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Motivation

[. Fundamental: An alternative picture of quantum dynamics — the probability representation of
quantum mechanics

* A quantum state characterized by a set of probability distributions
* The way to link the formalism of quantum mechanics and classical statistical physics

II. Practical: Controlling the state of a quantum system

* The quantum tomography is used to recover the density matrix of the system using experimental
data

* Step-wise control of quantum state in designing quantum devices

* It 1s more efficient to predict the state of an evolving system directly in tomographic picture
(including consideration of interaction with environment)



I. Introduction



I. The most famous alternative representations of a quantum

state
s-parameter
: : . 1 :
Wigner quasiprobability Wiq,p) = — /(q + ylplg — y)e *"PYdy s=0
distribution i
1
Husimi Q representation Qla) = ;(a\ pla) s=—1
Glauber—Sudarshan P p= / P(a)|a){a|d®a s=1
representation

A new representation:

Mancini, S., Man'ko, V. 1., Tombesi, P. (1996). Symplectic tomography as classical approach to
quantum systems. Physics Letters A, 213(1-2), 1-6.



I. The 1dea of tomography

Tomography
(ancient Greek topog — "slice, section")

1s imaging by sections or sectioning
that uses any kind of penetrating wave.




I. Symplectic tomography in classical physics

P Y
Probability f(qyp) PENEEN ’7'()(7 73 y) Tomogram

density

Aq.p)
Symplectic transformation of the phase space,

O preserving its symplectic structure

| q X\ _(p v AN

& CICROI O e
X

A A

Meaning of the parameters: y = e” cosf,v =¢e  "sinf

Probability distribution for X: Recovery of initial probability distribution:

1 .
T(X, p,v) = /f(q,p)5(X — pq — vp)dqdp flg,p) = 3 /T(X,u,u)e‘““ﬁ“p—X)dXdudu



I. Symplectic tomography in quantum physics

X

Let X = g + vp which eigenstates are X)) X\X} — X|X)
px(q) = (q|X) = (QW‘V\)_leiTQ_% .

Define the symplectic tomogram tobe T (X, u,v) = (X|p|X)

Connection with the Wigner function has the form as for probability density in the classical phase space:

1 - _
T(X,p,v) = /W(q,p)5(X—uq—Vp)dqdp W(q,p) = 4—7T2/T(X,u,u)e—z<“q+’/p X)dX dudy

1 A —2
where the Wigner functionis W(q,p) = — /(q +ylplg — y)e *PVdy

Mancini, S., Man'ko, V. 1., Tombesi, P. (1996). Symplectic tomography as classical approach to quantum systems. Physics Letters A, 213(1-2), 1-6.



II. Formalism of operator symbols



II. Formalism of operator symbols for symplectic tomography

Let Z = (X, u,v) be a vector consisting of three real variables
Define (%) = 6(X — pug — vp) = (2m) "+ /exp{ikX —ikpg — ikvpldk  («Dequantizer»)
D(Z) = (2m) Lexp{iX — ipg — ivp} («Quantizer»)

for which Tr{U/(Z1)D(Z2)} = 6(Z1 — @)

operator A <— f;(Z) operator symbol




II. Product of operator symbols

Noncommutativity of operators

1

Star product

fag(®) = f4(Z)x f5(Z) = /fA(fl)fB(fQ)fM@

The kernel

T{D(@)D@)U(®)} = (2m)25(u(vs + v2) — vl + pa))e X1 H¥2e X o3 (apamvagn)

1 . /
Scalar product:  (f4, fz) = Py /fZ(X, ) f5(X', )X X)X dX dpdy



II. Formalism of operator symbols for symplectic tomography

Let Z = (X, u,v) be a vector consisting of three real variables
Define U(Z) = 6(X — pg — vp) = (2m) " /exp{ikX —1kpq — ikvpldk  («Dequantizery)

D(Z) = (2m) Lexp{iX — ipg — ivp} («Quantizer»)

for which Tr{U/(Z1)D(Z2)} = 6(Z1 — @)

Density matrix ,6 —> T( r) tomogram
= Tr{pU(z)}

p—/Tf x)d

Space of quantum states: Hilbert space — space of probability densities




II. Formalism of operator symbols for symplectic tomography

Properties of symplectic tomograms

It 1s a probability density

The mean value

The probability of
transition from state 1 to 2

Indicator of the mixed state

Reparametrization:

A —A

(=-e cosf,v=e "sinb

) >0, /T
T(X, 1,0) = (q|plq)
T(X,0,1) = (p|p|p)

