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1. MODULUS OF CONTINUITY AND ZYGMUND TYPE
CONDITIONS

Definition 1.1. A function w : [0,2| — R, is called modulus
of continuity if

(1) w is cont. in a neighborhood of the origin and w(0) = 0,
(2) w is almost increasing and bounded on |0, 2],

(3) # is almost decreasing on |0, 2].

Definition 1.2. Let w : [0,2] — R be a bounded measurable
function such that w(0) = 0. The function w is called either
Ding or by - weight iof there exists C' > 0 such that

t
(1.1) / wis >ds < Cw(t), 0<t<2, (Dini condition),
0 S

2
(1.2) / w<2>ds < C’Q, 0<t<2, (by — condition).
¢ S

respectively, where C' does not depend on t.

As typical example of modulus of continuity w, which satisfies
the conditions (1.1) and (1.2), one can take w(h) = hA In—" o

where A € (0,1), 8 € R while the function w(t) = In~ ;, B >1
satisfies the bi-weight condition, but does not satisty the Dini
condition.

Remark 1.1. Observe that for modulus of continuity the
Dz'm' condz’tion guarantees that w(t)/t € LY([0,2]) and that

fo p s ~ w (1), 0 < t < 2. Similarly if w is a madulus of

continuity then w satisfies the by condition iff t ft . ) g5
w(t) for 0 <t < 1.



2. AUXILIARY WEIGHTS (MODULUS OF CONTINUITY)

Definition 2.1. For a function w such that w(t)/t € L'([0,2])
we define

21) W)= W,(t) = /O W) e 0,2].

S

Proposition 2.1. Let w be a modulus of continuity such that
w(t)/t € LY[0,2]). Then W, is a modulus of continuity such
that

(2.2) w(t) KCW,(), 0<t<2,

where C' > 0 1s a constant.

Moreover w ~ W, ift w is a Dini weight.

Definition 2.2. Let w : [0,2] — R be a bounded measurable
function. Define

(23)  Ut):=Uy(t) =t /2 ) e te0.2)

2
min{t,1} S

Proposition 2.2. Let w be a modulus of continuity. Then
U, s a modulus of continuity such that

(2.4) w(t) < CUL), 0<t<2,
where C > 0 1s a constant.

Moreover w ~ U, iftf w is a by weight.
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3. HOLDER TYPE SPACES OF HOLOMORPHIC FUNCTIONS

Let w : [0,2] — R, be a modulus of continuity. By L¥(ID) we
denote the space of measurable functions defined in ID such that

(31)  [f(2) = f(w)] < Cw(lz —w|), zweD.

The semi-norm and norm of f € L¥(ID) are given by

_ f(z) = flw)| _
1 f 42wy = Sl w]) 1F 2oy = 11 Nl o)+ f | 2o )

The generalized Holder type space of holomorphic functions in
the unit disc with prescribed modulus of continuity:

A¥(D) = L¥(D) N H(D).
We use the notation || f|| 4 acm) = || f|l4.20m)-

By B*(ID) denote the space of functions holomorphic in I such
that

w(l —|z|)

1—1z|
where C' does not depend on z. The semi-norm and norm of a
function f € BY(ID) are given by

1 — |2
— ! — w o0 .
| f |, B4m) = Sup f (Z)\w(l ) 1 f By = | f I, Bo)y+ | f 1| 2o(m)

[f')l <C

z €D,

Let us write A“(T) for the space of functions continuous in D
and holomorphic in ID such that

1f(&) — fn)| < Cw(l§ —nl), §&,n e T,

with the seminorm and norm given by

Ifﬁl)g—_f;g”, 11y = 0 Il acmy+ L Nl o cny-

HfH#,Aw(T) — Sup
EneT

Of course, we have

(3.2) A“(D) C A“(T).



4. RELATION BETWEEN A“(D), BY(D) AND A“(T).
Theorem 4.1. Let w be a modulus of continuity. Then

A“(D) C A¥(T) € AY(D),

where U = U, is given by (2.3). In particular if w is a b
weight then A¥(D) = A¥(T) = AY(D).

Theorem 4.2. Let w be a modulus of continuity. Then
A“(T) € BY(D).

If in addition w(t)/t € L'([0,2]), then
B“(D) € AM(T).

In particular, if w satisfies Dini condition then B*(D) C
A¥(T) and if w satisfies by condition then A¥(T) C B*(D).

More generally:

Proposition 4.1. Let wy and wy be modulus of continuity.
The following statements hold.

