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Quantum control

Master equation (GKSL) with control®

0 .
ait’ = L(p) = —i[Ho + ; u Vi, pl + La(p),

H — Hilbert space of pure states |¢)) € H, e.g. H = CV;

p — density matrix, describes mixed states,

pEB(H), pf =p>0 Trp=1;

Ho = Hg — free Hamiltonian of the system,

Vi = V,j — interaction Hamiltonian;

uk(t), 1 < k < dim#, — coherent control, e.g. a laser pulse;

n(t) = {n;(t)}, 1 <i < j < dimH, — incoherent control, n;(t) > 0, e.g.
spectral density.

L(.)n : B(H) — B(H) - dissipative (linear) operator, given by two different
limits: weak coupling limit>:¢ and low density limit.
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Control objectives. Piecewise constant control

The control goal: optimizing the certain objective Mayer-type functional:
Flu, n] = T (p""(T)).

Main objectives in quantum control:
@ maximizing/minimizing observable mean value:
Folu,nl = Tr(p*"(T)O) — sup/inf;
e state transfer': 7, ..[u, n] = |[p""(T) — prarget||> — inf.
In quantum control they use various numeric optimization methods, e.g.
GRAPEZ2, BFGS®', CRAB, etc. Many of this methods consider some

finite-dimensional class of control, for instance piecewise constant functions,
and utilize gradient for optimization by linear search.

Therefore we studied dynamics of the system with piecewise constant control.
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Controlled qubit

Consider the two-level open quantum system®:

d .
;7 = ~[Ho+ Vu, p] +9La(p),  p(0) = po,

00 0 1
HO_“’(o 1)’ V‘“"*‘“(l 0>’

La(p)=n (a+p07 +o pot — %{070+ + a+af,p}) +

where

_ 1. _
+ (a+p(r — E{U a+,p}) , n>=0,

L (01 ~ (0 0.
4 _(0 0/’ o = 1 0/’ //«6R,,U#O,UJ>O,"Y>O

40.V. Morzhin, A.N. Pechen. Minimal time generation of density matrices for a two-level
quantum system driven by coherent and incoherent controls. Int. J. Theor. Phys. 60, 576-584
(2021).

V.N. Petruhanov, A.N. Pechen Optimization and exact dy ics for the open qubit.



Evolution in Bloch ball. Piecewise constant control
Change from density matrix to Bloch vector:

. 1
B="Topo, i€ {xyzh p=5(0+ (o))
Then we have dynamics for Bloch vector:

dr
dt

where r = (r, 1y, 12), B, BY, B" € C¥*3 b c C3.
Consider PConst control:

u(t) = Z Uk X[ty e n(t) = Z M X[t Lo (t);

O=th<ti<---<ty=T,
The sequence of states {r*}}.:

= (B + uB" + nB")r + b,

rk = r(tk) _ eAkAtkrk—l + g

Aty A1At ALty Ay Aty

ro+ e ...e g1—|—...—|—eAkAtk

=e ..e 8k—1 + Bk,

where
gk = (eAkAtk — H)A;lb, At =ty — tk—1,
Ak = B+ B"ux + B"ny.
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Gradient of the final state

Gradient of the objective functional is founded by the chain rule:
N o op o or(T)

6[u,n] — 6p v b[u,n]

Theorem

If control is piecewise constant then the derivatives of the final state r(T) = r™

with respect to the components of control u are

?

or(T) _AyAty Ail1Dt 0 ( AjAtj) ) og;j
auj =e ... € 87111 e rJ,l—i—a—uj

Here the derivatives are given by

Jgk 0 Aty AcAty —1pu =il
— = =— — —DA, "B" | A
aUk (auk € (e ) k k b7

1
%e’qkm" = Atk/exp(aAkAtk) B" exp((1 — a)AcAty)da,
k
0
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Diagonalization of the matrix exponentials

To diagonalize the matrix exponentials e**2% consider the characteristic
equation for L A[u, n], which is a 3rd order algebraic equation with the known
solution by the Cardano formula:

N 4AN° + (BA° + 07 + 1)\ + 0°A+2/° + 24 = 0,

where

The discriminant:

@ iR 8 sPR K F o 1
Y 108 9 27 27 9 27 27"

If A\ %2 —n+ i< 0 # 0 then an eigenvector for an eigenvalue A:
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AwAt  A3wAt
,e),

