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• Conventional Bose-Einstein Condensation (BEC) of the Per-
fact Bose-Gas: Einstein (1925), Uhlenbeck (1927), F.London
(1938),... experiments (4He, 1974), n0(T = 1,2K) = 3,4%...
• Generalised BEC à la van den Berg-Lewis-Pulé: Casimir (1968),
van den Berg-Lewis-Pulé (1978),... experiments (BEC in ”cigar”
traps, 2000-2003) Beau-Zagrebnov (2010), λT =

√
2π~2/mθ ...

• Non-conventional condensate: Huang-Yang-Luttinger model
(1957-1988), Bogoliubov-WIBG model (1947-1998), Zagrebnov-
Bru (1998-2008), ... experiments (4He pairs, 2020), Zagrebnov
(2021), ...
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1.0 Perfect Bose-Gas: A.Einstein (1925),G.Uhlenbeck (1927),
F.London (1938), H.Casimir (1968), van den Berg-Lewis-Pulé
(1978), ... Lewis-Pulé-Zagrebnov (1986), ...
• For Λ = L1 × L2 × L3 ∈ R3, {Lj := V αj}3j=1, V := |Λ|, the one-
particle self-adjoint Hamiltonian tΛ := (−∆/2)p.b. for periodic
boundary (p.b.) conditions with Dom(tΛ) ⊂ L2(Λ) and spectrum:

σ(tΛ) = {εk =
1

2

3∑
j=1

k2j }k∈Λ∗, Λ∗ := {kj =
2πsj
V αj

, sj ∈ Z}3j=1.

• One-particle eigenfunctions: ψk(x) = ei k·x/
√
V , k ∈ Λ∗, x ∈ Λ.

• Eigenfunctions of N =
∑
k∈Λ∗Nk bosons in the box Λ are sym-

metrised tensor products (⊗k∈Λ∗ψk)symm(XN) = Ψ{Nk}k∈Λ∗(XN).
• This one-to-one correspondence between eigenfunctions and
occupation numbers {Nk ≥ 0}k∈Λ∗ allows explicit analysis of
many non-interacting bosons with energy spectrum

∑
k∈Λ∗ εkNk.
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• Gibbs grand-canonical ensemble (β, µ): Perfect Bose-Gas
(a) Independent random variables k 7→ Nk ∈ N∪{0}, k ∈ Λ∗, on
the probability space Ω := ×k∈Λ∗Ωk of configurations {Nk}k∈Λ∗.
(b) For bosons the one-mode random occupation numbers are:
Nk ≥ 0 for temperature θ := β−1 > 0 and chemical potential
µ ∈ R (for fermions: (⊗k∈Λ∗ψk)anti−symm and Nk = 0,1).
(c) Probability (N.B. for bosons: µ < 0, since εk ≥ 0) :

Prβ,µ(Nk) := e−β(εk−µ)Nk/Ξk(β, µ) , k ∈ Λ∗.

(d) Expectation of occupation number for k ∈ Λ∗:

Eβ,µ(Nk) =
1

eβ(εk−µ) − 1
.

(e) Mean value of the total density of bosons in Λ:

ρΛ(β, µ) := Eβ,µ(N/V ) =
1

V

∑
k∈Λ∗

Eβ,µ(Nk) .
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1.1 Conventional BEC: grand-canonical ensemble (β, µ)
• [Uhlenbeck(1927)] Dual set Λ∗ of momenta w.r.s. to (−∆/2)p.b.

Λ∗ := {kj :=
2π

V αj
nj : nj ∈ Z}d=3

j=1 and εk :=
d∑

j=1

k2j /2

• Cube: α1 = α2 = α3 = 1/3, V = L3. If µ < 0 (!) and Λ ↗ R3:

ρ(β, µ) = lim
Λ
ρΛ(β, µ) := lim

Λ

1

V
{

1

e−βµ − 1
+

∑
k∈{Λ∗\{0}}

1

eβ(εk−µ) − 1
}

= lim
L→∞

1

L3

∑
nj∈Z\{0}

{
e
β(

∑d
j=1(2πnj/V

1/3)2/2−µ) − 1
}−1

=
1

(2π)3

∫
R3
d3k

{
eβ(k

2/2−µ) − 1
}−1

=: I3(β, µ) ↗ I3(β,0),

for µ↗ 0.
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Controversy: Uhlenbeck/Einstein. PBG has no sense ?
• For d > 2 the Perfect Bose-Gas maximal density is bounded:

ρc(β) := lim
µ↗0

Id(β, µ) =
∫ ∞

0

CdE
d/2−1 dE

eβE − 1
<∞ .

