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Çàäà÷à (äëÿ øêîëüíèêîâ)

Äàíî 2n îäèíàêîâûõ ïðÿìîóãîëüíèêîâ. Äëÿ êàæäîé èç ÷åòûð¼õ

ñòîðîí ïðÿìîóãîëüíèêè ðàçáèâàþòñÿ íà ïàðû è â êàæäîé ïàðå

ñêëåèâàþòñÿ âäîëü ýòîé ñòîðîíû. Ïîëó÷àåòñÿ 2-ìåðíûé êîìïëåêñ.

Çàäà÷à: îïèñàòü âñå ñêëåéêè, ïðè êîòîðûõ ýòîò êîìïëåêñ

ãîìåîìîðôåí îäíîìó èëè íåñêîëüêèì äâóìåðíûì òîðàì.
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Èíòåãðèðóåìàÿ ñèñòåìà

Èíòåãðèðóåìàÿ (ïî Ëèóâèëëþ) ãàìèëüòîíîâà ñèñòåìà

ñ äâóìÿ ñòåïåíÿìè ñâîáîäû:

(M4, ω,H,F ), ãäå

(M4, ω) � ñèìïëåêòè÷åñêîå ìíîãîîáðàçèå;

H � ãàìèëüòîíèàí;

F � äîïîëíèòåëüíûé ïåðâûé èíòåãðàë ñèñòåìû

(ò.å. F = const íà èíòåãðàëüíûõ òðàåêòîðèÿõ ãàìèëüòîíîâà
âåêòîðíîãî ïîëÿ ω−1dH).
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Ñëîåíèå Ëèóâèëëÿ

Èíòåãðèðóåìàÿ ñèñòåìà ↝ ñëîåíèå Ëèóâèëëÿ.
Ñëîé ñëîåíèÿ Ëèóâèëëÿ � ñâÿçíàÿ êîìïîíåíòà ïîâåðõíîñòè óðîâíÿ

{H = h, F = f }.

Çàäà÷à: îïèñàòü òîïîëîãèþ ñëîåíèÿ Ëèóâèëëÿ

(õîòÿ áû íà èíâàðèàíòíûõ 3-ìíîãîîáðàçèÿõ).

À. Ò. Ôîìåíêî è åãî øêîëà:

òåîðèÿ òîïîëîãè÷åñêîé êëàññèôèêàöèè èíòåãðèðóåìûõ ñèñòåì ñ

äâóìÿ ñòåïåíÿìè ñâîáîäû.

À. Â. Áîëñèíîâ, À. Ò. Ôîìåíêî

Èíòåãðèðóåìûå ãàìèëüòîíîâû ñèñòåìû.

Ãåîìåòðèÿ, òîïîëîãèÿ, êëàññèôèêàöèÿ.

Èçäàòåëüñêèé äîì �Óäìóðòñêèé óíèâåðñèòåò�, 1999.
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À. Â. Áîëñèíîâ, À. Ò. Ôîìåíêî

Èíòåãðèðóåìûå ãàìèëüòîíîâû ñèñòåìû.

Ãåîìåòðèÿ, òîïîëîãèÿ, êëàññèôèêàöèÿ.

Èçäàòåëüñêèé äîì �Óäìóðòñêèé óíèâåðñèòåò�, 1999.
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Ìå÷åíàÿ ìîëåêóëà

Ìå÷åíàÿ ìîëåêóëà (À. Ò. Ôîìåíêî, Õ. Öèøàíã, 1990):

îïèñûâàåò òîïîëîãèþ ñëîåíèÿ Ëèóâèëëÿ íà ðåãóëÿðíîì êîìïàêòíîì

íåâûðîæäåííîì èçîýíåðãåòè÷åñêîì 3-ìíîãîîáðàçèè {H = h}.

Ïðèìåð.
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Àëãåáðàè÷åñêè ðàçäåëèìûå ñèñòåìû

Â îáùåì ñëó÷àå âû÷èñëåíèå òîïîëîãè÷åñêèõ èíâàðèàíòîâ

èíòåãðèðóåìûõ ñèñòåì (â ÷àñòíîñòè, ìå÷åíîé ìîëåêóëû) ìîæåò

îêàçàòüñÿ âåñüìà íåòðèâèàëüíîé çàäà÷åé. Îäíàêî îíî ìîæåò áûòü

âûïîëíåíî àëãîðèòìè÷åñêè äëÿ àëãåáðàè÷åñêè ðàçäåëèìûõ
ñèñòåì.
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Àëãåáðàè÷åñêè ðàçäåëèìûå ñèñòåìû

