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1) Particle tracking in electromagnetic fields (2022 in progress, j.w.w.
Yannis K. Semertzidis and Holger Thies)

For particle velocity 8 and rest spin 5 in external fields E, B
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1) Particle tracking in electromagnetic fields (2022 in progress, j.w.w.
Yannis K. Semertzidis and Holger Thies)

For particle velocity 8 and rest spin 5 in external fields E, B
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Issue: Very small scale, high precision needed (otherwise, viola-
tion of energy conservation law in the simulation)




2) Porous media (2022 in progress, j.w.w. Yalchin Efendiev, Viet Ha
Hoang and Holger Thies)

Multiscale problem

0
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with some boundary conditions;
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2) Porous media (2022 in progress, j.w.w. Yalchin Efendiev, Viet Ha
Hoang and Holger Thies)

Multiscale problem

0
o ) ) =

with some boundary conditions;
h

ki (x) = Ky (e, z)-

Issue: Compute the solution

u = ug(x) + euq(x, %) + ...

with guaranteed precision for arbitrarily small ¢




3) Symmetric hyperbolic systems (2007, j.w.w. Sergei K. Godunov)

i(0) = o(x).
AZA*>O, BZZB,ZI<

Examples: acoustics, elasticity, elec-

tromagnetism




3) Symmetric hyperbolic systems (2007, j.w.w. Sergei K. Godunov)

A) % = 3 Bi(2).2 @

(x)gtu — ';1 Z(x)&ciu’
u(0) = ¢(z).

A:A*>O, BZZB;I<

Examples: acoustics, elasticity, elec-

tromagnetism

Issue: Compute the solution @ with guaranteed precision. Any convergent

difference method involves computing eigenvectors of matrix pencils A\A — B,

which is discontinuous (thus, not computable)



II. Computability of solutions to differential equations and related
problems
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Symmetric hyperbolic systems (j.w.w. Victor Selivanov 2008; final
journal version 2017)

A8u+ Z Bzax —f(t,ZC), tzoa

u|t=0 — QO(x]_, R 7mm)°
Here A = A* > 0 and B, = B;k are constant symmetric n X n-
matrices, t > 0, x = (z1,...,zm) € Q = [0, 1]™.

We study: computability properties of the solution operator

R : (A,Bz',f,@)l—)u



We study: computability properties of the solution operator

R (AaBZ7f7§O) = u
Questions:

e Is the solution operator computable from f,o? In which classes of
functions? |l — || <277, ||f = fll <277 — |Jlu—d|| < 27

e From the matrix coefficients A, B;? ||A — AT|| < 277, ||B; — Bl|| < 27,
lo =l <277, [If = Il <277 = [lu—w"|] <27



Results (joint work with V. Selivanov) about computability (2017)
and complexity (2018,2021)

I. The solution operator

(o, f) —u

of (1), (2) is computable provided that the first and second
partial derivatives of o, f are uniformly bounded. Input: in sup-
norm, output: in Lo-norm.

II. 1) The operator of the domain of existence and uniqueness
(A,Bq1,...,Bn) — H is computable (H is an intersection of t > 0, x; —
At >0, 2—1-2% t <0, (i=1,...,m), where {A{?}__ are the eigenvalues

min

of A=1B;. Assume AW <0< A,(f,)ax forallt=1,...,m.);

min




2) The solution operator
(go,f,A,Bl,...,Bm,nA,nl,...,nm) — u

of (1), (2) is computable under certain additional spectral
conditions on A, B;.

Here n, is the cardinality of spectrum of A (i.e. the number of different
eigenvalues); n; are the cardinalities of spectra of the matrix pencils A\A — B;.

Eigenvectors are in general not computable! (Ziegler, Brattka)

3) The solution operator (¢, f, A, B1,...,By) — u of (1), (2) is computable

when the coefficients of A, B; run through an arbitrary computable real closed subfield
of R (e.g. the set A of algebraic reals, or the real closure of AU {c1,...,c},

Cj € R.).




Theorem. PTIME if (for A, B;(A)):

m,n,a, M are fixed positive integers;

L Amaz (A)
the quantities ||A SMaAT Aol
9 H |2’ )‘mz’n(A)’
12 o f
max{ || Billz, [|(A™B)2| |2, max{|ux| : det(ued — B;) = 0},5up || === (t, 2)|2 |,
1 k t,x 8%18?5
and
-1 -1 -1 -1 azf 8290
max{||[AB,A71B; — A" B;AT Bil|z,sup | (t,2)|]2,sup | (@)llz}
N ta  O0x;0x; z  Ox;0x;

are bounded by M.



