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Borel hierarchy / arithmetical hierarchy / hyperarithmetical hierarchy
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Projective hierarchy / analytical hierarchy
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A‘l‘ = clopen; 2‘1’ = open; H‘l’ = closed; Z‘z’ =F,; Hg = Gg;
Al = Borel; X} =analytic; II} = coanalytic
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Hausdorff-Kuratowski difference hierarchy / Putnam-Ershov trial-and-error hier.
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2-2‘1’: the differences A \ B of open sets; n-E‘l’: n-differences of open sets;
(< w)-):.‘l’: the finite Boolean combinations of open sets;

(The hierarchy obtained by finite Boolean operations and countable coproduct)
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Wadge hierarchy (1970s)
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@ Wadge degree: Ultimate measure for topological complexity
Let X and Y be topological spaces,A € X and B C Y,

A <w B & dcontinuousf: X - Y
Vx€X [x€A « 0O(x) € B]

@ A <y B < B is topologically more complicated than A.
@ (AD) The subsets of w* are semi-well-ordered by <y.
@ This assigns an ordinal rank to each subset of w®.
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Tree/Forest-representation of various A‘z’ sets:

comp./ ce./ co-c.e./
cﬁ)pen open closed d-c.e.
Oe ol 0e 1e

I
;

@ (computable/clopen) Given an input x, effectively decide x ¢ A (indicated by
0) orx € A (indicated by 1).

@ (c.e./open) Given an input x, begin with x ¢ A (indicated by 0) and later x
can be enumerated into A (indicated by 1).

@ (co-c.e./closed) Given an input x, begin with x € A (indicated by 1) and later
x can be removed from A (indicated by 0).

@ (d-c.e.) Begin with x ¢ A (indicated by 0), later x can be enumerated into A
(indicated by 1), and x can be removed from A again (indicated by 0).
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Forest-representation of a complete w-c.e. set:

w-c.e.

0® 0® 0® 0°

Vi

(w-c.e.) The representation of “w-c.e.” is a forest consists of linear orders
of finite length (a linear order of length n + 1 represents “n-c.e.”).

@ Given an input x, effectively choose a number € w giving a bound of the
number of times of mind-changes until deciding x € A.
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Theterm 0, 1 =0, w®, resp.

=rank 0

The term 01 = Open; 170 = Closed. (rank 1)
The term 07 170: Difference of two open sets (rank 2)

The term 071707 1: Difference of three open sets (rank 3)
Boolean combination of finitely many open sets (rank finite)
The a-th level of the difference hierarchy (rank a)
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Tree/Forest-representation of ég sets

The Wadge degrees of 4‘3’ sets are exactly those represented by
forests labeled by trees.
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Tree/Forest-representation of 42 sets

The Wadge degrees of ég sets are exactly those represented by
forests labeled by trees which are labeled by trees.
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Term operation vs Ordinal operation
- = +; U = sup; (o) = w

@ Theterm (0~1) = Zg; 170) = Hg (rank wy)
@ Theterm ((0°1)) =X%  (1°0) =T  (rank ")

w1
w

@ The term (({0~1))) = zg; GRONE Hg (rank w ")
Let w; 11 n be the n-th level of the exponential tower over w;.

@ Theterm (0~1)" = Zgﬂ; 170y = Hgﬂ (rank w; 11 n)
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What's the rank of £ sets? Is it sup, (w1 11 n)? Nol!
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@ &,,+¢ = the a-th solution of “w’l‘ =x".

@ £y +1 = SUP, ., (w1 TT n)

Theorem (Wadge)

The Wadge rank of £ sets is &4, +a,-

Why? Term presentation:
@ The term (0~1)" represents ):.2+1 (rank w; 11 n)
@ The term U,,(0~1)" represents a disjoint union of )2,“1 sets
(rank €4,+1)

@ Theterm 17 U,<, (0~ 1)" represents a more complicated set which
is still in A? (rank &4,,41 + 1)

8w1+1+1

1

@ The term Up<, {17 Un<w (07 1)")™ corresponds to rank &, +2

@ The term (0~ 1)“ represents 2‘.2) (rank €4, +0,)

@ The term (17 U, <, (071)") corresponds to rank w
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The term (0~ ((170)“ U (0~ 1)“)) =rank wi
The term (0”170)® represents d—E& (rank &,,.3)
The term ({(071))“ represents E‘;H (rank 8‘”f)

o
o
°
@ The term ((0~1)")® represents E"wm (rank &4, 111)
@ The term ((0”1)“)“ represents Z"w'z (rank &5, ., )
°

The term ((0~1)")“™ represents X’

0 (rANK 9 (0 (0)))
Here ¢o(x) = wi” and ¢1(x) = &y +14x-
Define ¢,(x) as the x-th solution of “¢(x) = x”.