Îïðåäåëåíèå

Èíòåãðèðóåìàÿ ñèñòåìà íàçûâàåòñÿ àëãåáðàè÷åñêè ðàçäåëèìîé,
åñëè ñóùåñòâóþò òàêèå ôóíêöèè u1,u2∶M4 → R, ÷òî íà êàæäîì ñëîå

1 ãàìèëüòîíîâû óðàâíåíèÿ ïðèîáðåòàþò âèä

u̇i =
√

Ph,f (ui), i = 1,2, èëè

u̇i =
√
Ph,f (ui)
u1 − u2

, i = 1,2,

(Ph,f � ìíîãî÷ëåí, çàâèñÿùèé îò çíà÷åíèé h, f ôóíêöèé H,F );

2 ôàçîâûå ïåðåìåííûå xk âûðàæàþòñÿ ÷åðåç u1,u2 â âèäå

xk = ak1Ak1 + . . . + aknkAknk ãäå

akj = akj(u1,u2) � îäíîçíà÷íûå ôóíêöèè,

Akj =∏
√
ui − αm, αm = αm(h, f ) ∈ C.
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Ïðèìåð àëãåáðàè÷åñêè ðàçäåëèìîé ñèñòåìû

Ñëó÷àé Ãîðÿ÷åâà�×àïëûãèíà�Ñðåòåíñêîãî
â äèíàìèêå òâ¼ðäîãî òåëà (1963)

Ôàçîâîå ïðîñòðàíñòâî:

{(s1, s2, s3, r1, r2, r3) ∈ R6 ∣ r21 + r22 + r23 = 1, 4(s1r1 + s2r2) + (s3 + λ)r3 = 0}

Ãàìèëüòîíèàí:

H = 2(s21 + s22) +
1

2
s23 − r1

Äîïîëíèòåëüíûé ïåðâûé èíòåãðàë:

F = 2(s3 − λ)(s21 + s22) + 2s1r3
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Ïðèìåð àëãåáðàè÷åñêè ðàçäåëèìîé ñèñòåìû

Ðàçäåëåíèå ïåðåìåííûõ:

u̇1 =
√
P(u1)

2(u2 − u1)
, u̇2 =

√
P(u2)

2(u2 − u1)
, P(u) = −W (u)W ∗(u),

W (u) = u(u − λ)2 − 2(h + 1)u − 2f ,
W ∗(u) = u(u − λ)2 − 2(h − 1)u − 2f ;

s1 =
1

8
(R1R

∗

2 + R∗

1R2), s2 =
1

8
(R∗

1R
∗

2 − R1R2), s3 = u1 + u2 − λ,

r1 = 1 −
R2
1 + R∗2

2

2(u1 − u2)
, r2 = −

R1R
∗

1 + R2R
∗

2

2(u1 − u2)
, r3 =

R1R
∗

2 − R∗

1R2

2(u1 − u2)
,

R1 =
√
−W (u1), R∗

1 =
√
W ∗(u1)

R2 =
√
W (u2), R∗

2 =
√
−W ∗(u2).
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Àëãåáðàè÷åñêè ðàçäåëèìûå ñèñòåìû

Îð¼ë Î. Å.

Ôóíêöèÿ âðàùåíèÿ äëÿ èíòåãðèðóåìûõ çàäà÷, ñâîäÿùèõñÿ ê

óðàâíåíèÿì Àáåëÿ. Òðàåêòîðíàÿ êëàññèôèêàöèÿ ñèñòåì

Ãîðÿ÷åâà�×àïëûãèíà.

Ìàòåìàòè÷åñêèé ñáîðíèê. 1995, 186:2, 105-128.

Ì.Ï. Õàðëàìîâ:

ñèñòåìàòè÷åñêèé ïîäõîä ê èçó÷åíèþ òîïîëîãèè

àëãåáðàè÷åñêè ðàçäåëèìûõ ñèñòåì.

Äëÿ ýòîãî èñïîëüçîâàíà òåõíèêà áóëåâûõ ôóíêöèé.

Õàðëàìîâ Ì.Ï.

Òîïîëîãè÷åñêèé àíàëèç è áóëåâû ôóíêöèè:

I. Ìåòîäû è ïðèëîæåíèÿ ê êëàññè÷åñêèì ñèñòåìàì.

II. Ïðèëîæåíèÿ ê íîâûì àëãåáðàè÷åñêèì ðåøåíèÿì.

Íåëèíåéíàÿ äèíàìèêà. I: 2010, 6:4, 769-805. II: 2011, 7:1, 25-51.
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Îòêóäà æå áóëåâû ôóíêöèè?

x = a1A1 + . . . + anAn,

Aj =∏
√
ui − αm.

bsgn(θ) =
⎧⎪⎪⎨⎪⎪⎩

0, θ ≥ 0,

1, θ < 0.

bsgn(θ1θ2) = bsgn(θ1) ⊕ bsgn(θ2) (⊕ � ñëîæåíèå mod 2).

z im = bsgn
√
±(ui − αm) (èëè bsgn

√
±(ui − αm)(ui − αm)).