No more bosons are allowed in the system ? [Uhlenbeck 1927]
• [Einstein 1925] If ρ > ρc(β) (critical density), then by some
saturation mechanism (?) one gets a condensate at k = 0
(ground-state, ε0 = 0):

ρ0(β) := ρ− ρc(β) .

N.B. ”Solution” of the Einstein-Uhlenbeck controversy (1925-
27) by F.London only in 1938 is due to :
• Elucidation of equation: ρ = ρΛ(β, µ), in the thermodynamic
limit (1937) for any fixed ρ.
• Analysis of the ”scaling limit” for solutions: µΛ(β, ρ).
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1.2 Saturation Mechanism (the Conventional BEC):
[F.London(1938)] Let µΛ(β, ρ) be solution of the equation

ρ = ρΛ(β, µ) ⇔ ρ ≡ ρΛ(β, µΛ(β, ρ)) (”scaling” solution).

• limΛ µΛ(β, ρ < ρc(β)) = µ(β, ρ) < 0, or
• limΛ µΛ(β, ρ ≥ ρc(β)) = 0 , and

ρ0(β) = ρ− ρc(β) = lim
Λ

1

V

{
e−β µΛ(β,ρ≥ρc(β)) − 1

}−1
> 0 ⇒

µΛ(β, ρ ≥ ρc(β)) = −
1

V

1

β(ρ− ρc(β))
+ o(1/V ) .

• Since εk =
∑d
j=1(2πnj/V

1/3)2/2, the condensate exists ONLY
in k=0-mode:

lim
Λ

1

V

{
eβ(εk ̸=0−µΛ(β,ρ)) − 1

}−1
= 0 ,

• This is a well-known conventional (type I) BEC.
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1.3 Saturation Mechanism (Generalised BEC of type II):
• The Casimir Box (1968): Let α1 = 1/2, i.e. α2 + α3 = 1/2.
Since εk1,0,0 = (2πn1/V

1/2)2/2∼ 1/V , then again the solution of

ρ = ρΛ(β, µ) ⇔ ρ ≡ ρΛ(β, µΛ(β, ρ)).

has asymptotics µΛ(β, ρ ≥ ρc(β)) = −A/V + o(1/V ), A ≥ 0, al-
though the number of modes producing condensate is infinite !
• Generalised type II BEC [van den Berg-Lewis-Pulé (1978)]:

ρ− ρc(β) = lim
L→∞

1

V

∑
n1∈Z

{
eβ((2πn1/V

1/2)2/2−µΛ(β,ρ)) − 1
}−1

=
∑
n1∈Z

1

(2πn1)2/2+A
. (1)

Here A ≥ 0 is a unique root of equation (1).
• N.B. The type II is infinitely fragmented quasi-condensate.
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• The van den Berg-Lewis-Pulé Box: α1 > 1/2.

• Proposition 1.2[van den Berg-Lewis-Pulé (1978)] Let α1 > 1/2,

α2 + α3 < 1/2. Then one gets the Generalised BEC of type III,

i.e., there is no macroscopic occupation of any level :

lim
Λ

1

V

{
eβ(εk−µΛ(β,ρ)) − 1

}−1
= 0, k ∈ Λ∗ .

• Definition 1.3 (generalised BEC of types I, II, or III)

ρ− ρc(β) := lim
η→+0

lim
Λ

1

V

∑
{k∈Λ∗,∥k∥≤η}

{
eβ(εk−µΛ(β,ρ)) − 1

}−1
≥ 0 .

