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In reverse mathematics, we work in a two-sorted first-order language
with the usual symbols of first-order arithmetic and €.

Full has the basic axioms of arithmetic, full
induction, and full comprehension.

The usual base system restricts comprehension to
A%-comprehension and induction to ¥9-induction.

We can also work with more induction, or work over by
restricting to X 3-induction (and adding exponentiation).

By a we will mean a consistent extension of
A9-comprehension by 1 formulas that proves the existence of a
universal X9 formula.

Stronger systems include , which is RCA plus arithmetical
comprehension.
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A model M in the language of second-order arithmetic consists of a
first-order part A/ and a second-order part S C 2WV1.

If N/ is standard, we call M an and identify it with S.

An w-model satisfies RCAg iff it is a , i.e., closed under
Turing reducibility and finite joins.

An w-model satisfies ACA, iff it is a , i.e., a Turing ideal
closed under Turing jumps.

We write if every w-model of RCAg + Q is a model of P.

If RCAg = Q@ — P then P <, Q, but not always vice-versa.
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Thm (Hirst). RT' <, RT3, but RCA ¥ RT; — RT*.
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We restrict ourselves to , i.e. statements of the form
VX [p(X) — Y Y(X, Y)]

where ¢ and ) are arithmetic.

An of this problem is an X such that ¢(X) holds.

A to this instance is a Y such that (X, Y) holds.

These notions make sense in any model in the language of
second-order arithmetic.

We assume that our problems always have A? instances.
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Let P and Q@ be I’I% problems, and let 91 be a family of models in the
language of second-order arithmetic with countable first-order parts.

We describe the two-player

Player 1 challenges to show that P is reducible to @ over
the models in 901, in a computable (A9-definable) way.
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Player 1 will play a P-instance X, in some model in 9.

will try to obtain a solution to Xy by asking Player 1 to solve
various Q-instances.

If ever plays such a solution, it wins, and the game ends.
If the game never ends then Player 1 wins.
If a player cannot make a move, the opponent wins.

For a model A\ of first-order arithmetic and Xy, ..., X, C [NV, let
N[Xo, ..., Xa] = (N, S) where S consists of all subsets of |NV| that
are A-definable from parameters in [N U {Xy, ..., X,}.
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First Move:
Player 1: A model (N, S) € 9t and a P-instance X; € S.

. Either a solution to Xj in N[Xp], or a Q-instance
Y1 € N[Xo].

Second Move:
Player 1: A solution Xj to Y7 in S.

. Either a solution to Xj in N[Xp, Xi], or a Q-instance
Y, € N[ Xo, X1].

Third Move:
Player 1: A solution X, to Y5 in S.

. Either a solution to X in N[Xp, X1, X3], or a
Q-instance Y; € N'[Xo, X1, Xo].
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Write if has a winning strategy for G(Q — P) that
wins in at most n + 1 many moves, and similarly for gW.

Thm (Jockusch / Simpson). For n > 3, both RT] and RT” are
equivalent to ACA, over RCA,.

Thm (Hirschfeldt and Jockusch). Let n >3 and j > 1, and let m
be s.t.

+(G—-1(n—=2)<m< n+j(n-2).
Then

RTP <Jy RTR  but RT} s/, RTY.

Patey determined the least m s.t. RT} <7 RT! for n > 2 and j < k.

For n > 3, this m is always 2. For n = 2 it is more complicated and
goes to infinity as k increases.
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It is possible to have P <, Q but not have P < Q for any n, and
similarly for gW.

For example, RT <gw RT3 but RT £ RT3 for all n.

This follows from Jockusch's work showing that the complexity of
solutions to RT" increases in the arithmetic hierarchy as n increases.

It also follows that ACAq ¥ RT, though ACAy = RT" for each n.
Indeed, as noted by Wang, if

ACA = VX [p(X) — Y Y(X,Y)]
where ¢ and v are arithmetic, then there is an n € w s.t.

ACAy VX [p(X) — Y € 22X y(X, Y)].
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thereisanncwst. ITF"Q — P.

The least such n can be seen as measuring the minimal number of
applications of @ needed in proving P over I'.

Thm (Dzhafarov, Hirschfeldt, and Reitzes). If P <[, Q then
thereisan n € w s.t. P gg\’/'\’, Q.

Thm (Cholak, Jockusch, and Slaman). RCA, + RT3 ¥ RT?.
Using results of Patey and the first theorem above, we have:

Thm (Dzhafarov, Hirschfeldt, and Reitzes / Slaman and
Yokoyama). Let I be RCAq together with all M} formulas true in
the natural numbers. Then I' 4+ RT3 ¥ RT>.



is the axiom scheme

(#(0) A V¥nlp(n) — @(n+1)]) = Vnp(n)
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is the axiom scheme

Vnle(n) < ¢(n)] = (¢(0) A Vnlp(n) = ¢(n+1)]) = Vny(n)

for Y0 formulas ¢ and MN° formulas .

is the axiom scheme
Vk[Vn < k3ip(n,i) — IbVn < k3i < by(n,i)]

for Y0 formulas ¢, and similarly for
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have the following strict implications and equivalences:

}
BXS =BNJ = 1A}
!
1X9 = 1n3
1
BXS =BN? =1AJ
}
X0 = 1n°

A T3 problem is if its solutions are natural numbers.

These levels of induction have several first-order equivalents.
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Fo,..., F,, there is a common bound for the F;'s.

Bound* is equivalent (over RCA) to BX9.

Recall RT!: An instance is a k € N and a ¢ : N — k, and a solution
is a j < k with infinite preimage.

Thm (Hirst). RT! is equivalent to BXS over RCA,.

Thm (Dzhafarov, Hirschfeldt, and Reitzes). Bound™ <, RT!
and in fact Bound" <:VCVA°+828 RT", but Bound® | RT*.
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In the following theorem, all instances are in the standard model.

Thm (Reitzes). Let P and Q be first-order and s.t.:

1. There is a computable way to determine, given a P-instance X,
a number k such that X has a solution bounded by k.

2. There is an infinite tree S C 2<% s.t. for each 0 € S and each
there is a path on S extending o that is a Q-instance with no
solution bounded by k.

=

Then Q &7\ P for all n, so for any weak base theory I', we have
Q ;{g\,’\’, P for all n, and hence @ ;{gw P.

For example, we can take P = RT! and Q = Bound®.
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Levels of induction have several equivalents, e.g. least number
principles and bounded comprehension.

: An instance is an enumeration of A C N. A solution is an
n¢ Ast. eithern=0o0rn—1¢€ A

: An instance is an enumeration of the complement of A C N. A
solution is an n ¢ A s.t. eithern=00orn—1€ A.

Both of these are equivalent to 19 over RCA;.
Thm (Reitzes). FN? <{\° F¥9.

However, FI—Icl’ is weak in the sense of the previous theorem, while
FY9 is strong, so we have:

Thm (Reitzes). FX9 £, FIY for any weak base theory T
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