Aj = ∏
√
ui − αm ↦ ∑ z im.

Ïîëó÷àåì Z2-ëèíåéíîå îòîáðàæåíèå Zp
2 → Zq

2 , ãäå

p � ÷èñëî âñåõ ðàäèêàëîâ
√
ui − αm,

q � ÷èñëî âñåõ ìîíîìîâ Aj .

Ìàòðèöà A ýòîãî ëèíåéíîãî îòîáðàæåíèÿ çíàåò âñ¼
ïðî òîïîëîãèþ ñëîåíèÿ Ëèóâèëëÿ!
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Îñíîâíîé ðåçóëüòàò

Äëÿ àëãåáðàè÷åñêè ðàçðåøèìûõ ñèñòåì

ïîñòðîåí àëãîðèòì íàõîæäåíèÿ ìå÷åíîé ìîëåêóëû

(è, ñëåäîâàòåëüíî, îïèñàíèÿ òîïîëîãèè ñëîåíèÿ Ëèóâèëëÿ).
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Áèôóðêàöèè

Áèôóðêàöèè ñëîåíèÿ Ëèóâèëëÿ ïðîèñõîäÿò ïðè αm = αs äëÿ

íåêîòîðûõ m, s.

Îïðåäåëåíèå

Íàçîâ¼ì 3-ìåðíóþ áèôóðêàöèþ ïðîñòîé, åñëè îíà îòâå÷àåò

ñîâïàäåíèþ åäèíñòâåííîé ïàðû ÷èñåë αm, αs .
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1. Âûðîæäåíèå
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2. Ðàñùåïëåíèå
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3. Çàìåùåíèå
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Òåîðåìà

Ïóñòü ðàçíûì íàáîðàì çíàêîâ ìîíîìîâ Aj îòâå÷àþò ðàçíûå òî÷êè â

ôàçîâîì ïðîñòðàíñòâå. Òîãäà ëþáàÿ ïðîñòàÿ êîìïàêòíàÿ

íåâûðîæäåííàÿ òîïîëîãè÷åñêè óñòîé÷èâàÿ áèôóðêàöèÿ èìååò òèï

îäíîãî èç ñëåäóþùèõ àòîìîâ:

âûðîæäåíèå: A;

ðàñùåïëåíèå: B, C2, P4, D1;

çàìåùåíèå: B, C2, A
∗, A∗∗.
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A∗ = (B × S1)/Z2

τ(x , y) = (τ1(x), τ2(y))
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A∗∗ = (C2 × S1)/Z2

τ(x , y) = (τ1(x), τ2(y))
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Àëãîðèòì îïðåäåëåíèÿ òèïà áèôóðêàöèè

Ïóñòü Zl ,Zr ,Zd ,Zu � ñòîëáöû ìàòðèöû A, îòâå÷àþùèå ïåðåìåííûì

zl = bsgn
√
u1 − αl , zr = bsgn

√
αr − u1,

zd = bsgn
√
u2 − αd , zu = bsgn

√
αu − u2.

Âûðîæäåíèå ⇒ A

Ðàñùåïëåíèå
B = (Zl ,Zr ,Zd ,Zu), B′ = (Zl ,Zr ′ ,Zl ′ ,Zr ,Zd ,Zu) (Zl ′ = Zr ′)

rankB = 2, rankB′ = 3 ⇒ C2

rankB = 3, rankB′ = 4, Zd = Zu ⇒ P4

rankB = 3, rankB′ = 4, Zl = Zr ⇒ C2

rankB = 3, rankB′ = 4, Zd ≠ Zu, Zl ≠ Zr ⇒ C2

rankB = 4, rankB′ = 5 ⇒ P4
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Àëãîðèòì îïðåäåëåíèÿ òèïà áèôóðêàöèè