@ The term Li,,(0~1)®" = rank ¢,(0) = sup,_,, ¢(1")(0)

@ Theterm (17 U, <, (071)“") = rank ¢o(¢,(0) + 1)

@ The term Uy<o{(17 U,ce (07 1)07)O™ = ¢,(1)

@ The term (0"1)“’2 represents ZS)Z (rank ¢,(w1))

Term operation vs Ordinal operation J

= X+ Uz osup; (o) x o) =g(0); (o) x Pu(®)
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@ Classical Wadge theory
@ Describing Borel functions
@ Homomorphic quasi-order
@ Other recent results
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The processes of approximating functions by finite mind-changes
can be represented by

labeled well-founded trees and forests.

Well-founded forests = terms in the signature {—, LI} over an
(infinitary) equational theory.

(Lebesgue, Hausdorff) The Borel hierarchy = the Baire hierarchy,
i.e., the hierarchy of iterated limits.

(Selivanov, K.-Montalban) The processes of approximating Borel
functions can be described by matryoshkas of trees: Within each
node of the tree there is a tree, and within each node of that tree there is a
tree, and within each node of that tree there is another tree, and so on.

K.-Montalban (2019) introduced
the signature for describing matryoshkas of trees,
and then, to each term ¢ in the signature, assigned
a class X, of Borel functions.

The classes (X)), term Can be considered as an ultimate refinement
of the Borel hierarchy.
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@ (: apreordered set.

@ Tree(Q): the set of all Q-labeled well-founded trees.

@ "Tree(Q): the set of all Q-labeled well-founded forests.

@ For any countable ordinal a, we inductively define "Tree?(Q) as follows:

UTree®(Q) = Q, “Tree®(Q) = “Tree (U “Treeﬂ(Q)]

B<a

UTree®! (Q) = U “Tree®(Q)
a<wy

@ These are exactly the terms in the following signature:

Definition
For a set Q, consider the signature consists of:
@ A constant symbol [¢] for each ¢ € O
@ A 2-ary function symbol =
@ An w-ary function symbol | |
@ A unary function symbol ()
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Definition (K.-Montalban 2019)
For each term ¢ € "Tree”'(Q), a functionf: Z —» Qisin X, <
@ (t=q€Q) fistheconstantmapx  gq.
@ (¢ =L;s;) dopencover (Uenof Zst. f | U; € Xy, foreachi € N.
@ (t=r7s) dopenVCZstflVeZ;andf I X\V)eX,.
@ (t=(s)) JBaireoneB:Z —» ZandaX,functiong: Z - Qs.t.f = goﬁ./

0 _ 0 _
Zi=Zry O3 =Z@eoy
0 _ 0 _

L, =Zoeny I =Zaroy

@ The X,-functions for terms ¢ € “Tree"(Q) = the égﬂ—measurable functions.

The X,-functions for terms ¢ € “Tree“' (Q) = the ég)-measurable functions.

@ There is a huge gap between the finite Borel rank and the Borel rank w,
which is filled by the transfinite tree hierarchy.

é<u)

UTree(Q) € “Tree?(Q) S --- € “Tree"(Q) S “Tree"*'(Q) € ... € "Tree“(Q) S
€ UTree“*"(Q) G -++  “Tree®"(Q) G -++ C “Tree”" (Q) G -+ € "Tree“(Q).
Ao
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The transfinite tree hierarchy “Tree“!(Q) corresponds to é"w.
Then, what terms can be used to express the Borel rank beyond w?
The answer is that é"m , corresponds to “Tree®! (Tree(Q)).

Here, t € Tree(Q) is treated as a constant symbol.
In this case, this is a constant symbol of rank w, so it is written as (#)“.

What this suggests is that the next levels are expressed by
trees having two types of labeling functions.

UTree®'(Q) = Q, “Tree’*(Q) = “Tree“! [U Tree“’lﬁ(Q)]
B<a

UTree“"1(Q) = U HTree“"*(Q)

a<wi

Two labeling functions ¢y = (-) and ¢; = (-)® are available at this hierarchy.

