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Roots of the Problem

The classical trace problem. Let S C R"” be a closed nonempty
set and p € (1,00). Given a Borel function f : S — R, how can we
decide whether f extends to a Wp1 (R™)-function?

The famous result of Gagliardo (1957) reads as follows:
A Borel function f : R"~* — R extends to W} (R")-function if and
only if f € Bl 1/’D(]R”_l), le.

1

IF1Bpp” (R := [IFILp(R™ )|
£(x) — F(x + h)|P L
/ / P dhdx)” < +oo.
Rn—1 B;(0)

For general subsets S C R” the most powerful results in the case
p > n were given by P. Shvartsman (2010) and in the case
1< p<nbyT. and S. K. Vodop'yanov (2020).



Metric Measure Spaces

A metric measure space (m.m.s.) is a triple X = (X, d, i), where
(X,d) is a complete separable metric space and i is a Borel locally
finite positive measure. Given g € (1, 00), we say that X is
g-admissible if:

A) the measure p has the uniformly locally doubling property, i.e.,

o u(Bal)
C(R) . rG(O[,)R] XG)E U(Br(x))

< +oo VR >0;



Metric Measure Spaces

B) X supports a local (1, g)-Poincaré inequality, i.e., VR > 0
3C >0, 3X > 1 s. t. Vf € LIP(X)

][ ‘f(y)— ][ f(z) du(Z)‘du(y)

Br(X) Br(X)
<Gt (plfIW)7duly) ¥r € (0.R)
B)\r(X)

where lip[f] is the local Lipschitz constant of f, i.e.,

lim FE=FIL s 5 limit point;

lip[f](x) := {Z—m dlzx) (1)

0, x is a isolated point.



Sobolev spaces, approach of J. Cheeger

Following J. Cheeger (1999) for each p € (1, 00) we define the
Cheeger-Sobolev space W3 (X) by letting

W, (X) := {F € Lp(X) : Chp[F] < 400},
where Ch,[f] is a Cheeger energy defined as
Chy[F]

= inf{ lim /(Iip[Fn])p dp: {Fn} € LIP(X), Fr — F in Ly(X)}.

n—oo
X

The space W (X) is normed by

[y

IFIWA)] = IFILp(X) ] + (CholF])”



Capacity G,

Let K C X be a compact set. For each p € (1,00) we set
Cp(K) = inf [ | W5 (X)]P,

where the "inf"is taken over all ¢ € LIP.(X), ¢ > 1 on K.

If 2 C X is open

Co(Q2) = ;lé% Co(K).

For any Borel set E C X we put

Co(E) = Elrél; Co(92).



Definition of the sharp trace

It is well known that VF € W (X) there is a set EF C X with
C,(EF) = 0 and a representative F s.t.

r—0
Br(x)

lim ][ |F(x) — F(y)| du(y) =0, V¥xe X\Er.

Hence, if C,(S) > 0 for each F € W, (X) we define the sharp trace

F|s := F|s. The sharp trace is well defined up to a set of
Cp-capacity zero.



The sharp trace space

Given S C X with C,(S) > 0, by W} (X)|s we denote the sharp
trace space on S of the space Wpl(X), le.

W, (X)|s :={f : S = R|FF € W,(X) s.t. Fls = f}
with a quotient-space norm

IFIW, (X)Isll = nf IFIW5(X)].
|s=f

Tr|s : Wy (X) = W, (X)|s — the sharp trace operator.



The sharp trace problem

The sharp trace problem. Let p € (1,00) and let S C X be a
closed nonempty set with C,(S) > 0.

(Q1) Given a Borel function f : S — R, find necessary and

sufficient conditions for the existence of a Sobolev extension F of f,
ie., Fe Wy(X) and F|s = f.

(Q2) Using only geometry of the set S and values of the function f
compute the trace norm ||f|W}(X)|s|| up to some universal
constants.