The proof heavily relies on:

e - using a stable difference scheme approximating (1), (2) and
results on its convergence;

-proofs of the existence and uniqueness theorems for (1);
-properties of multilinear interpolations.

e deep results of computer algebra for polynomial arithmetic
and computations in the fields of algebraic reals due to LooOs,
Collins, Grigoriev etc. and those recently considered by Alaev
and Selivanov (including PTIME-presentability of A and PTIME
computability of root finding).



e Polynomial-time computability (in some fields of algebraic re-
als) of finding eigenvectors of matrix pencils AA — B; (recall that
this problem is not computable in the field of reals). In par-
ticular, this is crucial for finding in polynomial time steps h, T
guaranteeing the stability of the difference scheme.

e Our proof is a mix of methods typical for symbolic and numer-
ical computations.

e Our methods apply only to algebraic matrices because it is
currently open whether there is a PTIME-presentable real closed
field of reals which contains a transcendental number.



T heorem. Let M,p > 2 be integers. Then the solution oper-
ator (A,B1,...,Bm,p) — u for (1) is a PR computable function
(uniformly on m,n) from S5 x S™ x cPTiQ,R™) to CP o1, (H,R™)
where S and ST are respectively the sets of all symmetrlc and
symmetric positively definite matrices from My, (A), ||3‘P||S < M

52 ..
and ||W50%||8 <M fori,j=1,2,...,m.
Here A is primitively recursively Archimedian subfield of R, with PR splitting

T heorem. Let M,p> 2 be integers and A,Bq,...,Bmn €
Mn(Rp) be fixed matrices satisfying the conditions in (1). Then
the solution operator ¢ — u for (1) is a PR-computable function
(uniformly on m,n) from CPT1(Q,R") to crt, J(H,R™), with the
same constraints on ¢ as in the previous theorem



Lu(z) = f(z),z € Q C RF

General PDEs:
{»Cu(w)|r = o(z |r), C o2

Differential operator:

0% ... 9%
Lu = ao(DFtu, ... ,u,2) D% + ag(D* u,...,u,z), D=
Z_k ( YD+ ao ) Oz ... D
Main types of L:
°  quasilinear; nonlinear

e Hyperbolic, parabolic, elliptic, subelliptic, subparabolic, ...;

e Initial functions: , . Sobolev functions



> Complexity hierarchy:

> The variety of PDEs and meth-
ods to solve them:

i - H’"‘"--.H_\
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Main types of L and classification achievements:

o (4P) or (PSPACE) coefficients;
quasilinear (2-EXP upper bound); nonlinear

e Hyperbolic, parabolic, elliptic, subelliptic, subparabolic, ...;
(all in the same complexity class depending on linear/nonlinear,
constant/variable coefficients)

e Initial functions: (P for linear constant and vari-
able coefficients, , Sobolev functions

(j.w.w. Ivan Koswara, Gleb Pogudin and Martin Ziegler, 2019-2022)



Real-valued analog of the Complexity hierarchy

o K.-I. Ko, H. Friedman. Computational
Complexity of Real Functions, 1982.

o K.-I. Ko. Complexity Theory of Real
Functions, 1991.

EXP nouesne e A. Kawamura, S. A. Cook. Complexity

PSPACE-

oeoen /) tensbe lgotioms] Theory for Operators in Analysis, 2010.

e A. Kawamura, M. Ziegler. Invitation
to Real Complexity Theory: Algorithmic

RNC' C RPTIMESPACE(log'n) C Foundations to Reliable Numerics with
, o Bit-Costs (arXiv), 2018.
CRNC?...CRPTIME CR#P, C
CR#P C R#P#P C e K. Weihrauch. Computable Analysis,

2000.
CRPSPACE =RPARCREXPF
e M. B. Pour-El, J. I. Richards. Com-
putability in Analysis and Physics (Per-
spectives in Logic), 2017.



PROGRESS IN THEORETICAL COMPUTER SCIENCE

Complexity
Theory

of Real
Functions
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Birkhauser




REAL BIT-COMPLEXITY

¢ For real functions

Def. Computing f:CR— R in time t: N — N means, on input a,, € Z s.th.
[z —am/2™| < 1/27,

to output b, € Z s.th.
|f(z) —bn/2" < 1/27,

in <t¢(n) steps.

e RPTIME if t(n)=poly(n)
e REXP if t(n)=exp(n)

e RPSPACE: if the amount of memory s(n) is bounded polynomially in n



Complexity Hierarchy and real-valued problems

PSPACE. EXP (includes not

complete feasible algorithms)

¢ Detailed and intuitive proofs for these ex-
amples:
https://kaist.theoryofcomputation.asia/20cs700
(by M.Ziegler, Section V)

o Survey on ODEs: D.Graca, N.Zhong. Com-
putability of differential equations, 2021.

max f: NP-complete; P for analytic f

[ f(®)dt: gP-complete; P for analytic f
0

1
ff(t)dt: fPi-complete; P for analytic f
0

Sqlutions of ODEs

[(fl_’(; - f(taﬁ)a ’J(O) — ﬁO]:
PSPACE-complete in general (Kawa-
mura 2010; Kawamura, Ota, ROsnick,
Ziegler 2014)

P for analytic / (Miller, Moiske 1993;
Bournez, Graca, Pouly 2011; Pouly,
Graca 2016; Kawamura, Steinberg,
Thies 2018)



Exact Real Computation

o Approach:

e Exact Real Computation has R (real numbers) as exact data type

> Computations approximate output to guaranteed precision 27" given by
the user (i.e., computes any n digits versus fixed 53 in double precision)

e Computing a function t — u(?):
tm _ u’rL —
t——| <2 > ||lu(t) — —|| < 27"
t— o [NORE]
tm, un integers, m = m(n) modulus of continuity of u
e Exact Real Computation packages: iRRAM, ARIADNE, Aern

e We aim to
— Develop the necessary theory (complexity classification!)