By using them, it is finally possible to describe up to 4“2.
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@ The label for the next level, (-)“’2, may be used, and to proceed to the next
level, the transfinite hierarchy “Tree“"“"** is defined as:

Tree*“1(Q) = Q, “Tree”™*(Q) = “Tree”!*! [U Tree“’”“’"B(Q)]
B<a

HTree““11(Q) = U “Tree” 1 (Q)

@<y
> Three labeling functions ¢, = (-}, ¢; = (-)* and ¢, = (-)" are available at
this hierarchy.

> Now, it is possible to describe up to é",.
o
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Definition (K.-Montalban’s Veblen signature Lye)
For a set Q, the Veblen signature Lye,(Q) consists of:
@ A constant symbol ¢ for each g € Q.
@ A binary function symbol —.
@ An w-ary function symbol LI.
@ A unary function symbol ¢, for each @ < w;.

Definition (K.-Montalban 2019)
For each term ¢ € Ly (Q), afunctionf: Z —» Qisin L, <

@ (t=q€Q) fistheconstantmapx b gq.

@ (t=1u;s;) Jopencover (Upien of Zs.t. f | U; € Ey, foreachi € N.
@ (t=r7s) JopenVCZstfrVeXs;andf I (X\V)eX,.
°

t = ¢,(s)) 3 Baire class w” function 8: Z - Z and
aX,functiong: Z » Qst.f=gop.

The X;-functions for terms ¢ € Lyve,(Q) = The Borel functions.
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Definition (Syntax tree)
Let £ be a (possibly infinitary) signature. Any L-term ¢ defines a labeled tree
Syn(¢) called the syntax tree of the term ¢ as follows:

@ If¢is a constant or variable symbol x, then Syn(f) = (x).

@ If¢is of the form f({s;)icr) for some function symbol f € £ and L-terms
(si)ier, then Syn(#) = (f) Uies Syn(s;).

lfewn (T0)u(071) %yv»‘caf firee

Sew\-hcs (%omt p /@\@
©® ©

Y
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There are two equivalent ways to describe X;:
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Fo, b BL: open Ao, A B-C open
(by Sevowov, K -Mortalien, ) Chy K-Sosedid)

Takayuki Kihara (Nagoya) Wadge degrees of Borel functions




Definition (K.-Sasaki 2021)
A flowchart on an Lye,(Q)-term ¢ over a space X is a family (Sy)sesyne S-t.:
@ !f o € Syn(¥) is labeled by —, then S, is a £.° subset of X.

rank(o)
@ i o € Syn(?) is labeled by LI, then S,, is a sequence (Son)new Of ;‘r’ank(g)
subsets of X.
© I o € Syn(?) is labeled by ¢,, then S, = X.

Here, the Borel rank of a node o € Syn(¢) as follows. First, enumerate all proper
initial segments of o~ which are labeled by Veblen function symbols ¢, :

T <T1 <172 < <717 <0,
where 7; is labeled by ¢,,. Then, the Borel rank of o~ € Syn, is defined as:

rank(o) = 1 + 0* + 0" +--- + 0.
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Enumerate all proper initial segments of o which are labeled by Veblen function
symbols ¢, as 79 < 7y < 73 < -++ < 1, < 0, where 7; is labeled by ¢,,.
Then, the Borel rank of o € Syn, is defined as:

rank(o) = 1 + 0™ + 0" +--- + 0.

Tom 071K W) ull>2))
=0 (PO (HED U B(0)) U R(1>2)

sym‘?oxw

semontics tee

2N
S .
(0)
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@ Classical Wadge theory
@ Describing Borel functions
@ Homomorphic quasi-order
@ Other recent results
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Let S be a topological space, and Q be a preorder.

@ f:S > Qis Wadge reducibleto g : S = Q (written f <y g) if there
is a continuous @ : S = S s.t. f(x) <g gofx)forallx € S.

Homomorphic Quasi-Ordering
A=(A,<L4,¢4), B=(B,<p,c,): Q-labeled preorders (i.e.,cxy: X = Q)
@ A morphismh : A - Bisafunctionh : A - B s.t.

o x <y y = h(x) <p h(y). (order preserving)
@ c,(x) <q cp(h(x)). (Ilabel increasing)

@ Write A <j,m B if there is a morphismh : A - B.
@ The quasi-ordering <j,m is called a homomorphic quasi-order.

Theorem (Selivanov 2007)
Let k be a finite discrete order. Then the following are isomorphic:
@ The Wadge degrees of k-valued ég functions on w®

@ The poset reflection of the homomorphic quasiorder on countable
well-founded k-labeled forests.
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@ US: The set of all countable subsets of S, with the dom quasi-order.

