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Â ðàçëè÷íûõ ïðèëîæåíèÿõ íåîáõîäèìî ïðèáëèæàòü ôóíêöèè, ñîõðàíÿÿ òàêèå
ñâîéñòâà ôîðìû ïðèáëèæàåìûõ ôóíêöèé, êàê ïîëîæèòåëüíîñòü, ìîíîòîííîñòü,
âûïóêëîñòü, âîãíóòîñòü è ò.ï

Ôóíêöèÿ f èìååò ñâîéñòâà ôîðìû ⇔ f ïðèíàäëåæèò íåêîòîðîìó êîíóñó.

Ïóñòü X åñòü íîðìèðîâàííîå ëèíåéíîå ïðîñòðàíñòâî,
V åñòü êîíóñ â X.
Ãîâîðÿò, ÷òî f ∈ X èìååò ôîðìó â ñìûñëå êîíóñà V , åñëè f ∈ V .

Ïðèáëèæåíèå ñ ñîõðàíåíèåì

ïîëîæèòåëüíîñòè (êîïîëîæèòåëüíîñòè)

ìîíîòîííîñòè (êîìîíîòîííîñòè)

âûïóêëîñòè (êîâûïóêëîñòè)

...

k-âûïóêëîñòè (êî k-âûïóêëîñòè)
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Îñíîâíûå ïðèëîæåíèÿ òåîðèè
ôîðìîñîõðàíÿþùåãî
ïðèáëèæåíèÿ

CAGD (Computer-Aided
Geometric Design);

Industrial Design.
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P�al, 1925
Popoviciu, 1937
Bnf(x) =

∑n
k=0 f

(
k
n

)
Ck

nx
k(1− x)n−k

Shisha, 1965
Lorentz and Zeller, 1970
DeVore,1980
Shvedov, 1980
Newman, 1979
Beatson and Leviatan, 1983



Íàïðàâëåíèÿ 8

1 Èçó÷åíèå ôîðìîñîõðàíÿþùèõ ñâîéñòâ èíòåðïîëÿöèîííûõ ïîëèíîìîâ (â
àëôàâèòíîì ïîðÿäêå: Á. È. Êâàñîâ, F. Deutch, S. Gal, W. J. Kammerer,
K. Kopotun, G. G. Lorenz, M.G.Nikolcheva, E. Passow, T. Popoviciu,
J. A. Roulier, Z. Rubinstein, J. Szabados, W.Wolibner, S.W.Young,
K. L. Zeller è äð.);

2 Èññëåäîâàíèå ôîðìîñîõðàíÿþùèõ ñâîéñòâ ñïëàéíîâ (â àëôàâèòíîì
ïîðÿäêå: Þ.Ñ. Âîëêîâ, Á. È. Êâàñîâ, Þ.Í. Ñóááîòèí, Â. Ò.Øåâàëäèí, È. À.
Øåâ÷óê, R.DeVore, K. Kopotun, D. Leviatan, A. Shadrin è äð.);

3 Èññëåäîâàíèå ôîðìîñîõðàíÿþùèõ ñâîéñòâ ïîëèíîìîâ òèïà ïîëèíîìîâ
Áåðíøòåéíà (â àëôàâèòíîì ïîðÿäêå: H. Berens, P. L. Butzer, J.M. Carnicer,
W.Dahmen, M.M.Derrienic, R. DeVore, A.D. Gadzijev, T. N. T. Goodman,
I. I. Ibragimov, L.M.Koci�c, I. B. Lackovi�c, C. A.Micchelli, F. J.Mu�noz- Delgado,
R. J. Nessel, V. Ram��rez-Gonz�alez, I. Ra�sa, P. Sabloni�ere, D.D. Stancu,
B.Wood è äð.);

4 Ðåçóëüòàòû òèïà ðåçóëüòàòîâ Øèøà (G. A. Anastassiou, J. A. Roulier,
O. Shisha è äð.);

5 Ðåçóëüòàòû òèïà ðåçóëüòàòîâ Êîðîâêèíà (D. C�ardenas-Morales, H. Gonska,
H.-B. Knoop, F. J.Mu�noz-Delgado, P. Pottinger, V. Ram��rez-Gonz�alez è äð.).