(1) If there exists C' > 0 such that

S

t
/ wl(S)ds < Cwo(t), 0<t<2,
0

then B“(D) C A“2(DD).
(2) If there exists C' > 0 such that

2
/wl—@dsgcw%w, 0<t<2,
t

g2

then A“1(D) C B“2(D).
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5. CONSTRUCTIONS OF FUNCTIONS IN A¥(D) AND B¥(DD)

Here we provide some characterizations of Dini and by weights
w when they are also assumed to be modulus of continuity.

Definition 5.1. Let w be a modulus of continuity and a € C
with la| = 1. Let us define

(5.1) @(j):/olw(l—t)tjdt, j e NU{0}.

and

1—t
(5.2) H;"(z):z/ Zw )al T 2 e D.
0

l—taz

Proposition 5.1. Let |a| = 1 and w be a modulus of conti-
nuity such that w(t)/t € L'([0,2]).
Then

HY € BY (D).

Moreover ||HY || ooy = || HY|| promy for any |a| = 1.

Proposition 5.2. Let w be a modulus of continuity with
w(t)/t € LY]0,2]). The following statements are equivalent.
(i) w is a by-weight.
(ii) HY € B*(D).



6. COMPOSITION OPERATORS: BOUNDEDNESS

Let ¢ : D — D be a holomorphic function. We denote by Cj
the linear composition operator

Cof(2) = fo(z) = f($(2)), z€D.

Let us denote:

(61)  Fupng = sUp {\¢'<z>|

zeD

wi(l —|o(z)]) 1— 7] }
L= |o(z)| wal—1[2]))

In the particular case that ||| r~m) = o < 1 then

, 1= o)D) _ 1)
e e T R

and the quantity Ky, w, ¢ = Ku,,¢ Where

62 oo = sup {62

z€D w2<1 o |ZD
Note that for a holomorphic function ¢ : D — D we have
Rug,pp < OO <= O € Bw2<ID>).

Depending on a context, in some places below instead of writing
Ko < 00 we will use ¢ € B**(D).

Proposition 6.1. Let wq, and wy be modulus of continuity
and let ¢ : D — D be holomorphic function with ||@|| em) <
1. Then Cy : BY(D) — B**(D) (respectively Cy : A'(D) —
A“2(D)) is bounded iff p € B“2(D) (respectively ¢ € A“*(D).)



7. COMPOSITION OPERATORS: BOUNDEDNESS

Theorem 7.1. Let wy, and wy be modulus of continuity and
let ¢ : D — D be holomorphic function. The following state-
ments hold.

(1) If Ky 0 < 00 then Cy : BY(D) — B*2(D) is bounded.
(2) Assume that wy is a by-weight. If the operator Cy
B“Y (D) — B“*(D) is bounded then K, u,s < 00.

Here, as we defined before,

= 6D 1 [
(71) "%W—Zeﬂ%{w T o) w2<1—|z|>}'

Theorem 7.2. Let wy and wy be modulus of continuity and
¢ : D — D holomorphic. Assume that wy 1s a Dint weight.

If
(7.2) sup {|gb’(z) : CLMt)dt i 1 >} < 00,

€D —g(z)] t* wall — |z

then the operator Cy : A“Y(D) — A**(D) is bounded.

Theorem 7.3. Let wy and wy be modulus of continuity and
¢ : D — D holomorphic. Assume that wy satisfies Dint and
bi-weight conditions. If Cy : A*(D) — A“*(D) is bounded,
then

R




8. COMPOSITION OPERATORS: BOUNDEDNESS

In view of Schwarz-Pick Lemma we outline two corollaries.

Corollary 8.1. Let wy and wy be modulus of continuity and
¢ D — D be holomorphic. If

(1~ [9(z)
S0 e { = <

then the operator Cy : B*(D) — B*?(D) s bounded.

Corollary 8.2. Let wy and wy be modulus of continuity and
¢ : D — D be holomorphic. Assume that ws 1s a Dini weight.

If

L=lo)l 2w
(8.2> igg{w2<1z> »/1qb(z) 12 dt} <

then Cy : A(D) — A*2(D) s bounded.

We conclude this slide with one related example.

w(h) = wy 3(h) = A" lnﬁg, where A € (0,1) and [ € R.

Theorem 8.1. Let ¢ : D — D be a holomorphic function

in D such that sup |¢(z)| = 1. Let wyg(h) = h*In” =, where
zeD

A€ (0,1) and B € R. If Cy4 is bounded from B“(D) to
B“(D) (equivalently from A“*#(D) to A“*#(DD)) then
(8.3)

_ / 1—z]  wys(l—|o(2)])
W“iiﬂ%{’W”w(l—|z|> L= 18(2) }<°O'
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9. COMPOSITION OPERATORS: COMPACTNESS

We study compactness of Cy as operator acting from A“'(D)
to A“2(D), and from B“'(D) to B“*(DD), as well.

