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General definition

(Co-)chain complex (C*, A,) is a sequence

R R
ApA,_1 =0
® (Co)cycles
Z" = KerA\,
¢ (Co)boundaries
B" = 1ImA, 4
® The nt" (co)homology group

HI‘I :ZH/IBH
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General definition

® Chain complex (B,, ds) is a sequence

dn— d,
e — By 1 € By ¢ By — ...

dp—1dp, =0

® We can get (co)chain from chain complex by replacing
Homy(Bp,k) = C"

d,=A,

n
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Hochschild cohomology

We assume that A — associative k-algebra with unity and char(k) = 0. Let

A has an augmentation, i.e., a k-algebra map ¢ : A — k.

® Hochschild complex (bar resolution)
B, =A® (NKk)® A

e Notation:
[a1]az| ... |an] = a1 @ a2 ®...® a,
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Hochschild cohomology

® The Hochschild differential:

dnlailaz| ... |apt1] = aiaz]as]. .. [any1]+
n
> (—1)[asl ... [aiaital .- - ansa]
i=1
+ (_1)n+1[al|32’ s |an]an+1-

Let M be a A-bimodule (= left A ® A°P-module).

® Hompgpor(Bn, M) = C"(A, M) then H"(A, M) is the Hochschild
cohomology group.
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Cartan-Eilenberg cohomology

We assume that g — k- Lie algebra. Let U(g) is the universal enveloping

algebra.

® Chevalley—Eilenberg complex:
B = U(g) @ \""g

® Chevalley—Eilenberg differential:

n

d,,(al, ey 3n+1) = Z(—l)ia;(al, Y T an+1)—|—

i=1

S (1) ([a a1, E0 L

i<j

Let M be a g-module (= U(g)-module).

7an+1)'

® Homyg)(Bn, M) = C"(g, M) then H"(g, M) is the Cartan-Eilenberg

cohomology group.
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Why do we need cohomology?

® Derivations of algebras;

® Extensions of modules and algebras;

Deformations of algebras;

Combinatorial invariants (Poincaré series, Hilbert series).
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Conformal algebras

Every conformal algebra C is a left module over the polynomial algebra
H = k[0]. The structure of a conformal algebra on an H-module C may be
expressed by means of a single polynomial-valued map called A-product:

¢ () COC— CRAL (ap b) = XN A(a ) b);
® 3/2-linearity: (a(y) 9b) = (A +8)( a () b);

L4 (83( A) ) = —)\(a \) b);

o (Associativity): (a a() b) (1) € =2 (b (—A+p) c);

® (Anti-commutativity): (a (x) b) = —(b (—x—g) 2);

* (Jacobi): a (5 (b(u) €) = by (a(a) ) = (@ () B) () €
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Examples of conformal algebras

(1) € =k[o]v
(viyv)=(90+2\)v

— Virasoro (Lie) conformal algebra, Vir

(2) C =k[9,v]v
(V" oy v = viI(v+ )T

— Weyl (associative) conformal algebra, U(2)
(3) An associative conformal algebra C turns into a Lie one, C(-):
[a () bl = (a(n) b) — (b(-x-0) a)

e.g., Vir c U(2))
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Problem

It is well-known that
H"(g, M) = H"(U(g), M)
Chevalley—Eilengerg = Hochschild of the univ. envelope

(7) What happens to conformal algebras?

Given a Lie conformal algebra L there exists a series U(L; N) of universal
enveloping associative conformal algebras [Roitman, Sel.Math., 2000]

eg.,
U(2) = U(Vir; N = 2)

but
H?(Vir,k) #0, H2(U(2),k) =0
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Problem

Consider
U(@3) = U(Vir; N = 3)

— associative conformal algebra generated by v relative to
deg)\(V()\) V) <N = 3,
(vyv) = (v(ca—n v) = (0 +2\)v

[Cheng, Kac, 1997]=

Every irreducible Vir-module is a conformal module over U(3).

H"(U@3).k) = (?)
[AlHussein, K., J.Math.Phys., 2021]: dim H2(U(3),k) = 1
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Coefficient algebra

Let C is a conformal algebra. The coefficient algebra A = Coeff(C) is
linear space spanned over k by the set {a(n)|a € C,n > 0} subject to
linear relations («a)(n) = aa(n),a € k, (a+ b)(n) = a(n) + b(n) and
(0a)(n) = na(n — 1). The product in A is defined by

a(m(n) = 3= (7) (@ B)(m+ 09

s>0

[Bakalov, Kac, Voronov, 1999]=
Hn(C7 k) = Hn(C(A+7 k)/aC(A-‘r?k))
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Cohomology coefficient algebra

o C"(A.,k) = Homy(Byk); By=A%"

® d,:B,— B,_1

® 0,:B,— B,

® On[Mal. . An] = 220 [Ma] - [OA] - [Ad]
o df,,: C"— CTH

« 9. Cn s CP

o C"(A.,K)/OC (A4, k) = (kerdy)*
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Morse matching method

[Forman, Adv.Math., 1998];
[Skoldberg, Trans.Amer.Math.Soc., 2006];
[Jollenbeck, Welker, Mem.Amer.Math.Soc., 2009]