Îáçîðíûå ðàáîòû 9

1 Shevchuk I.A. Polynomial Approximation and Traces of Functions Continuous on
a Segment, Naukova Dumka. 1992

2 Danny Leviatan. Shape-preserving approximation by polynomials and splines, in
"Approximation Theory and Functions Series". 1996

3 Koci�c Lj. M., Milovanovi�c. Shape-preserving approximation by polynomials and

splines, Comput. Math. Appl., 33 (11), 1997

4 Danny Leviatan. Shape-preserving approximation by polynomials, Journal of
Computational and Applied Mathematics. (121), 2000

5 Sorin G. Gal. Shape-Preserving Approximation by Real and Complex

Polynomials, Springer, 2008.

6 K. A. Kopotun, D. Leviatan, A. Prymak, I. A. Shevchuk. Uniform and Pointwise

Shape Preserving Approximation by Algebraic Polynomials, 2011

7 Øåâàëäèí Â.Ò. Àïïðîêñèìàöèÿ ëîêàëüíûìè ñïëàéíàìè. Åêàòåðèíáóðã.
2014. 198 ñ.

8 Ñ. Ï. Ñèäîðîâ, Ëèíåéíûå ìåòîäû ôîðìîñîõðàíÿþùåãî ïðèáëèæåíèÿ,
Èçä-âî Ñàðàò. óí-òà, Ñàðàòîâ, 2017 , 164 ñ.
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X � íîðìèðîâàííîå ëèíåéíîå ïðîñòðàíñòâî
Xn � n-ìåðíîå ïîäïðîñòðàíñòâî X
V � êîíóñ â X

1 íàèëó÷øåå (ôîðìîñîõðàíÿþùåå) ïðèáëèæåíèå
f ∈ X ∩ V , E(f ;Xn ∩ V ) = infg∈Xn∩V ∥f − g∥X

2 óêëîíåíèå A ∩ V îò Xn ∩ V
A ⊂ X, E(A ∩ V ;Xn ∩ V ) = supf∈A∩V infg∈Xn∩V ∥f − g∥X

3 îòíîñèòåëüíûå n-ïîïåðå÷íèêè A â X ñ óñëîâèåì V (Êîíîâàëîâ, 1984)

dn(A ∩ V ;V )X = inf
Xn∩V

sup
f∈A∩V

inf
g∈Xn∩V

∥f − g∥X ,

ëåâûé èíôèìóì áåðåòñÿ ñðåäè âñåõ n-ìåðíûõ ïîäïðîñòðàíñòâ Xn

ïðîñòðàíñòâà X, òàêèõ, ÷òî Xn ∩ V ̸= ∅.
4 îòíîñèòåëüíûå ëèíåéíûå n-ïîïåðå÷íèêè ìíîæåñòâà A â X ñ óñëîâèåì V

δn(A, V )X := inf
Ln(V )⊂V

sup
f∈A

∥f − Lnf∥X



2. Êîíóñû
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Îïðåäåëåíèå 1

Ïóñòü ∆k îçíà÷àåò ìíîæåñòâî âñåõ k-ìîíîòîííûõ ôóíêöèé, îïðåäåëåííûõ íà
[0,1].

Îïðåäåëåíèå 2

Ãîâîðÿò, ÷òî ôóíêöèÿ f : [0, 1] → R ÿâëÿåòñÿ k-ìîíîòîííîé, k ≥ 1, íà [0, 1], åñëè
äëÿ âñåõ k + 1 ðàçëè÷íûõ t0, . . . , tk èç [0, 1] âûïîëíÿåòñÿ ðàâåíñòâî

[t0, . . . , tk]f ≥ 0

ãäå [t0, . . . , tk]f =
∑k

j=0(f(tj)/w
′(tj)) îçíà÷àåò ðàçäåëåííóþ ðàçíîñòü ïîðÿäêà k

ôóíêöèè f ïî óçëàì 0 ≤ t0 < t1 < . . . < tk ≤ 1, è w(t) =
∏k

j=0(t− tj).

Ïóñòü 0 ≤ h ≤ k � äâà öåëûõ ÷èñëà è
σ = (σ0, . . . , σk) ∈ Rk+1

σi ∈ {−1, 0, 1}, σhσk ̸= 0

Îïðåäåëåíèå 3

Ðàññìîòðèì êîíóñ

∆h,k(σ) := {f ∈ C[0, 1] : σif ∈ ∆i[0, 1], h ≤ i ≤ k}.
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u0, . . . , um ∈ Cm[0, 1] � îáîáù¼ííàÿ ïîëíàÿ ñèñòåìà ×åáûøåâà íà [0, 1].