Definition 9.1. We say that a sequence {f,} of elements
fn in a Banach space X converges to f weakly i X if
lim Lf, = Lf for every linear functional L on X.

n—oo

Definition 9.2. We say that a bounded linear operator T :
X — Y is w-compact if || Tfu|ly — 0 as n — oo whenever
{fu} converges to O weakly in X.

Theorem 9.1. Let wy; and wy be modulus of continuity. Let

¢ D — D be a holomorphic function in D and sup |p(z)| < 1.
zeD

The following are equivalent:
(1) ¢ € B=(D).
(1) Cp : B'(D) = B“*(D) is bounded.
(11i) Cy » B'(D) = B“*(D) is w-compact.

Theorem 9.2. Let w; and wy be modulus of continuity. Let

¢ D — D be a holomorphic function in D and sup |p(z)| < 1.
zeD

The following are equivalent:
(i) ¢ € A(D).
(11) Cy : A(D) — A*2(D) us bounded.
(117) Cy » A(D) — A(D) is w-compact.
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10. COMPOSITION OPERATORS: COMPACTNESS

Let us now analyze the w-compactness for operators Cy with
|#]| 2y = 1. Denote

N I C
WA Koo = W B G = 1o

Theorem 10.1. Let wy; and wy be modulus of continuity.
Let ¢ : D — D be a holomorphic function with ||¢||~m) = 1.
The following statements hold:

(1) Assume that w(t)/t € LN[0,2]). If k), , =0 then the
operator Cy : B (D) — B**(D) is w- compact.

(2) Assume that w; satisﬁes by condition and we satisfies
the Dini condition. If ]% w0 = U then the operator Cy

A“(D) — A“2(D) s w-compact.

Remark 1. There are compact operators for which
0
kw17w27¢ # O.

We prove this for the case of the spaces B¥(ID) leaving similar
result for A¥(ID) to an interested reader. It suffices to take a

function ¢ with ||@||j~m) < 1, ¢ € B**(D) and kgh%gb # 0.

Theorem 10.2. Let w; and wy be modulus of continuity with

wy satisfying bi- condition. There exist a holomorphic func-
tion ¢ = ¢y, : D = D such that Cy : B'(D) — B“*(D) s
w-compact and k), , , # 0.

We will use the function constructed in Proposition 5.1. Denote
1
W w2<1 _ t)
6ul2) = () = bz |

where 9§y is such that sup |¢,,(2)] < 1.
zeD

dt, zeD,
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11. BOUNDEDNESS: FURTHER CHARACTERIZATIONS

Definition 11.1. Let w be a modulus of continuity and let
¢ : D — D be a holomorphic function in D. We define

(1 —t)dt
11.1 y D,
1Y) fu =l [ S e
Straightforward calculus shows that
w(l — t)
11.2 Visw(2)| = ¢ (2 / dt, z € D.

Definition 11.2. Let w be a mOdulus of continuity. We
write DLY(D) for the space of functions f : D — C which
are differentiable tn D and there exists a constant C' > 0
such that

w(l—|z|)

(11.3) VIRl < O

Theorem 11.1. Let ¢ : D — D be a holomorphic function

in . Let w; and we be modulus of continuity. Then the

following statements hold:

(1) If fs0, € DL**(D) then the operator Cy, : B'(D) —
B“(ID) is bounded.

(2) Assume that wy satisfies (b1) and wi(t)/t € L'(0,2). If
the operator Cy, : B“'(D) — B“2(D) is bounded then
fouw € DL*(D).

Theorem 11.2. Let ¢ : D — D be a holomorphic function
in D. Let wi; and wy be modulus of continuity. Then the
following statements hold:

(1) Assume wy satisfies the condition (Dini). If fou., €
DL* (D) then the operator Cy : A*(D) — A“*(D) is
bounded.

(2) Assume that wy satisfies (Dini) and (b1). If Cy : A(D) —
A% (D) is bounded then fy,, € DL*(D).

z € D.
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12. BOUNDEDNESS: DERIVATIVE-FREE
CHARACTERIZATION

Theorem 12.1. Let ¢ : D — D be a holomorphic function
in D. Let wi; and wy be modulus of continuity. Then the
following assertions are true:

(1) If Jow € L“2(D) then Jow € DL* (D).
(2) Let wy satisfies the condition (Dini). If fy., € DL**(D)
then fy., € L**(D).

