ON THE DIAGONALIZABILITY AND FACTORIZABILITY
OF QUADRATIC BOSON FIELDS

(joint work with L. Accardi, Y.G Lu, A. Teretenkov)
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1. QUADRATIC BOSON FIELDS

Fori,j =1,2,..., let a;,q; " be the generators of the multi-dimensional Heisenberg alge-
bra with

(1.1) [ai,a}] =0ij , [a;-r,a;] = [a;,a;] =0, (aT)* =aqa; .

(2

and for n € N let M,(C) denote the set of n X n complex matrices. A homogeneous
quadratic boson field in standard form, is an element X of the multi-dimensional Lie
algebra generated by the a’s and a'’s, i.e.,

(1.2) X = Z (Azja al + Ajaa; + Oij@j@j) =a'Aa' + ada +a'Ca = (A,C)

i,5=1
where the matrix A = (4;;) € M,(C) is symmetric and the matrix C' = (C;;) € M,(C) is
Hermitian, i.e.,
(13) A AJZ , Czj = Oji , Vi,5 € {1,2, ,n}

Note: A representation of the multi-dimensional Heisenberg algebra on polynomials f(z) =
f(z1, 29, ...,x,) is provided by

1 _ 1 . .
aj:E(Xj‘i_Zf)j) , aj:E(Xj—sz) ,i=1,2,...,n
where 5
X, 1(e) = 2, (2), Pf () = i f(2)
Lj
with

[PJ,Xk] = —i(Sj’k y [Pj,Pk] = [Xj,Xk] = 07 j,k = 1,2,...,71

2. VACUUM CHARACTERISTIC FUNCTION OF A BOSON QUADRATIC FIELD

Definition 1. The vacuum characteristic function of a homogeneous boson quadratic field
X in standard form, in Fock representation, is

f(t) = (D,e"" D)
where ® is the normalized (i.e., ||®|| = 1) Fock vacuum vector.

Note: A continuous function f: R +— C is positive definite if

//ft—s Vo(s) dt ds > 0

for every continuous function ¢ : R — C with compact support.
Bochner’s theorem states that such a function can be represented as

) = [ @ oy
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where v is a non-decreasing right-continuous bounded function. If f(0) = 1 then such a
function v defines a probability measure on R and Bochner’s theorem says that f is the
Fourier transform of a probability measure, i.e., the characteristic function of a random
variable X that follows the probability distribution defined by v. Moreover, the condition of
positive definiteness of f is necessary and sufficient for such a representation.

For example, in one dimension, if
[a,a'] = 1, H : Heisenberg Fock space, a® =0, (a')* =a ,
X = (a")?+ad*,

(@, " ) = V/sech2t

so X follows a hyperbolic secant distribution.

then

Computing eX® typically utilizes a splitting lemma for the exponential, in order to use
IWagy — 9Wa*g _ poalag _ g
The splitting lemma for the quadratic field
X =m(a")? +ma® +lafa, m#0,1€R

ot cos L Ktan(iKt+ L) —1
t — 2 _— t g
p(t) =e \/amakw4-L)’q() 4,

[
K =\/AmP2—12; L =arctan | — | .
|m| ; arctan (K)

is

where

The vacuum characteristic function is

A it L
(@, @) = plt) = e cos(iKt+ L)

which for [ = 0 and m = 1 reduces to the hyperbolic secant, while for 4 |m|* — [*> = 0 it
corresponds to a degenerate distribution .



The general form of the quadratic characteristic function :

Theorem 1. For

X = Z (Aijaja} + Aijaziaj + C’ijaZaj> =a'Ad" + ada + a'Ca
ij=1

define v and P,Q, R, S by
_(C 24 w._ (P Q)
VT \e24 —07) ¢ T \=R@Wt) S1t))

Then, fort € R sufficiently close to 0, adapting the Feinsilver-Pap splitting formula:
itX e-% Tr(C’)+%Tr(gt(A,C))e%ant(A,C)aT eaTgt(A,C)ae%aﬁt (A,C)a

and L
(D, eith)> _ e_% Tr(C)+ 1 Tr(g:(A,C))

where
Fi(A.C) = QNS(it) ™, g A,C) = —log ST h(A,C) = S(it) Rt
and f = (f + f7)/2,h = (h+ hT)/2 denote the symmetric parts of f, h.