• Saturation and ρm-PROBLEM: [van den Berg-Lewis-Pulé] Is

it possible that for ρ ∈ (ρc, ρm) one has type III (or II) BEC and

then type I, for ρ ≥ ρm ? Yes! [BEC with the Second Critical

Point ρm / Tm in ”cigar” traps, Beau-Zagrebnov (2010)].
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2.1 Zero-Mode Condensate and the Bogoliubov Weakly

Imperfect Bose Gas: Theory of Superfluidity (1947)

• Let interacting bosons be enclosed in a cubic box Λ = L×L×
L ⊂ R3 of the volume V ≡ |Λ| = L3, with (for simplicity) periodic

boundary (p.b.) conditions on ∂Λ.

• φ (x) is a two-body potential with Fourier transformation:

v (q) =
∫
R3
d3x φ (x) e−iqx, q ∈ R3.

• Suppose [Bogoliubov (1947)] that the two-body interaction

potential φ (x) is such that:

(A) φ (x) = Φ(∥x∥) (isotropic) and φ ∈ L1(R3) .

(B) v (k) is a (real continuous) function, satisfying v (0) > 0 and

0 ≤ v(k) ≤ v(0) for k ∈ R3.
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• Let Fb := Fsymm(L2(Λ)) be the boson Fock space over L2(Λ)
and the CCR creation and annihilation operators:

a∗k := a(ψk)
∗, ak = a(ψk), [ak, a

∗
k′]=δk,k′ , k, k′ ∈ Λ∗,

for eigenvectors {ψk}k∈Λ∗ of the one-particle kinetic-energy op-
erator tΛ = (−∆/2)p.b..
• The second quantisation of operators tΛ and φ (·):

TΛ := dΓ(tΛ) =
∑
k∈Λ∗

εka
∗
kak , NΛ =

∑
k∈Λ∗

a∗kak

UΛ := dΓ(φ (·)) =
1

2V

∑
k1,k2,q∈Λ∗

v (q) a∗k1+qa
∗
k2−qak2ak1

• Then HΛ = TΛ + UΛ, Dom(HΛ) ⊂ Fb, is a self-adjoint semi-
bounded from below Hamiltonian of Imperfect Bose-Gas.
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• The Imperfect Bose-Gas and Bose condensate:
- The Hamiltonian in the boson Fock space Fb:

HΛ =
∑
k∈Λ∗

εk a
∗
kak +

1

2V

∑
k1,k2,q∈Λ∗

v (q) a∗k1+qa
∗
k2−qak2ak1 .

- The grand-canonical Gibbs expectations EΛ
β,µ(A) for A ∈ A:

EΛ
β,µ(A) = (ΞΛ (β, µ))−1TrFb (e

−β(HΛ−µNΛ)A) ,

where partition function ΞΛ (β, µ) = TrFb e
−β(HΛ−µNΛ). and the

grand-canonical pressure is pΛ [HΛ] (β, µ) = (β V )−1 lnΞΛ (β, µ),
- Given that N0 := a∗0a0 is the particle-number operator for k = 0,
the zero-mode (conventional / non-conventional) condensate
density at (β, µ) exists if (still an open problem)

ρ0 (β, µ) := lim
V→∞

1

V
EΛ
β,µ(a

∗
0a0) > 0 .
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2.2 Weakly Imperfect Bose-Gas: Hamiltonian HB
Λ (1998)

• Suppose that condensation in the mode k = 0 persists for
a weak interaction φ (x), then Bogoliubov suggested (1947) to
truncate HΛ and to keep only the most important terms, in
which at least two operators a∗0, a0 from condensate are involved.
• This is the Bogoliubov Weakly Imperfect Bose-Gas (WIBG):

HB
Λ := TΛ + UDΛ + UNDΛ +

v (0)

2V
a∗0a

∗
0 a0 a0 , v (0)> 0,

UDΛ :=
v (0)

V
a∗0a0

∑
k∈Λ∗\{0}

a∗kak+
∑

k∈Λ∗\{0}

v(k)

2

a∗0a0
V

(a∗kak + a∗−ka−k)

UNDΛ :=
1

2V

∑
k∈Λ∗\{0}

v(k)(a∗ka
∗
−k a0a0 + a∗0a

∗
0 aka−k) .

N.B. Instability of Bose-gas w.r.t. particle attraction: v (0)< 0.
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Vertices corresponding to the Non-Diagonal interaction :

UNDΛ :=
1

2V

∑
k∈Λ∗\{0}

v(k) (a∗0 a
∗
0 aka−k + a∗ka

∗
−k a0 a0) .