Theorem 12.2. Let ¢ : D — DD be a holomorphic func-
tion in D, wy be a modulus of continuity satisfying (b1) and
wi(t)/t € LY(0,2), and wy be modulus of continuity satisfying
(Dini). Then the following statements are equivalent:

(1) fouw, € DL*(D).
(2) Cp : BY(D) — B“2(D) is bounded.
(3) foum € L(D).

Theorem 12.3. Let ¢ : D — D be a holomorphic function in
D, wy be a modulus of continuity satisfying (Dini) and (b1)
and we be modulus of continuity satisfying (Dini). Then the
following statements are equivalent:

(1) fow, € DL**(D).
(2) Cp : AY(D) — A*2(D) 14s bounded.
(3) fou € L2(D).



13. BOUNDEDNESS: FURTHER CHARACTERIZATIONS
Recall that

(1—1)
f¢w1 ‘gb ‘/1_t‘¢

Collecting all the above results we can conclude the following
list of characterizations.

Theorem 13.1. Let ¢ : D — D be a holomorphic function
in D. Let wy and we satisfy the conditions (Dini) and (bl1).
Then the following statements are equivalent:

(1) Cp : AY(D) — A*2(D) s bounded.

(2) Cy : BY(D) — B“2(D) is bounded.

(3) fyu € DL*(D)

(4) fpor € L(D).

(5) fouw, € L**(T) and there exists C' > 0 such that

| fo0.(6) = fou,(rE)| < Cuwn(l —7), €€T, 0<r<l.

(6) fouw, € L**(T) and there exists C' > 0 such that
| foin(2) = Pfon(2)| < Cun(1 = I2]),  z€D.

Here the Poisson integral of a function f € C(T) is defined by:

2) :/]"(7')1 — |Z|2d7‘,z €D, and Pf(r) = f(r), 7 € T.
T

T — z|?
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14. COMPOSITION OPERATORS ON HOLOMORPHIC
VARIABLE EXPONENT SPACES

Let A : D — [0, 1] be a continuous function. We say that A
satisfies the log-condition (log-Holder condition) on I if
C 1

—, z,w €D, \z—w|<§,
[z—w]

(14.1)  [AMz) = AMw)] <

~ln ——

where C' is independent of z, w.
Let A € A(D). By LN)(D), we denote the space of functions
f measurable in D such that

£(2) = f(w)| < Clz —w|*®), forall zweD,
or what is equivalent
1£(2) = f(w)| < Clz —w/M™), forall zweD,

where C' is independent of z, w. The semi-norm and norm of a
function f € L*)(D) are given respectively by

f(z) = f(w)]
Lf {1,000y = sup Aoy = 1F oo+l

z,wel ‘Z - ’lU’/\
The variable exponent generalized Holder spaces of holomor-
phic functions in D, denoted as A (D), is the space of functions
f from LAC )(ID)) which are holomorphic in I, with the notation

11l 0m) = [1f11 4 200

By BAC )(]D) we denote the space of functions f holomorphic
in D such that

fR)<CAL—])P7 zeD,

where C' is independent of z. The semi-norm and norm of a
function f € BM)(D) are given respectively by

HfH#,BM'MD):Sgglf’(Z)l( —[=D)" N o) = 1 lgpoo+HI
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15. COMPOSITION OPERATORS ON HOLOMORPHIC
VARIABLE EXPONENT SPACES

We also set

e = sup {|¢/(2)](1 = [p(2)M (1 = [2) 2O

zeD

Notice that if ||@||~m) = 8 < 1 then

(-1 1
< z€D,

< (1—o(2)])™ -l

DO | —

and hence K X K\, Where
)\la)‘27¢ 27¢

(15.1) K¢ = Sup {|qb’(z)\(1 - \z\)l_k(z)} .

z€D

We now outline the following important fact.

Remark 15.1. Let A € A(D). Let ¢ : D — D be a holomor-
phic function with ||¢||~m) < 1. Then

Ko < +0o if and only if ¢ € BA(')(ID)).

Theorem 15.1. Let A\ and Ao belong to A(D), and let ¢
D — D be h0l0m0rphic function with ||¢||r~m) < 1. Then

Cy : BMU(D) — B2U(D) (respectively C¢ AMO(D) —
AMU(D)) ds bounded if and only if ¢ € B*U)(D) (respectively
$ € AO(D)).
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16. COMPOSITION OPERATORS ON HOLOMORPHIC
VARIABLE EXPONENT SPACES

We note that the above result can be clearly refined in partic-
ular cases when either sup..p A(z) < 1, or 0 < inf,ep A(2), or
both these conditions are satisfied.