The problem is that e, therefore S(it), is not easy to compute explicitly. So we must look
for simplifying cases and that leads to the concept of a diagonalizable field

Remark If A =01i.eif .
X = Z C’ijaj»aj =a'Ca

ij=1
then
(@, d) =1
corresponding to a degenerate distribution.
In the literature, quadratic fields that can, with the use of a linear transformation, be put

in the form
b'Lb+ constant

where L is a real diagonal matrix and b, b' are still bosons, are called diagonalizable.
We extend:



3. DIAGONALIZABLE/FACTORIZABLE/DECOMPOSABLE QUADRATIC BOSON FIELDS
Definition 2. A homogeneous quadratic boson field (in standard form)
n
X = Z (Aijazaz + Ajja.a; + C’ija;raj> =a'Aa' 4 aAa + a'Ca = (A, O)
ij=1

with A symmetric and C' Hermitian is called diagonalizable if there exists a unitary matrix

U such that M := UAU"T € M,(C) and L := UCU* € M,(R) are diagonal matrices.
Theorem 2. A diagonalizable quadratic field

(3.1) X = Z (AijaZa;. + Ajja.a; + CijaZaj) =a'Ad" + ada + a'Ca
ij=1

takes the form
n 2 B
X=> (m (b}) + 14 (bi)” + Ligb! bi) = b MbT + bMbT + b LoT
i=1

where

n n

T — 1 _

b; = E Uiray, , by = g Uik A
k=1 k=1

U= (uj) , L=_(l) M= (my)
are as in Definition 2. Moreover, fori,j € {1,2,...,n},

[biabt] = 5i,j ) [bT bT’] = [bi, bj] =0

J 7]

and the matrices

i.e., the b’s and b'’s satisfy the multi-dimensional Heisenberg algebra commutation relations.

Proof. We notice that
X =alA (aT)T + add” +a'Ca”
where
at=(al - al),a=(a - an)
Since the field X = (A, C) is diagonalizable,
A=U*MU , C=U*LU

SO
X =a'U*MU (aT)T +aU*MUT + a'U*LUGT
—a'U*MU (af)" + aU" MUa” + alU* LUG"
=b' MbT + bMYT + b LbT
where

b =d'U* | b=aUT



ie.,
= ) b= b
where, for i € {1,2,...,n},
bj = ?(12 , by = Zuikak
k=1 k=1

Since L, M are diagonal, we obtain

X = i (m <b}>2 + g (b)) + ln-bjbi)
=1

Moreover

T Y 8
[bi, b] Uipjq|ap, a q UipUjqOpq = ulpujp (U )ij = 0;;

p,q=1 p,q=1
and
[af, al] = [ap, a0 =0 = [b,b!] = [b;,b;] =0 .

P’ g 11 7)

U

Definition 3. The quadratic field X is quadratic (vacuum) factorizable if there exist
quadratic fields X;, j =1,2,...,k, k > 2, such that for all s sufficiently close to zero,

(@, X D) = H(@e”XJCID>

and at least two of the X;’s have a non-degenemte (i.e. non-delta) vacuum distribution.
Special case of:

Definition 4. The quadratic field X is (vacuum) decomposable if its vacuum character-
istic function can be written as the product of at least two non-trivial (i.e. not corresponding
to degenerate distributions) characteristic functz’ons i.€.,

< st(I) Hfj

Theorem 3. Let ® be a Fock vacuum unit vector, i.e., ||®|] = 1 and a;® = 0 for all
je{l,2,...,n}. Let

(3.2) X = Z (Ama a; + Aljaiaj + C’ijajaj>
,j=1
be diagonalizable, i.e.,
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where, for each j =1,2,....n
AR 2 t
Xj = my; (bj) + 15 (bj)” + 13050
Then, for suitably small t € R and >

- L;
ti(I) ti] CD COS
H H cos th—i—L

7j=1
L ; Ljj
]] — arctan E .

If, for at least two values of j, 4 |mj;|* — ljzj # 0, then X 1is quadratic vacuum factorizable.

where, for each j =1,2,...n

Kj=/4|my|* -

Proof. As mentioned earlier, for each j =1,2,....n
1N @ = (1)t DO (D, ) = (1)

where

pi(t) :e“?t\/ (cosL _ Kjtan(iKt + L) — 1
cos

t_

L
K; = /4|mj;]? =12, ; L; = arctan (ﬂ> :
i =\ 4lmg;? =15 K,

We have X = 7" | X; where [Xj, X}] = 0 for j # k. Thus

itX _ itp’?: X; _ a itX;
(@, X D) = (], ¢ Jlaq>)_<<1>,He i D)

:< ftil(I) H tiJ(I) eq1 (I) H ti](I)

=2
= pl(t) <¢)a 6m(b1)2 H eith q)> = pl(t)<®7 H eitherOf)(bl)z q)>
j:2 ]'22
= pi(t)(@, [T @) = pu(t) e 20, [] 5 @
Jj=2 =3
@,H@’ltXJq) :Hpj(t Hp]
J=3 j=1

3

it = cos L;
= CI) .
, 1:[ \/cos (1Kt + Lj)



A kind of converse to Theorem 3 is provided in the following.