@ Tree(S): The set of all S-labeled well-founded countable trees, with the hom
quasi-order.

@ "Tree(S): The set of all S-labeled well-founded countable forests, with the
hom quasi-order.

Let I'(X — Y) be the set of all I'-measurable functions from X to Y.

Theorem (Selivanov 2007, 2017, K.-Montalban 2019)
Let Q be a BQO (better-quasi-order).
@ The Wadge degrees of é‘l’(NN - Q) ~"Q.
The Wadge degrees of 4‘2’(NN - Q) ~ "Tree(Q).
The Wadge degrees of ég(NN - Q) =~ "“Tree(Tree(Q)).
The Wadge degrees of ég(NN - Q) = "Tree(Tree(Tree(Q))).

The Wadge degrees of gg(NN - Q) ~ “Tree(Tree(Tree(Tree(Q)))).
and so on...
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Theorem (Selivanov 2007, 2017, K.-Montalban 2019)
Let Q be a BQO (better-quasi-order).

The Wadge degrees of AT(N" - Q) ~ Q.

The Wadge degrees of ég(NN - Q) = "Tree(Q).

The Wadge degrees of ég(NN - Q) ~ "“Tree(Tree(Q)).

The Wadge degrees of ég(NN - Q) =~ "“Tree(Tree(Tree(Q))).

The Wadge degrees of ég(NN - Q) = “Tree(Tree(Tree(Tree(Q)))).
and so on...

K.-Montalban (2019) revealed how hom quasi-order can be extended to
infinite rank, and proved the similar isomorphism results for infinite Borel
ranks.

The definition of K.-Montalban appears to be considerably more
complicated than the original hom quasi-order.

Selivanov (2020) introduced an axiomatic paraphrase of infinitary hom
quasi-order.

The axiomatic definition makes little difference between the complexity of
ordinary hom quasi-order and infinitary hom quasi-order.
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Ordered algebraic theory for hom quasiorder

The algebraic theory Tryg, in the signature {+, -} consists of the following axioms:

@ (x-y)z=x-(02); +Y+z=x+@+2 (associative law)
Qx+y=y+x (exchange law)
@ x+y)z=x-z+y-z (right distributive law)

Trg, can be considered as the theory of labeled finite forests
(by replacing the symbols + and - with L and ~, respectively).

The ordered algebraic theory oTrg,(Q) in the signature {+, -, ¢}4e0 consists of the
theory Trg, and the following axioms:

@ x<x+y, x<x-y;, x<y-x (weakening)
@ x+x <Xx; g-94<4q (contraction)
@ p<gq foranyp<pq (Q-axiom)

oTrg,(Q) characterizes the homomorphic quasiorder on Q-labeled finite forests:
If s,¢ are closed terms, oTrs, F s <t & 5 <pom!.
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Infinitary ordered algebraic theory for hom quasiorder

@ Trg,: (associative for +,+); (exchange for +); (right distributive)

@ oTrg,(Q): (weakening for +,+); (contraction for +); (const. contraction for -);
(@-axiom)

The infinitary algebraic theory Tr in the signature {-, >} consists of (associative
for -); (infinitary associative, exchange for Y); (infinitary right distributive)

Tr can be considered as the theory of labeled countable well-founded forests
(by replacing the symbols Y and - with | | and ~, respectively).

The infinitary ordered algebraic theory oTr(Q) in the signature {-, 3, (¢)}4e0
consists of Tr and (weakening for -); (infinitary weakening, contraction for });
(const. contraction for -); (Q-axiom)

If s,¢ are closed terms, 0Tr F s <t & 5 <pom -
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oTr(Q) characterizes the homomorphic quasiorder on Q-labeled finite forests:

Infinitary ordered algebraic theory oTr(Q), cf. Selivanov 2020

@ (x+y)z=x-0-2); Dier Djes Xij = Xiijpefly s Xig (associative law)
@ i X))y = Yiar(xi+y) (right distributive law)
@ x<x-y; x<y-x (weakening)
@ YiaXpi) < Xjegx; foranyp:I—J (exchange, weakening, contraction)
@ 4-9<¢q (constant contraction)
@ p<gq foranyp <pq (Q-axiom)

If s,¢ are closed terms, 0Tr F s <t & 5 <pom .