Îïðåäåëåíèå 4

Ãîâîðÿò, ÷òî ôóíêöèÿ f , îïðåäåë¼ííàÿ íà [0,1], ÿâëÿåòñÿ âûïóêëîé ïî îòíîøåíèþ
ê ñèñòåìå u0, . . . , um (ïðè ýòîì ïèøóò f ∈ C(u0, . . . , um)), åñëè∣∣∣∣∣∣∣∣

u0(t0) u0(t1) . . . u0(tm+1)
. . . . . . . . . . . .

um(t0) um(t1) . . . um(tm+1)
f(t0) f(t1) . . . f(tm+1)

∣∣∣∣∣∣∣∣ ≥ 0

äëÿ ïðîèçâîëüíûõ íàáîðîâ òî÷åê 0 < t0 < t1 < . . . < tm+1 < 1.

Ïóñòü σ = (σ0, . . . , σk) ∈ Rk+1,
σi ∈ {−1, 0, 1},
h, k � äâà öåëûõ ÷èñëà, òàêèõ, ÷òî σhσk ̸= 0.
u0, . . . , uk−1 ∈ Ck−1[0, 1] � îáîáùåííàÿ ïîëíàÿ ñèñòåìà ×åáûøåâà íà [0, 1].

Îïðåäåëåíèå 5

Vl+1 := {f ∈ Cl[0, 1] : f ∈ C(u0, . . . , ul)}, l = 0, . . . , k − 1,

V0 := ∆0

Îïðåäåëåíèå 6 (Êîíóñ)

Vh,k(σ) = ∩k
l=hσlVl.
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Åñëè u0, . . . , uk−1 ∈ Ck−1[0, 1] óäîâëåòâîðÿþò íà÷àëüíûì óñëîâèÿì u
(p)
l = 0,

p = 0, . . . , l− 1, l = 1, . . . , k − 1, òî ñèñòåìà u0, . . . , uk−1 ìîæåò áûòü
ïðåäñòàâëåíà â âèäå

u0(t) = ω0(t),

ul(t) = ω0(t)

t∫
o

ω1(ζ1)

ζ1∫
0

ω2(ζ2) . . .

ζl−1∫
0

ωl(ζl)dζl . . . dζ1, l = 1, . . . , k − 1,

ãäå ω0, . . . , ωk−1 åñòü ñòðîãî ïîëîæèòåëüíûå íà [0,1] ôóíêöèè òàêèå, ÷òî
ωl ∈ Ck−1−l[0, 1], l = 0, . . . , k − 1.
Ïóñòü Dj , j = 0, . . . , k − 1, îçíà÷àåò äèôôåðåíöèàëüíûé îïåðàòîð ïåðâîãî
ïîðÿäêà

(Djf)(t) =
d

dt

(
f(t)

ωj(t)

)
.

Îáîçíà÷èì
D[r] = Dr−1 . . . D0, r = 1, . . . , k − 1, D[0] := I

Êîíóñ

Vh,k(σ) = {f ∈ Ck[0, 1] : σiD
[i]f ≥ 0, i = h, . . . , k}



Ïðåäñòàâëåíèå ñèñòåìû u0, . . . , uk−1 16
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[i]f ≥ 0, i = h, . . . , k}



3. Îøèáêà ïðèáëèæåíèÿ ëèíåéíûìè
ôîðìîñîõðàíÿþùèìè îïåðàòîðàìè
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Ëèíåéíûå ïîëîæèòåëüíûå îïåðàòîðû

Îïðåäåëåíèå 7

Ëèíåéíûé îïåðàòîð L : C[0, 1] → C[0, 1] íàçûâàåòñÿ ïîëîæèòåëüíûì, åñëè

L(∆0) ⊂ ∆0,

ãäå
∆0 = {f ∈ C[0, 1] : f ≥ 0},

Óòâåðæäåíèå 1 (Shisha and Mond, 1968)

Ïóñòü Ln : C[0, 1] → C[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ
îïåðàòîðîâ òàêèõ, ÷òî Ln(∆0) ⊂ ∆0. Òîãäà äëÿ âñÿêîé f ∈ C[0, 1] è ëþáûõ
x ∈ (0, 1) è δn > 0

|f(x)− Lnf(x)| ≤ |f(x)||e0(x)− Lne0(x)|+
(
Lne0(x) + δ−2

n β2
n(x)

)
ω(f, δn),

ãäå
β2
n(x) = Ln

(
e2 − 2xe1 + x2e0

)
(x).