Theorem 4. For j € {1,2,...,n} let l;;, m;; be complex numbers and let

[
K; = /4|m:;|2 — 2. L = t L)
j |m;| , ; = arctan (K >

713 .
J

There exist quadratic fields

X = Z (Aijaga; + Aijaiaj + Cijajaj)

4,j=1

whose vacuum characteristic function, for suitably small s € R, is
(@, % &) =[] £i(s)
j=1

where,

_zljjs

cos L; .
cos(iKs+Lj) Zf myj; 7£ 0

1 if mj; # 0
The quadratic field X is diagonalizable if and only if l;; is real for all
je{1,2,...,n}.

fi(s) =

Proof. Let M and L be diagonal matrices with diagonal entries m,;,[;;, respectively, where
j€{1,2,...,n}. Define n x n matrices A,C by

(3.3) A=U*MU , C=ULU

where U is an arbitrary n x n unitary matrix. As in the proof of Theorems 2 and 3, the
quadratic field

X = Z (Aijaga} + Aijaiaj -+ C’ijagaj>

1,7=1

has vacuum characteristic function, for suitably small s € R,
<<I>,eiSX <I>> = Hfj(s) .
j=1

The above field X is diagonalizable if and only if A is symmetric, C' is Hermitian and
CA = AC. In view of (3.3), these conditions are satisfied if and only if L is real. O
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4. MAIN RESULT: A NECESSARY AND SUFFICIENT CONDITION FOR
DIAGONALIZABILITY

Theorem 5. A quadratic field X = (A,C) with A symmetric and C Hermitian is diago-
nalizable if and only if C'A is symmetric, i.e. if and only if CA = AC. If C 1is real, this
reduces to [C, A] = 0.

Proof. Suppose that the pair (A, C) is diagonalizable. Then UAU" = M and UCU* = L
where L, M are diagonal and U is unitary. Then A = U*MU and C = U*LU and we have

CA=U"LUU*MU = U*LMU
and, since (LM)T = MTLT = ML = LM, we have
(CAT = (WU LMU)" =U*LMU = CA
so C'A is symmetric. Conversely, suppose that C'A is symmetric and let Aj,....,\q € R,
where d < n, be the distinct eigenvalues of C' with multiplicities n;, ..., ng respectively, with

ni + ...+ ng = n. Then C can be spectrally decomposed as C' = W*LW, where W is a
unitary matrix and the diagonal matrix L has the block diagonal form

M, - 0
L = : : =ML, @ ® Ny,
0 - Nl
where, for ¢ =1, ...,d, I,,, denotes the n; x n; identity matrix. Then
CA=(CA)T «<—= CA=AC +— W' LWA=AW'LW
— LWA=WAW'LW <= LWAW" = WAW'L
which, by a Corollary to Sylvester’s Theorem

(Note: Sylvester’s theorem states that if A € M, (C) and B € M,,(C) are given, then the
equation AX — X B = C has a unique n X m matrix solution X, for each n x m matrix C,
if and only if A and B have disjoint spectrums. A corollary of Sylvester’s theorem is
that if B,C' € M, (C) are block diagonal matrices of the form

B:Bl@...@Bk7 C:Cl@...@(jk

for some k < n, where the blocks B;, C; have disjoint spectrums for each i« = 1,2, ..., k, and
if A € M, (C) satisfies with B, C' the intertwining relation AB = C'A, then A is also of the
block diagonal form

A=A @ - ® A
with A;B; = C;A; for each i =1,2,.... k),
implies that WAWT is of block diagonal form
WAWT = A) @ - @ Ag
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with symmetric blocks A; € M, (C), j =1,2,...,d, since A is symmetric. In particular,
A=WTA @ @ A)W
Moreover, by the Autonne-Takagi factorization theorem (note: its use was first pro-
posed by Chebotarev and Teretenkov) , for each j = 1,2, ..., d, there exists a unitary matrix
Vi € M,,(C) and a nonnegative diagonal matrix M; € M, (C) such that
Aj = VMV