(4) = Tr{pA}

— 5 [ T s

(T(z), T()) <1

A=1:pu=cosf,v=-sinf

— X, u,v)dXdX'dudv

T(X, u,v) — w(X,60) optical tomogram



II. Unitary evolution of the tomograms

Classical Von Neumann equation Through the evolution operator
quantum 0p A ) . )
mechanics o —ilH, p] p(t) = Utﬂ(())UtT
oT
= i | RE)T(Z5)
Simplectic ot ' / (#1)T(72) / T (& , T)dT’

tomography Tr{[ﬁ(-’fl),ﬁ<f2)]a(f)}dfldfz = —i[h, Tl (7, 7) = {TD(*’)(U )iu(@)U }

(Fokker-Plank-style equation)
(«class1cal» propagator)

R \ /

Ol1 S
= ilfg M., o =8(Z — 7)

Example: VR
free particle oT  pdT _ Iy (2, %) = -

H=p/om) O mov <MXhaméu/—ma(w—u—u—)

m



I11. Quantum processes



III. Operator-sum representation of quantum processes

Hamiltonian H = H s + Hp + Hipy Operator-sum representation
Evolution operator U = / e~ g ps(t) = Z Kmnps(0)K],,,
State transformation p(t) = ?A]t/’}(())ﬁf :> K, :T/m@n’ﬁ(t)’n)
Initial state p(0) = ps(0) ® pp(0) Z Kl Kon =1

p5(0) = 3 pulm)(ml |
=
1. Trace preserving: Tr{®(p(0))} = Tr{p(0)} =1
2. Linearity: <I>(a,51 + prQ) = a<I>(,(31) + bq)(ﬁg)

®:p(0) — p(t .
p(0) = A(t) 3. Complete Positivity: (& @ Zg)(A) >0 VdimR

Quantum process



III. Quantum process in symplectic tomography
Evolution of S+B: U(t) = /e_“ﬁds p(t) = U@)p(0)UT(t)

B The symbol of evolution operator: f(Z,v) = Tr{f]l](f, U)} Z;l(a?, y) = Z;l(f)Z;lB(?j)

@ The Kraus operator:
B = V|0 0)ln) = VB (o] | [ £/, D@D @)z ) =
— /P [ / fo (. D) m|ﬁB<g>|n>dfdg] -/ [mo— / fﬁw,gmﬁn@dg] B()di

The symbol ofthe = [ fu@ 9DE, 05 fi = Vi@ [ Jol@ D@ 0.5)d7

Kraus operator:

1

Dy () = (m|DP(T)|n) = —e

zX zpw/Z/w wn C_[—V) z,uqdq

1

D”(Q,q,%) = (QID”(&)|g) = 5-e

iXe=iQ+a)/25(Q — g — )
2T



I[II. Quantum process in symplectic tomography

Transformation of a state

7) = ZTr{ pAT U(Z)} = ZfAm xTHfs = Z/T(:E)K
The probability of outcome m: p,, = / T/ (Z)dX = / T(Z ( / K, (Z,7)dX ) dz

The kernel of a partial quantum operation
Ko(d,7) = [ 13, (@0)F; @XE (D) D@DEU (@) dzs
_J

TH{D(@) D@DENID} = g exp {1 (X +31 + X, - x AL L

((v1 — v2) — (H1 — p2)V — pave + uzvl)} O((f 4 p1 + p2)v — (V4 v1 + v2)p)



I[II. Quantum process in symplectic tomography

Representing a quantum process through the scalar product

U@ =) Tr{pii UE) A} =) (T(E), fy (Z,7))

Y m
m

5 /eikXHSX(S(k,LL + sp)d (kv + sv)dkds
7T

_ 5(,uy—,uy)/dk’—11€’e(x

(/fu e X dX =6 (iv — pb) lX”/“)

t\lt

X)k



I[II. Quantum process in symplectic tomography

Completeness condition for symbol of operators

Transformation of a state

ZTr{AmpA 7)) = ZfA x T+ f5 Z/T
From the normalization condition [ 7' (Z)dX =1 it follows that
/ [/ZK dX] A7 = /ZK ] = " X§(0)6(v)

277)2 Z/fAm (X, g, Vl)f;k;m (X2, p1 + vy + 17)61(X1_X2)65(Wl_”l”)Xmngd,uldyl =
: — 5(72)8(7)



[II. Quantum process in symplectic tomography

Example: qubit phase flipping

1 0

Operators: Al’nm:\/ﬁ(o 1) As o = m(é _01>

The operation kernels:



III. Example: the von Neumann quantum measurement model

The 1nitial state
of the system

N
o) = > cilai)
=1

90) = (5= )

N

The 1nitial state
of the pointer

Interaction

The evolution [

_ e—igﬁ@ﬁ
operator

The Kraus operators

Vg = (QIUIba) = () e

Ly = (a;U)o) = cje"9%7

N}
|
|=
—~
O
|
«Q
BN
~
N

/6_%QQ\Q>dq

System-pointer H,. +(t) = go(t — to)fl ®

\

System:

KO(F,7) = JE Y, e §(@90)"~5(Q-ga,)”.