Ðàñùåïëåíèå (ïðîäîëæåíèå)

rankB = rankB′ = 2 ⇒ B

rankB = rankB′ = 3, Zd = Zu ⇒ D1

rankB = rankB′ = 3, Zl = Zr ⇒ B

rankB = rankB′ = 3, Zd ≠ Zu, Zl ≠ Zr ⇒ B

rankB = rankB′ = 4 ⇒ D1

Çàìåùåíèå
B = (Zl ,Zr ,Zd ,Zu), B′ = (Zl ,Zr ,Zr ′ ,Zd ,Zu)

rankB = 2, rankB′ = 3 ⇒ B

rankB = 3, rankB′ = 4, Zd = Zu ⇒ C2

rankB = 3, rankB′ = 4, Zl = Zr ⇒ B

rankB = 4, rankB′ = 5 ⇒ C2

rankB = rankB′ = 3 ⇒ A∗

rankB = rankB′ = 4, Zr ′ = Zl + Zd + Zu ⇒ B

rankB = rankB′ = 4, Zr ′ = Zr + Zd + Zu ⇒ A∗∗
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Ïðèìåð ïðèìåíåíèÿ àëãîðèòìà

Ñëó÷àé Ãîðÿ÷åâà�×àïëûãèíà�Ñðåòåíñêîãî
â äèíàìèêå òâ¼ðäîãî òåëà (1963)

Ôàçîâîå ïðîñòðàíñòâî:

{(s1, s2, s3, r1, r2, r3) ∈ R6 ∣ r21 + r22 + r23 = 1, 4(s1r1 + s2r2) + (s3 + λ)r3 = 0}

Ãàìèëüòîíèàí:

H = 2(s21 + s22) +
1

2
s23 − r1

Äîïîëíèòåëüíûé ïåðâûé èíòåãðàë:

F = 2(s3 − λ)(s21 + s22) + 2s1r3
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Ïðèìåð ïðèìåíåíèÿ àëãîðèòìà

Ðàçäåëåíèå ïåðåìåííûõ:

u̇1 =
√
P(u1)

2(u2 − u1)
, u̇2 =

√
P(u2)

2(u2 − u1)
, P(u) = −W (u)W ∗(u),

W (u) = u(u − λ)2 − 2(h + 1)u − 2f ,
W ∗(u) = u(u − λ)2 − 2(h − 1)u − 2f ;

s1 =
1

8
(R1R

∗

2 + R∗

1R2), s2 =
1

8
(R∗

1R
∗

2 − R1R2), s3 = u1 + u2 − λ,

r1 = 1 −
R2
1 + R∗2

2

2(u1 − u2)
, r2 = −

R1R
∗

1 + R2R
∗

2

2(u1 − u2)
, r3 =

R1R
∗

2 − R∗

1R2

2(u1 − u2)
,

R1 =
√
−W (u1), R∗

1 =
√
W ∗(u1)

R2 =
√
W (u2), R∗

2 =
√
−W ∗(u2).
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Ïðèìåð ïðèìåíåíèÿ àëãîðèòìà

Ïóñòü e1, e2, e3 � êîðíè W (u), e∗1 , e∗2 , e∗3 � êîðíè W ∗(u),

zim = bsgn
√
ui − em, z∗im = bsgn

√
ui − e∗m.

Z11 Z12 Z13 Z
∗

11 Z
∗

12 Z
∗

13 Z21 Z22 Z23 Z
∗

21 Z
∗

22 Z
∗

23

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 1 1 0 0 0 0 0 0 1 1 1
0 0 0 1 1 1 1 1 1 0 0 0
1 1 1 1 1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 1 1
1 1 1 0 0 0 1 1 1 0 0 0
0 0 0 1 1 1 0 0 0 1 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠
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Ïðèìåð ïðèìåíåíèÿ àëãîðèòìà

2/
√
3 < λ < 2
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Ïðèìåð ïðèìåíåíèÿ àëãîðèòìà

1 ∶ [e∗1 , e3] × [e1, e2];

2 ∶ ([e∗1 , e∗2 ] ∪ [e∗3 , e3]) × [e1, e2].

Z∗

11 Z∗

12 Z∗

13 Z13 Z21 Z22

B′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

0 0 0 1 0 0
1 1 1 0 1 1
1 1 1 1 0 0
0 0 0 0 1 1
0 0 0 1 1 1
1 1 1 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

D1
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Ïðèìåð ïðèìåíåíèÿ àëãîðèòìà

3 ∶ [e2, e3] × [e1, e∗1 ];

4 ∶ ([e2, e∗2 ] ∪ [e∗3 , e3]) × [e1, e∗1 ].

Z12 Z∗

12 Z∗

13 Z13 Z21 Z∗

21

B′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 0 1 0 1
0 1 1 0 1 0
1 1 1 1 0 0
0 0 0 0 1 1
1 0 0 1 1 0
0 1 1 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

B
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Ñïàñèáî çà âíèìàíèå!
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