Letting

V=Wie eV, M=M&---&My, U=VW
we notice that

[V}’ AjInj] =0
for each 7 = 1,2,...,d, implies that
V.Ll=Vi& & Vy Ly @ @ Aly,| =0
which since L is a real diagonal matrix, implies that
[V* L] =0
as well. Moreover
vuvr=VWVW)=Ww*v*ViW =W*W =1

so U is unitary, and

U'LU =W*VLVW = W*LV*VW = W*LW = C

U'MU =WIVITMVW =WT (A, @ @ AW = A
so the pair (A, C) is diagonalizable. d

5. EXAMPLE OF DIAGONALIZABLE BUT NOT QUADRATIC VACUUM FACTORIZABLE OR
VACUUM DECOMPOSABLE

Important examples of diagonalizable quadratic fields are provided by the n-dimensional
angular momentum fields,

X = i wkmLk,m

k,m=1
where, wy,, € R, and the Ly ,,’s are the Hermitian (non linearly independent) generators of
the n-dimensional angular momentum Lie algebra, introduced by J. D. Louck in the
1960’s, with commutation relations

[Lk,ma Lk’,m’] =1 (5k,k’Lm,m’ + 5m,m’Lk,kz’ - 5k,m’Lm,k’ - 5m,k’Lk,m’)
and skew-symmetry, duality properties
L =0 | Lym=—Lmr , Li,=Lim-

Using multi-index notation

«

=t

n
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a representation on polynomials
p(x) = Z aqx”
[e%

is provided by the operators
Lk,m = XkPm - XmPk’
where, for j € {1,2,...,n},

Xjp(x) = x;p(z) ,  Pip(x) = —i0yp(z)
are the classical position and momentum operators, with commutation relations, for k,m €
{1,2,...,n},
[(Xk, Pn] = i0mil [Xp, Xin] = [Pr, Pn] = 0
and duality relations

X, =X, , P,L=P,.

Theorem 6. There exists a Hermitian matriz C = (¢ky), with main diagonal entries equal

to zero, for which
n

X = Z Crmal ar = a'Ca
k.m=1
k #m

where, for k,m € {1,2,...,n},

[ak, CLJr ] = 5m’]{;1 s [aky am] = [CLL, ajn] =0, a;; = 0,1]; (ain)* = m

i.e, X 1s a diagonalizable homogeneous quadratic boson field in standard form X = (0,C).

Proof. Letting, for each 7 =1,2,....n,

X.:a]-%—a;r- P._aj—aj

J \/§ ) J \/52
ie.,

_ X b P X =il

a; R s Bl ]
V2 V2

it is well-known that, for k,m € {1,2,...},

[ak,aT] =0mrl ,  ag, am] = [a,t,a” =0 , a,=aq (ajn)* =qa,, .

Moreover,

Lk,m = XkPm - XmPk =7 <6L1nak — a;;_am> .
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Thus, the field X takes the form

n n
X= Y wwmLlim— Y. WakLim
k,m=1 km=1
k>m k>m
Letting
Thm = Wekm — Wmk >  Chkm = km >  Ckm = —Cmk
we have

X = Z ckmainak.
k,m=1
k#m

from which we conclude that X is a homogeneous quadratic boson field in standard form
X = (0,C), where the main diagonal entries of the Hermitian matrix C' are equal to zero.
By Theorem 5, X is diagonalizable. U

Corollary 1. The vacuum characteristic function of X is
(D, e** D) =1
i.e., X has a degenerate (i.e. delta function) probability distribution and is therefore

neither quadratic vacuum factorizable nor (vacuum) decomposable.

Proof. By Theorem 2, with M = 0 and U any unitary matrix that diagonalizes C', in the
notation of Theorem 2,