R is an augmented associative algebra;

Chain complex (B, de) of free R-modules = Oriented graph '(B,)
Vertices V = R-bases of all B,s
Weighted edges E = [ui> vl for dp(u)=---+Av+...,0#X€ER
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Morse matching method

A subset M C E of the set of edges is called an acyclic matching, if it
satisfies the following three conditions:

(1) Each vertex v € V lies in at most one edge e € M;

(2) For all edges [u A v] in M the weight X lies in the center of R and is
a unit in R;

(3) The graph T'M(B,) = (V, EM) has no directed cycles, where
M A7t A
EYM=(E\M)U{[v & u]|[u>v]e M}

Critical cells VM = all vertices that do not belong to edges from M
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Anick resolution via Morse mathching method

A augmented assoc. algebra, V is a A-bimodule
R=A®A\°P

Br(A,N) = A ® (A/k)®" @ A bar-resolution
(Cn(/\v V) = HomR(Bn(/\a/\)7 V))

Then there exists a matching M such that BM = A,(A,A)
is the Anick (bimodule) resolution [Anick, 1986]

A, is generated by critical cells = Anick chains
[J6llenbeck, Welker, 2009]
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Hochschild cohomology via Morse matching

Given an associative conformal algebra C,
how to find H"(C, k):
1 Find the Grébner=Shirshov basis of the annihilation algebra A (C)

[Kac, 1998]
— this is a derivation algebra spanned by a(n), a € C, n > 0, such

that (0a)(n) = —na(n — 1);
2 Construct the Anick resolution (A4(A,A),d,) for A= A, (C) & kl;
3 Derive Ay = Au(A,\) @rk, R = A ® A%;
4 Find the homotopy image Oy Ay — A, ofd,: B, — B,
— this is a morphism of complexes;
5 Evaluate the cohomologies of the sub-complex ker d, in (A.,g.)

[Bakalov, Kac, Voronov, 1999] =
I_I"(C.7 k) = < ker S”‘kel’ 5n/IIn gn+1‘ker 5n+1>
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Application (ArXiv 2204.10837)

C=U®3)
The annihilation algebra A (U(3)) is generated by v(n), n >0,
GSB:

v(1)v(0) = v(0)v(1) + v(0),

v(n)v(m) = #v(l)v(n +m—1)— Wv(O)v(n + m)
n(n—1)
mv(n+m—1), n>2.

The Anick chains are of the following form:
[v(mi)[v(m2)]...[v(mn_1)[v(mn)],

where my, ..., my_2 > 2 and either mp,_1 > 2 or (mp_1, m,) = (1,0)
— this is a basis of A,
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Application

To find the differentials in A,, apply the Morse matching method:
e.g.,

VD M) MDMOT gy
1
VD~ M) V(D]

-/
(_1 )n—]

vAD| -+ AV - M) MDD MO)] i

ijijn fHjn
T+

vAD| - MOVGj +ijs = D] M) VO] | [vGD |- VA i = D] M- MDMO)]

(D] - M-V M0)]

Aj=D)(+—1)
14 -1

vGD| -+ - MOIVG; +ij)] - Min-DMDMO)]
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Application

VA W) MOWV(p + D)+ * M(ing1)]
(_1 )I+IJ E (_1)1

no
Anick T [w(in)] -+ i) MOMP + D] )]

chains
(—I)HJ

D]+ WGae-DVOMp + D]+ v(ina)]

1 1

(D] MOV Mp + D]+ V(ina)] vAD] - - (it =D + D]+ M(ns)]
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Application

VD] W) MOV i)
(—U‘“J (-1

no
Anick T (Vi) i) MOMP)]+ i)

chains
(_1 )l—l J
D] - MGe-DVDVP)] - Mn4)]
1 (i =1
iD=~ MOVGeDMP)] - Min)] vGD] - W) MP)] -+ vinaa)]
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Application

The action of d,:
d(v(n)) =nv(n—1)

expand to Anick chains by the Leibiz rule
[v(my)]...|v(my)] — Z ms[v(mi)|...|v(ms —1)|...|v(mp)]
s=1

and remove all non-Anick chains,
e.g., )
93[v(2)[v(2)[v(1)] = [v(2)[v(2)|v(0)]

03[v(3)|v(2)|v(0)] = 3[v(2)|v(2)|v(0)] + 2[v(3)Iv(1)|v(0)]

etc.
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Application

Theorem
For the associative conformal algebra C = U(3) = U(Vir; N = 3) we have

dimH"(C,k)=1, n=0,2,3,

and H"(C,k) = 0 otherwise.
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Application

Theorem ;
For the associative conformal algebra C = U(3) = U(Vir; N = 3) we have

dimH"(C,k)=1, n=0,2,3,
and H"(C,k) = 0 otherwise.
We can see H"(U(3),k) = H"(Vir, k), as for ordinary algebras.

Remark

This is no longer the case for non-scalar modules:
there exists an irreducible Vir-module M such that
HY(Vir, M) # HY(U(3), M).
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Thank you!
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