Recall that

e = sup {|¢/(2)](1 = [p(2)M 711 = [2) 20

z€eD

Theorem 16.1. Let A\ and Ay belong to A(D), and let ¢
D — D be holomorphic function. The following statements
hold.

(1) If Ky ppe < +00 then Cy @ BMU(D) — B2U(D) is
bounded.
(2) If Cy : BMU(D) — B*2U)(D) is bounded then

(o (L= 12D ) }
16.1 su z , 00,
(16.1) Sup {|¢( )\<1 T <+

where )\/1’+ ‘= Sup,ct A1(0).

Theorem 16.2. Let \; and Ay belong to A(D), and let ¢
D — D be a holomorphic function. Assume that sup,.p A1(2) <

1 andinf.ep Mo(2) > 0. If Ky a0 < +00 then Cy : AMD(D) —
AMO(D) is bounded.

Theorem 16.3. Let A\ and Ay belong to A(D), and let ¢
D — D be a holomorphic function. Assume thatsup,.p A2(2) <

1 and inf.ep M\i(2) > 0. If Cy : AMO(D) — A*O(D) is
bounded, then the condition (16.1) holds.



18

17. COMPOSITION OPERATORS ON HOLOMORPHIC
VARIABLE EXPONENT SPACES

The next two corollaries follow by the Schwarz-Pick Lemma.

Corollary 17.1. Let Ay and Ay belong to A(D), and let ¢ :
D — D be a holomorphic function. If

1 — |p(z) )M
(17.1) ilég {( i _|¢|(Z|§L>2(Z) } < +00,

then Cy, . BMO(D) — B*0(D) is bounded.

Corollary 17.2. Let \; and Ay belong to A(D), and let ¢ :
D — D be a holomorphic function. Assume that sup,.p A1(2) <
1 and inf.ep Ao(2) > 0. If the condition (17.1) holds then

Cy : AMD(D) — A*0)(D) is bounded.
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18. THE w-COMPACTNESS OF Cj, UNDER THE CONDITION
]| Loy < 1.
Theorem 18.1. Let A\ and Ay belong to A(D), and let ¢

D — D be holomorphic function with ||¢||r~m) < 1. Then
the following statements are equivalent:

(1) ¢ € BXV(D).
(2) Cy : BMO(D) — B*2)(D) is bounded.
(3) Oy : BMO(D) — B*)(D) is w-compact.

Theorem 18.2. Let A\ and Ay belong to A(D), and let ¢
D — D be holomorphic function with ||¢||r~m) < 1. The
following statements are equivalent:

(1) 6 € A40(D).
(2) Oy : AMI(D) — A*)(D) is bounded.
(3) Oy : AMI(D) — A0)(D) is w-compact.
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19. THE w-COMPACTNESS OF C;, UNDER THE CONDITION
@] L) = 1.
Let

(19.1) a0 = limsup ¢/(2)| (1= [o(=) )7 (1= [2]) ).

|z| =1~

Theorem 19.1. Let A\ and Ay belong to A(D), and let ¢
D — D be holomorphic function with ||¢|r~my = 1. The
following statements are true.

(1) Suppose that inf.cpAa(z) > 0. If vy, 0.0 = 0 then the
operator Cy : BMO)(D) — B*2)(D) is w-compact.
(2) Suppose that inf,cp Aa(2) > 0 and sup.epM(z) < 1. If

Ve = 0 then the operator Cy : AMI(D) — A%0)(D)
1S Ww-compact.

We conclude the presentation showing that there exists com-
pact operators for which 7y, 5, ¢ # 0. To this end we construct

the function ¢ such that ||¢[|~m) < 1, ¢ € B*Y(D) and
Mo 7 0.

Theorem 19.2. Let Ay and Ay belong to A(D) and )\/2’+ =

SuUpyer A2(0) > 0. There exits a holomorphic function ¢ :
D — D which satisfies sup.cp |o(2)| < 1, Cy is w-compact

from BMU(D) to B*2U)(D) and vy a6 # 0.

Proof. Consider the holomorphic function ¢(z) = £(1 —Z)A;+ de-
fined for z € D. It is clear that ¢ € B*)(D) and sup,p |p(2)] <
1. By Theorem 18.1, C, is w-compact from BMO(D) to BX20)(DD).
Without loss of generality we can assume that Ao(1) = )\/2’+. O



Thank you.
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