(Q3) Does there exist a bounded linear operator
Eth,p ) Wpl(X)|5 — Wpl(X) such that Tr |5 o Ext57p = Id on
W5 (X)ls?



Given p € (1,00), let S C X be a closed set with C,(S) > 0. Let m
be a Borel measure with suppm = S that is absolutely continuous
w.r.t. C,. We say that f is an m-trace of a function F € Li°¢(X, i)
and write f = F|T if

r—0

Iim][ 1f(x) — F(y)| du(y) =0 form —a.e. x € S.
Br(x)

The m-trace operator Tr |2 : W, (X) — Lo(S, m) takes F € W (X)
and gives back F|T € Lo(S, m). We set

Wy (X)| :={f : S = R|FF € Wi(X) s.t. F|E =f}

and equip it with a quotient-space norm.



The m-trace problem

The m-trace problem. Let p € (1,00), S C X be a closed set with
Co(S) > 0. Let m be absolutely continuous w.r.t. C, and
suppm = S.

(MQ1) Given f : S — R, find necessary and sufficient conditions
for the existence of a Sobolev extension F of f, i.e., F € Wpl(X)
and F|2 = f.

(MQ?2) Using only geometry of the set S and values of the
function f compute the trace norm ||f|W,(X)|2|| up to some
universal constants.

(MQ3) Does there exist a bounded linear operator
Extm,p : Wy (X)|2 — WJ(X) such that Tr |2 o Exty p = Id on
Wy (X)[§7



Regular sets

A closed set S C X is regular if 3A € (0,1) s.t.
u(Br(x)NS) = M\u(B/(x)), V¥xeS, Vre(0,1].

We set

#,00= s Zinf {f) - clduly), xS
o re(0,1] I ceR
B/ (x)NS

Shvartsman'’s criterion (2007). A function f : S — R belongs to
W, (X)|s if and only if f € Lp(S, 1) and fsﬁ,u e Lp(S, p).
Furthermore,

IFIWEX) ] = FILo(S, )|+ I1FE L ILp(S, )]

and there exists a bounded linear extension operator Exts ,, s.t.
7 _ 10y )| M
Tr |5 o Exts , = Id on W, (X)[s.



The codimension @ Hausdorff content and the codimension

6 Hausdorff measure

Let 6 > 0, S C X. For each § € (0, 0] we set

Ho5(S) = inf 3 N<Bg_§xj)),

J

where the "infimum"is taken over all coverings of S by sequences
of balls {B,.(x;)} with r; € (0,9).

Hp.00(S) — the codimension 6 Hausdorff content of S.

The codimension 6 Hausdorff measure of S is defined as

Ho(S) = gi_% Ho.5(S).



The Ahlfors-David codimension 6 regular sets

Given 0 > 0, a set S C X is Ahlfors-David codimension 6 regular if
By
Ho(S N B (x)) =~ M, VxS, Vre(0,1].

Maly, Saksman and Soto criterion. Let § > 0 and p € [0,60). A
function f : S — R belongs to W;(X) ?9 if and only if

fe B;,;e/ P(S) Furthermore,

—0
IFIWEX)|EeNl ~ 1|£1Bo s  P(S)I| = IIFILp(S. Ho)

+ (i e<0=P) / ( ][ ][ F(y) ~ F(2)| dHaly) dHy(2))” dHp(x) )
K=t S Bi(x) Bu(x)

and there exists a bounded linear extension operator
il xH 1
Ext : W, (X)|s? — W, (X).

|

p



Codimension 6 lower content regular sets

Given 0 > 0, aset S C X is said to be #-thick, or equivalently
codimension 6 lower content regular if IAg > 0 s.t.

Ho.oo(Br(x)NS) > )\SW’ VxeS, Vre(0,1].

By LCRy(X) we denote the class of all codimension 6 lower
content regular sets.

Examples:
(1) Any path-connected set S C R" s.t. card S > 1 is n — 1-thick;

(2) S C R" is Ahlfors-David -regular = 6-thick. The converse is
false (ball on a rope).



