We can assume that 8 =1. So, e < 1. Let

N 2wEwy N—-1
o age B mo(§) +zmi(§) + ... + 2V Tmy_1(&)
Z(zag) T Z 1 _ Ze27er/o‘ Hll:/:l(]_ _ Ze27TWk/C|{) o

k=1

Proposition

The system G(g, o, B) is a frame iff

n

é N—-1
BIFB > [ 513 #(¢+n+ 2 )m)Pde > =I5
0 s=0
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Thank you for your attention!
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