X = i Liibib; .
=1

Therefore, the vacuum characteristic function of X is

P n
<(I)76isX (I)> _ <(I),€is ?:1liibzbq; (I)> _ <®,Heisliibzbi (I)> — <(I)7(I)> -1
j=1

since ¢ *liblbi p = ®, for each j. Therefore, X has a degenerate (delta function) probability

distribution. Since

e The product of two characteristic functions is always a characteristic function
e The only characteristic functions whose reciprocals are also characteristic functions
belong to degenerate distributions

we see that the n-dimensional angular momentum fields are not quadratic (or any other
non-degenerate way) vacuum factorizable and they are not decomposable. 0
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6. EXAMPLE OF NON-DIAGONALIZABLE BUT QUADRATIC VACUUM FACTORIZABLE
We consider the non-diagonalizable quadratic field
2 2 2
X = Z (AijaZa; + Ajja;a; + C’Z-jazaj) = (ai) + a2 + <a$> +a3+i (a{ag - a;m)
ij=1
corresponding to the matrices
A=T= (é (1)) , C:iS:i(_Ol (1)) CCA# AT
Theorem 7. For real t sufficiently close to zero, the vacuum characteristic function of Z s
(@,e""F @) = (B, e X1 D) (P, e’ 2 D)
where
X, = (a})2+a§ =12

Proof. We have already seen that, for j = 1,2,
(@, 6% @) = (sech 2t)"/?

Computing
<(I), eitX (I)>
amounts to computing the exponential of
0 1 2 0
- C B 24\ - 010 2
UZl24 —cT) T =200 7 |
0 —-2|—1 0
which is
etv — P(t) Q(t)
—R(t) S(t)
cosht cos2t 7 cos 2t sinht cosht sin 2t 7 sin 2t sinh ¢
_ —17 cos 2t sinht  cos2t cosht | —i sin2t sinht¢ cosht sin 2t
o —cosht sin2t —isin2¢ sinht| cos2t cosht 7 cos2t sinht
7 sin2t sinht — cosht sin2t | —7 cos2t sinht cos 2t cosht
Then,
(@, "X ®) = (det S(z’t))*l/2 = (cosh? 275)_1/2 = sech 2t .
Therefore

(.6 B) = (2,6 B)(, ¢ 2 @)
so X is factorizable. O
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7. COMMUTATIVITY AND DIAGONALIZABILITY

Theorem 8. Let
X: (A,C) :X1+X2+X3

AZ(Az'j):@ lc)) ’C:(Cij):(]; Tfl) '

X, =a(al)? +ad? +kala

where

and

Xy = c(a})? + cal +maas
X3 = ZbaJ{ ag + 2bajas + laJ{ as + Za;al
where a,b,c,l € C |, k,m € R. If [X; + Xo, X3] = 0 then X is factorizable.

Proof. Using the multi-dimensional Heisenberg algebra commutation relations

[aiaa}] - 6i,j ’ [aj?a;{] = [aiaaj] =0

and the linear independence of a‘ia;, a1as, a‘iag and alag, we find that [X; + X5, X3] = 0 if
and only if

(kb—al)+ (mb—cl) =0,
(kl — 4ab) + (4bc —ml) =0 ,
Since [X; + X5, X3] = 0 implies the diagonalizability condition

(kb—al) 4+ (mb—¢cl) =0,

X is diagonalizable, hence X is factorizable. U

8. EXAMPLE OF DECOMPOSABLE BUT (GENERALLY) NON DIAGONALIZABLE

In an earlier paper, while working on the renormalization of the higher powers of
quantum white noise (program initiated in the early 1990’s by Accardi and Volovich) we
considered the Virasoro fields defined by:

[e.e]
V(w) = woLo + Y (WL + Wi L)
m=1
where the w,,’s are real numbers and the L,,’s are the Virasoro algebra generators with
commutation relations

(8.1) [Lim, Ln] = (m — n) Ly, + éémm,om(mQ —1); mneZ

The L,,’s can be expressed in terms of the generators of the multi-dimensional Heisenberg

algebra for m € Z as
1
L, = 3 E D C_k Cham

keZ
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where, for k € Z,
_ ) cckckpm i —E<k4+m
C—k Ch+m _{ Cl+4m C—k if k+m< —k
and for £ > 0
= Vkay ; c_ = \/Eaz .

For n = 1,2, ... we define the truncated Virasoro field

(8.2) Y, (w) =4I+ Zﬁ GT + Zﬁ:&aa +5 Z eA kaTa’f
j=1 Jk 1
I e
_|_§ Z Bk (a ay + apa; ) Z 5" ajay
],k:l ],k 1

where n > 1,

w nn—+1 j j :

Gk B RN
= alt = (G + R)wien/ik B2 = xw (G + R)wp- 5k
where
1 ifa<n
Xn}(a> =

0 otherwise

T T

and w,, € R so that the coefficient 55"’“ is common for a;ay and aya;.