— Create Exact Real Computation solvers for PDEs, in iRRAM (a library
in C++4)



Overall goals:

e Provide a bit-cost classification of real-
valued (continuous) problems:

— Studying complexity of particular al-

PSPACE- EXP (includes not

gorithms and attempts to optimize ¥ e s -
them: 27, n*, logFn?

— Proving optimality results: what is
the best possible algorithm for the
problem?

o ‘“discrete” complexity: n=length of the input

o ‘“real” complexity: n = number of bits of the output, to obtain the precision 27":

tm —m Un —n
b= ol <27 = JJu(®) = Sh|| < 2

e Provide optimal and reliable algorithms and implement them in Exact Real Computation
packages (iRRAM, Ariadne, Aern)

Sewon Park, Franz BrauBe, Pieter Collins, SunYoung Kim, Michal KoneCny, Gyesik Lee,
Norbert Miller, Eike Neumann, Norbert Preining, Martin Ziegler. Foundation of Computer
(Algebra) ANALYSIS Systems: Semantics, Logic, Programming, Verification (arXiv) 2021



Example: Evolutionary PDEs

Linear; variable coefficients; includes hyperbolic and parabolic
08 = Y3 B{&) - i, t€[0,1], © € [0,1]¢,
@(0,%) = (&), Ze[0,1]¢, Lu l510.11¢= O:

&1 &d

8x]1 8x]d, u — (ul,...,ud/).
1 d

where 87 =

Questions: 1. Given polynomial-time computable matrix co-
efficient functions Bx¥) and initial vector-function ¢(¥) (from
certain functional classes), find to which complexity class does
the (unique) solution u(t, %) belong?

2. Find the optimal complexity class.



differences

Hyperbolic
Finite
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i
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Quasilinear

.
v ¥ FE
= =
Nonlinear 552
g = 0
o o
Generalized solutions
Analytic

Ck-smooth Group Symmetries

Analytic Series .~

Integral Formulas

Fourier Transformation

Goals for PDEs

e Develop a uniform framework for
solving (important classes of)

PDEs with

given by the user

|d —u(™|| < 2

° PDEs by their algorith-

micC

e Based on this classification we de-

velop and implement optimal and
(S., Stein-
berg, Thies, Ziegler 21; J.w.w.:
Semertzidis, Thies 22 in progress,
Efendiev, Hoang, Thies 22

reliable algorithms.

progress)



ODEs Evolutionary PDEs (including Hyperbolic | Other Types of PDEs (in-
and Parabolic) cluding Elliptic)
d
L ) i =y BH@) - 974, Z %u = f in B¢
au = [t a), (1) | 30,8 =@ j=1 B
i(0) = v > ¢,B; €P analytic = @ ¢ ulopi= g(Z)
) ([Koswara, S., Ziegler'19] ; [S., > f9 ‘GP = u ctP;
> f € P analytic Steinberg, Thies, Ziegler'21] uni- tP1-*hard [Kawa-
= a4 €P [Miller, form version; [S., Selivanov'21] mura, Steinberg,
Moiske'd3;  Bournez, analysis of dependence on constant Ziegler’17]
Graca, Pouly’11; matrix coefficients B; = B! over
E?a\ljvl;/’rnura S?:;?rfselrg' various real ;:Iosed fields);
Thies'18] ' ' > ¢,B; €P: CF, k > 1 (well posed)
. — [Koswara, Pogudin, S., Ziegler]
> ]i € P I|n2ear — — 4 ePSPACE-complete (gen-
U € Log“-SPACE eral case)
[Zlfggsl\gf,rfé] S — # €fP (constant periodic case)
b Lipschitz  or — u #P1-‘hard’ (heat equation)
> él ; *DPSPACE — u €P for constant mutually
completeu (Kawa- commuting matrices
mura’10] > for the quasilinear case
B; = Bj(&,4) upper bound

[Koswara, S., Ziegler'19].




e Computable Analysis
e Real Complexity Theory

e Exact Real Computation

Help to build a bridge between (1) classical " discrete” computability and com-
plexity theories, and (2) classical " continuous” analysis and numerical/analytical

methods of solving differential equations.

Complexity classification allows to design rigorous solution methods within
the uniform Exact Real Computation framework.

In particular it applies to the above mentioned Motivational Examples.



Happy Birthday!