Diagonalization of matrix exponential

@ The case A # 0. Three different eigenvalues
AlwAt e

S= (h>\17 h>\27 h>\3)'

At = diag(e

A= diag(Al, AQ, A3),

o The case A =0 (|p|* + |g|* # 0). One root A; with multiplicity 1 and one

double root Az, thereby we construct the Jordan normal form.
4A

4/
1 3 2 3+p
4 a
= F 2
1+ % 1+(5-p
b= __8h | om=| al-p) |,
2 -
3(1+ 7% 1+ (2-p)°
2(5-»p
1 4 2
1-(4-0)
0

for the open qubit.

y

Ky, = T
1+ (5-p)7]
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Diagonalization of matrix exponential

Thus
)\1 0 0 e)\lwAt 0 0
A=10 X 1|, =] 0 eYit pArehwht
0 0 )\2 0 O e/\2WAt

S= (h>\1v hx,, hgxz)'

o The case p = g = 0. Triple root ), in this case i = 2v/2, /i = 3+/3 and

__4n 44/3.
3
1 V3 1
VG PN NG
\/E /7 1 1
h)\f ﬁ ) h/\* ﬁ ’ hy = 0
1 0 0
Then
2
A1 0 1 wAt (“gt)
A=[0 X 1], e\wAt= At o 1 ar | S = (hx, by, hY).
0 0 A 0 0 1
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Exact solution for the case u =0

Coherent control equals zero & = 0 if and only if the characteristic equation (7)
has roots A\ = —n £ i:
0=0<=X=—-n£i.

Proof
Then one real root is already factorized:

det(A — AI) = —((A+ \)> +1)(2i + \) = 0.
Thus one root is A = —2# and other two roots are complex conjugate
A=—-n=ki.
Conversely, let characteristic equation (7) have two complex conjugate roots
X = —n = i. Implementing Viet formula to the coefficient at \?:

—2f + \s = —4h

we get that the third root is A = —2A. Now write Viet formula for the
coefficient at A:

5A2+1 =54+ 0°+1,
0=

Thus we get that 4 = 0.

V.N. Petruhanov, A.N. Pechen Optimization and exact dy ics for the open qubit.




Exact solution for the case u =0

Then the matrix exponential takes the comprehensible form:

e "Bt cos (AwAt) e “Alsin (AwAt) 0
et = | —e™A%sin (AwAt) e ™At cos (AwAt) 0
0 0 e—2ﬁwAt.

Thus it simply describes an exponentially decaying rotation in the xy-plane and
exponential decay along z-axis in case A > 0.
Then the exact evolution is as follows:

e At cos (AwAt) e~ ™“Atsin (AwAt) 0 8
r= [ —e ™A% sin (AwAt) e ™At cos (AwAt) 0 ro+ Y o huAL
0 0 o—20wAt l1-e
2A+1
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Exact solution for the case v = 0

The condition 4 = 0 corresponds to the case when the system is isolated from
the environment. In this case i =0 and

A=0, £iv/1+ w2

i + cos (At) sin (WAt) 1]
_ -1 DAt
1+ 02 V1t 1 g2 (L cos(@AL)
AAt sin (L:JAt) _ i
e = —— cos (WAt — sin (WAt
e (@A) T (0
1] L 1+ i° cos (WAL)
5o AQ( 1+ cos (wAt)) Nivw sin (WAt) —irr

where & = wv/1 + 2. The corresponding evolution of the Bloch vector is

r=e¢e "rg.

This result coincides with the known result for closed dynamics®.

5B. 0. Volkov, O. V. Morzhin, A. N. Pechen, “Quantum control landscape for ultrafast
generation of single-qubit phase shift quantum gates”, J. Phys. A: Math. Theor., 54:21 (2021),
215303
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Conclusion

Optimization of quantum open dynamics often considered in piecewise constant
control functional class. Thereby we studied gradient and dynamics for the
open two-level quantum system with piecewise constant coherent and
incoherent controls.

We derived the expressions for gradient and dynamics through matrix
exponentials. Moreover, we diagonalized the matrix exponentials by finding
eigenvalues and eigenvectors of the r.h.s matrix in Bloch parameterization. The
low dimension (dim = 3) of the system allows to right the exact expressions for
the eigenvalues and the eigenvectors. We rigorously examined all possible root
locations, constructed the Jordan normal forms, and checked the case of the
absence of interaction with the environment.
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