So <phem is obtained from the term model of oTr(Q) by forgetting the algebraic
structure (essentially due to Selivanov, although his axioms are slightly different from ours)
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Infinitary ordered algebraic theory oTr(Q), cf. Selivanov 2020

@ (x-y)z=x-0-2) Zier LjesXij = Liijper; J Xij (associative law)
@ Xiaxi) Yy = Dialxi-y) (right distributive law)
@ x<x-y; x=Zy-x (weakening)
@ YiXyp < Zje,xj foranyp: I —» J (exchange, weakening, contraction)
@ §-4<¢q (constant contraction)
@ p<qg foranyp <pq (Q-axiom)

Infinitary ordered algebraic theory oTrzi (Q), cf. Selivanov 2020

@ (x-y)ez=x:0+2); Diar XjeyXij = Liijell;J Xiy (associative law)
@ i Xi) 'y = Ziar(xi+y) (right distributive law)
@ x<x-y; x=<y-x; x=<dx) (weakening)
@ Yiaxyp < Xjgx; foranyp:I—J (exchange, weakening, contraction)
@ §-g<4¢q (constant contraction)
Q $,(x) - Pu(x) < Bo(x) (¢o-contraction)
® Ip(de(x)) < Po(x) (Veblen function axiom)
@ p<gq foranyp <o q (Q-axiom)
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lJTreeg(Q) =Q, "'Treeg((;)) = “Tree, [ﬁLJ “Tree?(Q)]
“Tree;.1(Q) = U "'Treeg((,?) HTree,(Q) = U UTree(Q) if A limit

a<wy £<a

Theorem (K.-Montalban 2019)

Leta = W' +ky + w2 ky + + - + W < k.
If Q is better-quasi-ordered, the following are order isomorphic:

@ The Wadge degrees of Q-valued é‘l’m-measurable functions on N,

© The homomorphic order restricted to

”Tree(fk‘ times) (Treeékz times) ( » Treeg‘" times) ( Q))) )
1 2 n

Corollary (K.-Montalban 2019)
If Q is better-quasi-ordered, the following are order isomorphic:
@ The Wadge degrees of Q-valued Borel functions on N,
@ The homomorphic order on UTree,,, (Q) (i.€., the Lye(Q)-terms).
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@ Classical Wadge theory
@ Describing Borel functions
@ Homomorphic quasi-order
@ Other recent results
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Afunctionf: X — Yis A, if f'[A] is A® whenever A is A?.
Definition (cf. Motto Ros 2009)
Let S be a topological space, and Q be a preorder.

@ f:8 > Qis A,-Wadge reducibletog : S —» Q if
there is a A,-function @ : S — S s.t. f(x) <q g 0 6(x) for allx € S.

Theorem (K.-Selivanov 2022)

If Q is better-quasi-ordered, the following are order isomorphic for NN — Q:

@ The Wadge degrees of Q-valued é‘]’m-measurable functions.

© The Ag-Wadge degrees of Q-valued égm-measurable functions.
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@ An admissible representation of a topological space X is a partial
continuous surjection 6y :€ NY¥ — X such that, for any continuous
g:C N¥ 5 X, g = §x o 6 for some continuous 6.

@ For such dy, a functionf: X — Q is symbolically X, if f o § is in X,.
@ Any second-countable T, space has an open admissible representation.

Theorem (Selivanov 2022)
Let X be a second-countable Ty-space. For any Lye,(Q)-termt,
fisinX; < f issymbolically X;.

@ (Pequignot 2015) Write f Cy g if f o 6x is Wadge reducible to g o 6y.

Corollary
Let X be a second-countable Ty-space. For any Lyep(Q)-term ¢,
Usgpont Z2sX) = {f: X = Q| f Ew g} for any/some g € X,.

The symbolic Wadge reducibility Ey behaves very well,
even if the space is not zero-dimensional!
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o ):,(A:): the set of X, functions having a hyperarithmetic X,-code.
@ Louveau (1980) showed that ;‘.g NAl = ):g(Ai).

@ More generally, if a disjoint pair of E} sets is separated by a );g set, then it
is separated by a Zg(Ai) set.

Theorem (K.-Sasaki 2027?)
Lett be a Lyen(Q)-term.

Qx.n Ai = E,(Ai).

Q f:C w® — Q: apartial II'-measurable function with a Z} domain
f can be extended to a total X, functiong: w® — Q
= f can be extended to a total E,(A}) functiong* : w® — Q.

Q <p:a I[: quasi-order on Q

f:€ w® = Q: a partial I1' -measurable function with a Z} domain
[ is £g-dominated by some total £, functiong: w® — Q
= f is <p-dominated by some total E,(Ai) functiong* : w® — Q.
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