Figure 2.3
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g
Λ,00
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k=0 k=0
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k=0
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The effective vertex gΛ,00 < 0 for attraction between particles
in condensate. Total interaction = (direct + effective) vertices:

Q :
v (0)

2
+ g00 < 0 ? Yes!
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Effective vertex gΛ,pq ≥ 0 for repulsion outside condensate.

Figure 3.1
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• Proposition [BZ] If v(0)/2 + g00 < 0, then WIBG manifests
two different kinds of Bose condensation ρB0 (β, µ), d ≥ 1 (!):
- The first kind, for 0 >µ > µ0(θ = β−1), due to attraction be-
tween bosons in the mode k=0 (non-conventional dynamical
Bose-condensation) if θ < θc(µ = 0) =: θ0.
- The second kind, for µ = 0, is the conventional Bose-Einstein
condensation due to the saturation mechanism.
In this large-density regime the non-conventional condensate
and the conventional BEC in the Bogoliubov Weakly Imperfect
Bose-Gas coexist, cf. Perfect Bose-Gas for µ ≤ 0, d > 2.
- One gets for µ ≤ 0 and d ≥ 1 the pressure:
pB(β, µ) := limΛ pΛ

[
TΛ + UDΛ + v(0)

2V a∗0
2 a0

2 + UNDΛ

]
(β, µ) ̸= pPBG(β, µ)

with equality if {v(·) = 0 ∨ ρB0 (β, µ) = 0}. Note that

lim
Λ
pΛ

[
TΛ + UDΛ +

v (0)

2V
a∗0

2 a0
2 + 0

]
= lim

Λ
pΛ [TΛ] =: pPBG !
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Figure 5.1
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2.3 Huang-Yang-Luttinger model (1957-1988)
• Let NΛ :=

∑
k∈Λ∗Nk and TΛ :=

∑
k∈Λ∗ εkNk, where Nk := a∗kak.

Then Hamiltonian of diagonal HYL-model for λ > 0

HHY L
Λ := TΛ +

λ

2V
{N2

Λ −
∑
k∈Λ∗

N2
k }+

g

2V
N2

Λ , g > 0.

• Since (N2
Λ −

∑
k∈Λ∗ N2

k ) ≥ 0 the interaction is minimal (= 0)
when all particles occupy a single energy-level, e.g., Nk = NΛ.
• Since εk = ~2k2/2m, a minimum (= 0) of the kinetic-energy
term TΛ ≥ 0 selects for all particles the zero-mode level k = 0.
• Proposition [van den Berg, Dorlas, Lewis, Pulè (1990)]
If λ > 0, the HYL-model manifests for µ > µ0(θ, λ), where µ ∈ R !
and d ≥ 1, a non-conventional condensation in the mode k = 0.
• For λ = 0 the non-conventional condensation disappears, al-
though then model (MF Bose-gas) manifests for d > 2 the con-
ventional BEC in the mode k = 0.
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THANK YOU FOR YOUR ATTENTION !

https://www.sciencedirect.com/science/article/abs

/pii/S0370157300001320

https://link.springer.com/article/10.1134/S106377962102009X
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2.4 Stable Weakly Imperfect Bose-Gas [AB](2004), [BZ](2008)

• The: UD → USDΛ is stabilised (µ ∈ R) by the Mean-Field term:

HSB
Λ := TΛ + USDΛ +UND

Λ +
v (0)

2V
a∗0a

∗
0 a0 a0 , v (0)> 0,

USDΛ :=
v (0)

2V

∑
{k′∨k}∈Λ∗\{0}

a∗k′ak′a
∗
kak+

∑
k∈Λ∗\{0}

v(k)

2

a∗0a0
V

(a∗kak + a∗−ka−k) .

As a result one infers for NΛ :=
∑
k∈Λ∗ a∗kak that

HSB
Λ := TΛ +

∑
k∈Λ∗\{0}

v(k)

2

a∗0a0
V

(a∗kak + a∗−ka−k) +UND
Λ +

+
v (0)

2V
N2

Λ −
v (0)

2V
a∗0a0 , v (0)> 0 .
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