Theorem 9. For each n > 1, the matrix @5 is real symmetric. With the choice of the
sequence w = (wy,) gwen by w, = w # 0 (m € N) and denoting by (A\,;/w)™t, j €
{1,...,n}, the eigenvalues of Bs/w, the vacuum characteristic function of the n—th order
Virasoro field Y, (w) is given by

n 6_“’(1"'1)“
(8.3) (@, P) = [ ——5.

1 —ith )Y
corresponding to the characteristic function of the sum of n independent, but not identi-
cally distributed, shifted Gamma-random variables

(8.4) XFl/Z,l/(/\7L7j/w) - W ; je{l,...,n}
where XF1/2,1/(xn7j/w) denotes the Gamma—random variable with shape parameter 1/2 and scale
parameter N, j/w (j =1,...,n—1). The joint distribution of the random variables (8.4) is
then the non—homogenous product measure on R™

2 Y22/, /w)

(85) §X[—w n+1)/4,4+00) ( )()\] /w)1/2F(1/2)
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The homogeneous quadratic part of Y, (w) , i.e. for up =0, is
1 n ' n ' 1 n ' -
Xn(w) = 3 Z ﬁi’ka;al + Z ﬁg’k a}ak + 5 Z ﬁﬁ’kajak =a'Aa' + aAa + d'Ca ,

7,k=1 J,k=1 J,k=1
SO

A= (Ajr) = (é j’k> , C=(Che) = <5gk)

Since both A, C' are real, the condition on the diagonalizability of the pair (A, C),

CA=AC ,
reduces to the commutativity of A and C, i.e. to
[A,C] =0
which is equivalent to
(B4, B5] = 0 .

In general, the matrices (34, #5 do not commute, so X,,(w) is not diagonalizable. But they do
commute, in fact they are equal, so X,,(w) is diagonalizable, when w,, is constant for all m,
as in the previous theorem where we obtained the factorizability of the truncated Virasoro
field for this choice of coefficients.

9. EXAMPLE OF A DECOMPOSABLE QUADRATIC FIELD THAT ADMITS A NON-QUADRATIC
FACTORIZATION

Consider the quadratic field

2
_ 2
X = Z (Aijaga} + Ajja;a; + C’ijagaj> = (a%) + ag + 2 (aiag + a1a2> + 4 (a{ag — a£a1> )

1,j=1

corresponding to the matrices
01 (0 1
=) e=(G)

V2
V=3 + 5cosh 2t

We know that sech t = v/sechv/sech is a characteristic function, as the product of character-
istic functions of one-dimensional quadratic fields. Since

_ V2 _
V=3 f5cosh 2t

Then,

(0,e'"* ®) = (det S(it)) ™ = secht

f(t)

Flg(x))
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where, for x € R,

g(x>=i)((1+mm (1—_”5 1 13—dz 3+4i 3- 42)

Vhm(1 4 22 2 7272 2 5 5
IT+ix 1 1 344 3+4i 3—4
1—ix)Fy | —— >
+(1 —iz) 1( 9 '2°2' 2 "5 ' 5 ))-0

where the Appell hypergeometric function Fj is defined, for |x| < 1,|y| < 1, by the infinite

series
F(a;b1,bs; ¢;,y) = 5 § + 2 (b) fn,i, :

m=0 n=0
where, for z € R, (2), = z(z+ 1)(z2 +2)--- (2 +n — 1). For other values of z,y it is
defined by analytic continuation, it follows that f(¢) is also a characteristic function, so X
is decomposable. We can show that there is no one-dimensional quadratic fields Z with

<<I>,e”Z<I)> = f(t) = V2

v/—3 + 5cosh 2t
therefore the factorization

V2
V=3 + 5cosh 2t

is not quadratic, i.e X admits a factorization into factors which are not all one-dimensional
quadratic.

(D,e""* @) = (det S(it))"/* = secht

Remark 1. It is still possible to find homogeneous quadratic fields X and Y such that

2 . )
sech t v2 =(D,e'" D) (0,7 D),
v/ —3 + 5cosh 2t
where both <<I>, ety (I>> and <<I>, ett? <I>> are different from sech¢. But it can be shown that
there are no complex numbers [y, ls, L1, Lo, K1, K5 such that the equality
V2 iyt cos L _ilgt cos Lo
sech t =e 2 : e 2 , :
V=3 + 5cosh 2t cos(iKit + Ly) cos(i Kot + Lo)
holds for arbitrary ¢. Thus in the vacuum factorization
(B, X @) = (B, ) (P, &7 D).

Y and Z cannot both be one-dimensional homogeneous quadratic boson fields.