—~
;]\
§1
3

(P) (= = _
Ky (z,7) =

*(Z) Te{D(&1)D(Z)D(Zo)U(Z) }dT1 dTo

Pointer:

5L exp [i (X — X2 + jiga;)]
6(pav — vp)



IV. Markovian dynamics



I'V. Markovian dynamics

Transformation of the state N = T
in tomographic representation Tar(T) = Z / To(z)Kao(z,T)dT

The partial quantum operation K (7, %) Z/fa(fl)f;(fz@A z) AD%CZW

Tr{ﬁ(fl)ﬁ(f)ﬁ(:@)l;{(f) = exp [z (X + X1+ Xo — Y + v+ V2>]

1%
exp | = A(v1 —va) — (B — p2)V — pave + povy ) | 0((B + pr + po)v — (U +v1 + 1))
2

The completeness condition follows from / T(X)dX =1

Z/fa Xl ,ul,vl)f (XQ,M1+M,V1+ ) "(X1— X2)€2(MV1 ,LblV)XmdXQd,uldyl

e =0(p)o(v)



I'V. Markovian dynamics

Let the symbol of the Kraus operators be

fo(Z, At) = 1(Z) + [a(Z) — ih(Z)]|At a(Z), h(¥) e R

fOé (fﬁ At) — ’YOLAthC (.’1_:’)

The corresponding partial operations are

K([I__;, f, At) = (S([E— f) + At/ [1(5?1)@(5(?2) -+ a(fl)l(fg)] K(fl,f, fg,f)dfldxg—F

+itt [ Q@ R(E) ~ hE)LE)) K@, 7,5

5%1



I'V. Markovian dynamics

Usi let ti 1 « (7 2 VD(2: )T
Sing completeness equation, alz /g ( ) ( )D(xl)p(

one gets 2

. 1. - 1
> Yagal@)gi (@) (K(f’,j;,a?”,a?) — K&, 7,7) - K@,
The Markovity assumption: o7 %) > o7 (%) vt
ot |,_, ot




V. Non-Markovian dynamics



V. Transition amplitude based on the path integral

T
Action S(q):/ L(q,q,t)dt
0

Paths in the

configuration space [g) =1{q(t) : 0 <t <t,q(0) = qi,q(T) = g5}
Amplitude of going '
the particular path g(7) 'Sl
>C] Amplitude of the ) art |
transition g, > g,  Ur(qys, @) = (45|Urla:) = / dlgle’1
Configuration /S
qi,
space

Transformation of the state p(T)=Ur ﬁ(O)U}



V. Restricted path integral

Based on the information obtained during the measurement, a weight functional is introduced
for the paths, w,, 0 < w,[q] < 1, which characterizes how far the path g(¢) is from the result a(¢)

Amplitude of going
the particular path g(¢)

Amplitude of the
transition g, — ¢ .,

Transformation of the state o (7") = Uz op(0)U },a

The examples of walq] = 1 fq(t) —a(t)| < Aa,
weight functional ald] = 0 |q(t) —a(t)] > Aa,
Configuration 0 )2 9 .
space We|q] = exp Z welq] = exp AR /(q(t) —a(t))?dt
n=1 0

Mensky, M. B. (1979). Quantum restrictions for continuous observation of an oscillator. Physical Review D, 20(2), 384



V. Restricted path integral

Based on the information obtained during the measurement, a weight functional is introduced
for the paths, w,, 0 < w,[q] < 1, which characterizes how far the path g(¢) is from the result a(¢)

Amplitude of going
the particular path g(¢)

Amplitude of the . s .
ransiion g, g, Uer = (arlUrla) = [ dlgju gl

A A

Transformation of the state  p,(71") = U, 7p(0)U, ;,T

A

Propagator property (A];,TUG,T <1l <= Tr{p.} <1

The probability P(a,da) = Tr{p.(T)}da

of the outcome a(¢)