Òåîðåìû Êîðîâêèíà äëÿ ïîñëåäîâàòåëüíîñòåé ËÏÎ

Îöåíêè ñêîðîñòè ñõîäèìîñòè äëÿ êîíêðåòíûõ ïîñëåäîâàòåëüíîñòåé ËÏÎ

Ìîæåì ëè ìû îáîáùèòü ðåçóëüòàòû íà ñëó÷àé ôîðìîñîõðàíÿþùèõ

îïåðàòîðîâ?
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Ëèíåéíûå ïîëîæèòåëüíûå îïåðàòîðû

Îïðåäåëåíèå 7

Ëèíåéíûé îïåðàòîð L : C[0, 1] → C[0, 1] íàçûâàåòñÿ ïîëîæèòåëüíûì, åñëè

L(∆0) ⊂ ∆0,

ãäå
∆0 = {f ∈ C[0, 1] : f ≥ 0},

Óòâåðæäåíèå 1 (Shisha and Mond, 1968)

Ïóñòü Ln : C[0, 1] → C[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ
îïåðàòîðîâ òàêèõ, ÷òî Ln(∆0) ⊂ ∆0. Òîãäà äëÿ âñÿêîé f ∈ C[0, 1] è ëþáûõ
x ∈ (0, 1) è δn > 0

|f(x)− Lnf(x)| ≤ |f(x)||e0(x)− Lne0(x)|+
(
Lne0(x) + δ−2

n β2
n(x)

)
ω(f, δn),

ãäå
β2
n(x) = Ln

(
e2 − 2xe1 + x2e0

)
(x).

Òåîðåìû Êîðîâêèíà äëÿ ïîñëåäîâàòåëüíîñòåé ËÏÎ

Îöåíêè ñêîðîñòè ñõîäèìîñòè äëÿ êîíêðåòíûõ ïîñëåäîâàòåëüíîñòåé ËÏÎ

Ìîæåì ëè ìû îáîáùèòü ðåçóëüòàòû íà ñëó÷àé ôîðìîñîõðàíÿþùèõ

îïåðàòîðîâ?
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Ëèíåéíûå ïîëîæèòåëüíûå îïåðàòîðû

Îïðåäåëåíèå 7

Ëèíåéíûé îïåðàòîð L : C[0, 1] → C[0, 1] íàçûâàåòñÿ ïîëîæèòåëüíûì, åñëè

L(∆0) ⊂ ∆0,

ãäå
∆0 = {f ∈ C[0, 1] : f ≥ 0},

Óòâåðæäåíèå 1 (Shisha and Mond, 1968)

Ïóñòü Ln : C[0, 1] → C[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ
îïåðàòîðîâ òàêèõ, ÷òî Ln(∆0) ⊂ ∆0. Òîãäà äëÿ âñÿêîé f ∈ C[0, 1] è ëþáûõ
x ∈ (0, 1) è δn > 0

|f(x)− Lnf(x)| ≤ |f(x)||e0(x)− Lne0(x)|+
(
Lne0(x) + δ−2

n β2
n(x)

)
ω(f, δn),

ãäå
β2
n(x) = Ln

(
e2 − 2xe1 + x2e0

)
(x).

Òåîðåìû Êîðîâêèíà äëÿ ïîñëåäîâàòåëüíîñòåé ËÏÎ

Îöåíêè ñêîðîñòè ñõîäèìîñòè äëÿ êîíêðåòíûõ ïîñëåäîâàòåëüíîñòåé ËÏÎ

Ìîæåì ëè ìû îáîáùèòü ðåçóëüòàòû íà ñëó÷àé ôîðìîñîõðàíÿþùèõ

îïåðàòîðîâ?
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X åñòü êîìïàêò â R

RX åñòü ïðîñòðàíñòâî âñåõ äåéñòâèòåëüíîçíà÷íûõ ôóíêöèé, îïðåäåë¼ííûõ
íà X

B åñòü ïîäìíîæåñòâî RX

A åñòü ïîäïðîñòðàíñòâî C(X), A ⊂ B

K : B → RX åñòü ëèíåéíûé îïåðàòîð, òàêîé ÷òî K(A) ⊂ C(X)

P = {f ∈ B : Kf ≥ 0}
V åñòü êîíóñ â A

Ïóñòü U = span {ui}i∈I åñòü ïîäïðîñòðàíñòâî â A óäîâëåòâîðÿþùåå

1 ñóùåñòâóåò u ∈ U òàêîé, ÷òî Ku(t) = 1 äëÿ âñåõ t ∈ X;

2 äëÿ âñÿêîãî x ∈ X íàéä¼òñÿ ϕx ