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Êîëüöî Ñòåíëè-Ðàéñíåðà

Îáîçíà÷èì ÷åðåç k êîììóòàòèâíîå êîëüöî ñ åäèíèöåé. Ïóñòü K
ñèìïëèöèàëüíûé êîìïëåêñ íà ìíîæåñòâå âåðøèí

[m] = {1, . . . ,m} è ÷åðåç k[v1, . . . , vm] îáîçíà÷åíà
ãðàäóèðîâàííàÿ àëãåáðà ìíîãî÷ëåíîâ, ãäå deg(vi ) = 2.

Îïðåäåëåíèå

Êîëüöî Ñòåíëè-Ðàéñíåðà, èëè êîëüöî ãðàíåé êîìïëåêñà K (íàä

k) åñòü ôàêòîðêîëüöî

k[K ] = k[v1, . . . , vm]/ISR(K ),

ãäå

ISR(K ) = (vi1 · · · vik | {i1, . . . , ik} /∈ K ).

k[K ] îáëàäàåò åñòåñòâåííîé ñòðóêòóðîé k-àëãåáðû, à òàêæå
ìîäóëÿ íàä àëãåáðîé ìíîãî÷ëåíîâ k[v1, . . . , vm].
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Ïîëèýäðàëüíûå ïðîèçâåäåíèÿ

Îïðåäåëåíèå

Ïóñòü (X,A) = {(Xi ,Ai )}mi=1 ìíîæåñòâî òîïîëîãè÷åñêèõ ïàð, à

K ñèìïëèöèàëüíûé êîìïëåêñ íà ìíîæåñòâå âåðøèí

[m] = {1, . . . ,m}.
Ïîëèýäðàëüíûì ïðîèçâåäåíèåì (X,A) íàä K íàçûâàåòñÿ

òîïîëîãè÷åñêîå ïðîñòðàíñòâî

(X,A)K =
⋃
I∈K

m∏
i=1

Yi ,

ãäå Yi = Xi , åñëè i ∈ I , è Yi = Ai , åñëè i /∈ I .

Ìîìåíò-óãîë êîìïëåêñîì íàä K íàçûâàåòñÿ ïðîñòðàíñòâî

ZK = (D2,S1)K ;
Âåùåñòâåííûì ìîìåíò-óãîë êîìïëåêñîì íàä K íàçûâàåòñÿ

ïðîñòðàíñòâî RK = (D1, S0)K .
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Ãîìîëîãèè Êîøóëÿ â òîðè÷åñêîé òîïîëîãèè

Ïóñòü K ñèìïëèöèàëüíûé êîìïëåêñ íà [m] = {1, 2, . . . ,m}.
Ïîëîæèì

mdeg(ui ) = (−1; 0, . . . , 2, . . . , 0),mdeg(vi ) = (0; 0, . . . , 2, . . . , 0)

ïðè 1 ≤ i ≤ m, ãäå J ∈ Zm
2 .

Òîãäà ìóëüòèãðàäóèðîâàííûé Òîð-ìîäóëü äëÿ k[K ] ýòî ïðÿìàÿ

ñóììà k-ìîäóëåé

Tor−i ,2J
k[m] (k[K ],k) = H−i ,2J[k[K ]⊗kΛ[u1, . . . , um], d ] ∼= H̃ |J|−i−1(KJ ; k)

Â ïîñëåäíåé ä.ã.à. åå äèôôåðåíöèàë d äåéñòâóåò òàê: d(ui ) = vi
è d(vi ) = 0 ïðè 1 ≤ i ≤ m.

Òåîðåìà (È.Â.Áàñêàêîâ, Â.Ì.Áóõøòàáåð, Ò.Å.Ïàíîâ; M.Franz)

Äëÿ êîììóòàòèâíîãî êîëüöà ñ åäèíèöåé k èìååò ìåñòî

èçîìîðôèçì ãðàäóèðîâàííûõ k-àëãåáð:

H∗(ZK ;k) ∼= Tor∗,∗k[m](k[K ],k) = H∗,∗[k[K ]⊗k Λ[u1, . . . , um], d ].
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Ñâîéñòâî Ãîëîäà â òîðè÷åñêîé òîïîëîãèè

k[K ] ãîëîäîâî êîëüöî (T.Gulliksen è G.Levin'69; J.Grbi�c è S.

Theriault'07), åñëè èìååò ìåñòî òîæäåñòâî äëÿ ðÿäîâ

Ïóàíêàðå

P(k[K ]; t) = Hilb(Extk[K ](k,k); t) =
(1 + t)m

1−
∑
i ,j>0

β−i ,2j(k[K ])t−i+2j−1
,

ãäå áèãðàäóèðîâàííûå ÷èñëà Áåòòè ñóòü ðàçìåðíîñòè

êîìïîíåíò Òîð-àëãåáðû:

β−i ,2j(k[K ]) = dimk Tor
−i ,2j
k[v1,...,vm](k[K ], k);

k[K ] ìèíèìàëüíî íå-ãîëîäîâî (A.Berglund è

M.J�ollenbeck'07), åñëè k[K ] ñàìî íå ãîëîäîâî, íî ïîñëå

óäàëåíèÿ ëþáîé âåðøèíû èç K , èíäóöèðîâàííûé

ïîäêîìïëåêñ èìååò ãîëîäîâî êîëüöî ãðàíåé.
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Ãîëîäîâû êîìïëåêñû: ôëàãîâûé ñëó÷àé

Òåîðåìà (J.Grbi�c, Ò.Å.Ïàíîâ, S.Theriault, J.Wu'16;

ß.À.Âåðåâêèí, Ò.Å.Ïàíîâ'16)

Åñëè K ôëàãîâûé, òî ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

sk1(K ) õîðäîâûé ãðàô;

ZK ãîìîòîïè÷åñêè ýêâèâàëåíòåí áóêåòó ñôåð;

cup(ZK ) = 1;

K ãîëîäîâ êîìïëåêñ;

êîììóòàòîð RC
′
K ïðÿìîóãîëüíîé ãðóïïû Êîêñòåðà RCK

ÿâëÿåòñÿ ñâîáîäíîé ãðóïïîé.
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Ãîëîäîâû êîìïëåêñû: íå-ôëàãîâûå ïðèìåðû

J.Grbi�c, Ò.Å.Ïàíîâ, S.Theriault, J.Wu'16: RP2 íà 6 âåðøèíàõ

Ïîëîæèì K = RP2
6 . Òîãäà K ãîëîäîâ êîìïëåêñ è ZK èìååò

ãîìîòîïè÷åñêèé òèï áóêåòà ïðîñòðàíñòâ:

ZK ≃ (S5)∨10 ∨ (S6)∨15 ∨ (S7)∨6 ∨ Σ7RP2.

Ë.'15: CP2 íà 9 âåðøèíàõ

Ïîëîæèì K = CP2
9 . Òîãäà K ãîëîäîâ êîìïëåêñ, âñå ïîëíûå

ïîäêîìïëåêñû KJ â íåì èìåþò ñâîáîäíûå ãðóïïû

öåëî÷èñëåííûõ ãîìîëîãèé, íî ZK íå ãîìîòîïè÷åñêè

ýêâèâàëåíòåí áóêåòó ñôåð:

ZK ≃ (S7)∨36 ∨ (S8)∨90 ∨ (S9)∨84 ∨ (S10)∨36 ∨ (S11)∨9 ∨Σ10CP2.

K.Iriye, T.Yano'16: cat(ZK ) > 1

Ñóùåñòâóåò ãîëîäîâ êîìïëåêñ K ò.÷. ZK íå co-H-ïðîñòðàíñòâî.
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Ãîëîäîâû êîìïëåêñû: îáùèé ñëó÷àé

Ïðèìåð (L.Katth�an'15)

(a) Åñëè dimK ≤ 3 èëè f0(K ) ≤ 8, òî cup(ZK ) = 1 ⇐⇒ K
ãîëîäîâ êîìïëåêñ;

(b) Ñóùåñòâóåò 4-ìåðíûé êîìïëåêñ K ò.÷.

cup(ZK ) = 1;
Èìååòñÿ íåòðèâèàëüíîå òðîéíîå ïðîèçâåäåíèå Ìàññè

⟨α1, α2, α3⟩ ⊂ H∗(ZK ); òàêèì îáðàçîì, K íå ãîëîäîâ

êîìïëåêñ.
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Ãîëîäîâû êîìïëåêñû: îáùèé ñëó÷àé

Ñëåäóÿ ðàáîòàì A.Berglund'10 è J.Grbi�c, Ò.Å.Ïàíîâ, S.Theriault,

J.Wu'16 ìû äîêàçàëè ñëåäóþùèé êðèòåðèé ãîëîäîâîñòè.

Òåîðåìà (Ë., Ò.Å.Ïàíîâ'22)

Ïóñòü k ïîëå. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû.

(1) H∗(ΩZK ;k) ãðàäóèðîâàííàÿ ñâîáîäíàÿ àññîöèàòèâíàÿ

àëãåáðà;

(2) Óìíîæåíèå è âñå ïðîèçâåäåíèÿ Ìàññè â H+(ZK ;k)
òðèâèàëüíû;

(3) k[K ] êîëüöî Ãîëîäà;

(4) Èìååò ìåñòî òîæäåñòâî äëÿ ðÿäà Ãèëüáåðòà àëãåáðû

Ïîíòðÿãèíà:

Hilb(H∗(ΩZK ; k); t) =
1

1− Hilb(Σ−1H̃∗(ZK ;k); t)
.
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Èäåÿ äîêàçàòåëüñòâà

Ìû ïðèìåíÿåì äâå ñïåêòðàëüíûå ïîñëåäîâàòåëüíîñòè

ðàññëîåíèÿ ïóòåé-ïåòåëü äëÿ ZK :

Áàð ñ.ï. Ìèëíîðà-Ìóðà ñ Eb
2 = TorH∗(ΩZK )(k,k),

ñõîäÿùàÿñÿ ê Σ−1H̃∗(ZK ; k);
Êîáàð ñ.ï. Àäàìñà ñ E c

2 = CotorH∗(ZK )(k; k), ñõîäÿùàÿñÿ ê

H∗(ΩZK ;k).

Êëþ÷åâàÿ ëåììà

Óñëîâèÿ (1) è (4) âûøå ðàâíîñèëüíû òîìó, ÷òî

Îáå ñ.ï. âûðîæäàþòñÿ â ÷ëåíå E2.

(2) ⇐⇒ (3) - ãðàäóèðîâàííàÿ âåðñèÿ òåîðåìû Ãîëîäà;

(3) ⇐⇒ (4), ïîñêîëüêó

Ω(CP∞, ∗)K ≃ ΩZK×Tm è P(k[K ]; t) = Hilb(H∗(Ω(CP∞, ∗)K ; k); t).
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Ìèíèìàëüíî íå-ãîëîäîâû êîìïëåêñû: ïðèìåðû

Ãîëîäîâû ìíîãîãðàííûå ñôåðû

Åäèíñòâåííûìè ãîëîäîâûìè ìíîãîãðàííûìè ñôåðàìè

ÿâëÿþòñÿ ãðàíèöû ñèìïëåêñîâ.

Òåîðåìà (J.Grbi�c, Ò.Å.Ïàíîâ, S.Theriault, J.Wu'16)

Åñëè êîìïëåêñ KP ôëàãîâûé, òî ñëåäóþùèå óòâåðæäåíèÿ

ðàâíîñèëüíû:

P - m-óãîëüíèê (m ≥ 4);

ZP ãîìåîìîðôåí ñâÿçíîé ñóììå ïðîèçâåäåíèé ñôåð ñ

äâóìÿ ñôåðàìè â êàæäîì ïðîèçâåäåíèè;

KP ìèíèìàëüíî íå-ãîëîäîâûé êîìïëåêñ.
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Ìèíèìàëüíàÿ íå-ãîëîäîâîñòü: õàðàêòåðèçàöèÿ âî

ôëàãîâîì ñëó÷àå

Òåîðåìà (J.Grbi�c, Ì.Ô.Èëüÿñîâà, Ò.Å.Ïàíîâ, G.Simmons'21)

Ïóñòü k = Q è K - ôëàãîâûé êîìïëåêñ. Òîãäà ñëåäóþùèå

óñëîâèÿ ýêâèâàëåíòíû.

(1) H∗(ΩZK ;k) ãðàäóèðîâàííàÿ àññîöèàòèâíàÿ àëãåáðà ñ

îäíèì ñîîòíîøåíèåì;

(2) ZK ãîìîòîïè÷åñêè ýêâèâàëåíòåí ñâÿçíîé ñóììå

ïðîèçâåäåíèé ñôåð ñ äâóìÿ ñôåðàìè â êàæäîì

ïðîèçâåäåíèè;

(3) êîììóòàíò RC
′
K ïðÿìîóãîëüíîé ãðóïïû Êîêñòåðà RCK

ÿâëÿåòñÿ ãðóïïîé ñ îäíèì ñîîòíîøåíèåì;
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Ìèíèìàëüíàÿ íå-ãîëîäîâîñòü: õàðàêòåðèçàöèÿ âî

ôëàãîâîì ñëó÷àå

Òåîðåìà (J.Grbi�c, Ì.Ô.Èëüÿñîâà, Ò.Å.Ïàíîâ, G.Simmons'21)

(4) K - äæîéí ãðàíèöû p-óãîëüíèêà ñ d-ñèìïëåêñîì ïðè

p ≥ 4, d ≥ −1;

(5) èìååò ìåñòî òîæäåñòâî äëÿ ðÿäà Ïóàíêàðå êîëüöà k[K ]:

P(k[K ]; t) =
(1 + t)m

1−
∑
i ,j>0

β−i ,2j(k[K ])t−i+2j−1 + (−1)ntm
;

(6) H2(RK ) = Z;
(7)

H2−j ,2j(ZK ) =

{
Z, åñëè j = p äëÿ íåêîòîðîãî 4 ≤ p ≤ m;

0, èíà÷å.
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Ìèíèìàëüíî íå-ãîëîäîâû êîìïëåêñû: îáùèé ñëó÷àé

Òåîðåìà (S.Amelotte'20)

Ñëåäóþøèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(a) Åñëè ZK ãîìîòîïè÷åñêè ýêèâàëåíòåí ñâÿçíîé ñóììå

ïðîèçâåäåíèé ñôåð ñ äâóìÿ ñôåðàìè â êàæäîì

ïðîèçâåäåíèè, òî K - äæîéí ìèíèìàëüíî íå-ãîëîäîâà

êîìïëåêñà ñ d-ñèìïëåêñîì ïðè d ≥ −1;

(b) Åñëè RK ãîìîòîïè÷åñêè ýêèâàëåíòåí ñâÿçíîé ñóììå

ïðîèçâåäåíèé ñôåð ñ äâóìÿ ñôåðàìè â êàæäîì

ïðîèçâåäåíèè, òî K - äæîéí ìèíèìàëüíî íå-ãîëîäîâà

êîìïëåêñà ñ d-ñèìïëåêñîì ïðè d ≥ −1.

Ïðèìåð (Ë.'15)

Ïóñòü K - çâåçäíîå ïîäðàçáèåíèå T2
7 èëè CP2

9 .

Â îáîèõ ñëó÷àÿõ K ìèíèìàëüíî íå-ãîëîäîâ, íî ZK íå

ãîìîòîïè÷åñêè ýêâèâàëåíòåí ñâÿçíîé ñóììå ïðîèçâåäåíèé ñôåð

(åãî êîãîìîëîãèè íå ÿâëÿþòñÿ àëãåáðîé Ïóàíêàðå).
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Ìèíèìàëüíî íå-ãîëîäîâû êîìïëåêñû è ïðîèçâåäåíèÿ

Ìàññè

Ïîëîæèì êîëüöî ãðàíåé êîìïëåêñà K íàä ïîëåì k ðàâíûì

k[K] = k[v1, . . . , v9]/IK,

ãäå IK ïîðîæäåí 15 ìîíîìàìè:

v1v2v3, v4v5v6, v7v8v9, v1v2v4v5, v5v6v7v8,

v2v3v7v8, v1v4v7, v2v3v5v6v7, v1v2v4v6v8v9, v1v3v4v5v8v9,

v1v3v5v6v7v9, v2v3v4v5v7v9, v2v3v4v5v8v9, v2v3v4v6v7v9, v2v3v5v6v8v9.

Çàìåòèì, ÷òî dimK = 4 è m = 9, à çíà÷èò, dimZK = 14.
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Ìèíèìàëüíî íå-ãîëîäîâû êîìïëåêñû è ïðîèçâåäåíèÿ

Ìàññè

Òåîðåìà (Ë., Ò.Å.Ïàíîâ'22)

(a) Åñëè K ìèíèìàëüíî íå-ãîëîäîâ êîìïëåêñ, òî cup(ZK ) ≤ 2;

(b) K ìèíèìàëüíî íå-ãîëîäîâ êîìïëåêñ ò.÷.

cup(ZK) = 1;
Ñóùåñòâóåò íåòðèâèàëüíîå íåðàçëîæèìîå òðîéíîå

ïðîèçâåäåíèå Ìàññè 5-ìåðíûõ êëàññîâ

⟨[v1v2u3], [v5v6u4], [v7v8u9]⟩ = {[v1v2v5v7v8u3u4u6u9]}

â H14(ZK).
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ÁËÀÃÎÄÀÐÞ ÇÀ ÂÍÈÌÀÍÈÅ!
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