Codimension 6 lower content regular sets



Regular sequences of measures

Given 0 > 0, aset S € LCRy(X) & My(X) # 0. A sequence of
measures {my }xen, € My(X) if suppmy = S for all k € N and
Jde € (0, 1):

(M1) 3Ct > 0. t. Vk € Ng

my(B,(x)) < Clw Vx € X and Vre (0,€;

(M2) 3C? > 0's. t. Vk € Ny

my(B,(x)NS) > Czw Vr e (€5, 1];

(M3) my = wemg with wy € Loo(S, mg) Vk € Ng and 3C3 > 0s. t.

1

EW/{_H(X) < wi(x) < Cwigi(x) for mg—ae. x€S;
(M4) for any Borel set E C' S

_ - ENB

Di—mk} = lim mi (£ N B (X)) >0 for mpg—ae x€E.

k—o00 mk(Bek (X))



New Calderén-type maximal functions

Let # > 0 and S € LCRy(X). Let {my} be a O-regular on S
sequence of measures. Given f € L'°¢({m,}), we set

: — eup
flne) (9) = sup ZeEme(F.Bu(x)) x€EX,

where

inf  f |f(y) —cldmi(y), Bu(x)NS #0;

Em, (f Bek(X)) = { K2 (x)
0, BJ(X)QSZ@.

If S is a regular set and my, = p for all kK € Ny, then we get fsﬁﬂ.



Calderén-style characterization

Theorem 1. Let p € (1,00) and let X be a p-admissible space. Let
0 € [0,p) and S € LCRy(X). A function f € W, (X)[3* <=

fely,(S,mp) and f{umk} e L,(X, ). Furthermore,

IFIWE)Z ~ 1F1L5(S,mo) | + [1F5, 4 1Lp(%, )]

and there exists a bounded linear extension operator Exts 1 s.t.
Tr |3° 0 Exts (i, = Id on W;(X)|$°. The constants of equivalence
depend only on 0, p, Ct, C?, C3.



Brudny-Shvartsman-style characterization

Theorem 2. Let p € (1,00) and let X be a p-admissible space. Let
6 c[0,p) and S € LCRy(X). A function f € Wpl(X)|g10 =
f e L,(S, mg) and for some ¢ > 10

BSNp,{mk},c(f) =

sup(i M(B:.!Sxi)) <5mk(r,)(f7 B(c+3)r,-(Xi))>p> 1o (2)
i=1 i

T

where the supremum is taken over all families {B,.(x;)}_, s.t.:
(F1) By(x) N By(x) if i #
(F2) max{rj:i=1,...,.N} <1;
(F3) B (xi)NS # 0 forall i € {1,...,N}.

Furthermore,

IFIWE (X)S° N = [IF[Lp(S, mo)ll + BSN p (m,.c(F)-



Besov-style characterization

Theorem 3. Let p € (1,00) and let X be a p-admissible space. Let
0 € [O,p), S e £CR9(X) and {mk} < WQ(X). Then f € WI}(X) ?o
< f € L,(S5,mp) and

BNP,{mk},J(f) =
N 1
(22 / (Eme(F, Bi(x))) dme(x))” < o0 )
k=1 5.(0)
Furthermore,

IEIW, (X)[$°1l = [IFILp(S: mo)l| + BN p gm0 (F)-



Let X be an Ahlfors-David Q-regular space,i.e., u(B,(Q)) =~ r® for
some @ > 1.

One can take m;, = 2k(Q_1),uLB—i—HQ_1 Ir, kK € Np.
Trace criterion. Let p € (max{1,Q — 1},00). Then
fe Wy (X)[5° <~

Q-1

1—
1) f e Wpl(B) NBpp 7 ()
2) the gluing condition holds

Zz“o A 1) - F@I ) da(z))” < +x.

Bk(X)ﬂB Bk(X)ﬂr



THANK YOU FOR YOUR ATTENTION!
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