A

Configuration The state for unknown result  p(7) = / U a,TpA(O)U;L,Tda
space

A

Normalization Tr{p(T))} =1 < /UJ,TUG,Tda =1

Mensky, M. B. (1979). Quantum restrictions for continuous observation of an oscillator. Physical Review D, 20(2), 384



V. The tomograpgic propagator based on the rectricted path integral

Selective measurement

The partial tomographic propagator (density)

qf+kv,T qr,T
Lo 1 -
(@) = oy [ dhdagdai- >0 [ da) [ dlao
q:,0 q;:+kv’,0

(g7 + kv)

+ Slg2] — i Inwq[gz]

/ .
. exp {z [—S[ql] —tInwg|q1] — Akl T uz

The tomogram density To(Z,T) = /7’(5, 0)I, 7 (Z, Z)dT

Non-selective measurement

The tomogram of the system . . - I
for the non-selective measurement: T(Z,T) = / Ta(Z,T)da = / T(z,0)IIr(z, Z)dz

The tomographic propagator 12— |1 = o
for the non-selective measurement: r(Z,T) = a,T (7, Z)da



V. Example: particle scattering

Continuous measuring of particle position using the restricted path integral

~2
The Hamiltonian H = L
2m
T
2
Gaussian-type weight functional — wg[q] = exp { — TAL / (q(t) — a(t))?dt
0 T
Effective Lagrangian  L,(q, ¢, 1) md- + : /( (t) — a(t))?dt
\% a(q,q,t) = (! —a
grang q,q > TN AL
0
The partial propagator .
m
U(qyr,14i,1197,20:,2) = N exp {ﬁ[(Qf,l — Qi,1)2 — (qr2 — Qi,2)2]}

1
- exp {_BAaQ (gi0 = qi,2)* + (a1 — qr2)° + (gi1 — gi2)(gp1 — qm)]}



V. Example: particle scattering

Continuous measuring of particle position using the restricted path integral

T
Without Op(@,2) =0 (X' = X)6 (' —p)d (V’—V—,u—)
measurement \ m
- 1 \Y? _(xexoxp T
With (2, Z) = ( 2) e 202 6(p —p)d (1/ —v— ,u—)
measurement 2mo m
2 T2
2 2 2
Vv (3” v m—>

The partial propagator indeed oI,  p OII,
satisfies the master equation Ot m Oy 9X2




V. Nakajima-Zwanzig formalism

The starting point:

Total Hamiltonian H = H s + H B+ H int

Total (unitary) state evolution  9;p = —ia[H (1), p(t)] = aLp(t)

Projection operators  Pp = Trp{p} ® pp
Q=1-7P
P2=P, Q°=Q, PQ=QP=0



V. Nakajima-Zwanzig formalism in symplectic tomography

B Total Hamiltonian h(Z) = hg(Z) + hp(Z) + hint(T)

@ W@ ER (f1(D) = F3(7)

Total tomogram evolution
0T = —ia / W) T (22)Cors oy (2)dr A = W'

5_/

4
The kernel of evolution equation:

A

Cri (%) = Te{D(F1)D(T2)U (F)} — Te{D(T2)D(T1)U(T)}

—iMXeé(muz—wm)

Te{D(Z1)D(Z2)U (D)} = (2m) " 26(u(vr + v2) — v + p2))e™ 1 H X2



V. Nakajima-Zwanzig formalism in symplectic tomography

The density matrix p = /T(f, f’)ﬁg(f)@B(f’)da?df’
The tomograms of the system  Ts(%) = / T (2, &) Trp{Dp(Z)}dz’

Projection operators for tomograms
PITI(Z /T 7, i) TrB{DB( 7Y Ydz"
QIT(Z, &) = Tp(Z) /T 7,7 6(F" — 7)) — TrB{f)B(g“)}} Az
P2=P, Q*=0Q, PQ=QP =0

Te{D(D)} = e 3(n)d(v)



V. Nakajima-Zwanzig formalism in symplectic tomography

OPT = aPWPT +aPWQOT
0, 9T = aOWPT +aQWOT

L
QT (t) = G(t,t0)QT (to) + a/ dsG(t,s) QW (s)PT(s)

to

|

Integral form PT (t) = aPW()PT(t) + « /t dsPW (t)G(t,s) QW (s)PT(s)

Time-convolutiorfﬂess O PT(t) = aPW ()1 — ()" G(t, t0) QT (to) + aPW (1 — () "' PT(¢)
orm

G(t,s) = T exp {a/: ds’QW(s’)}



Thank you!
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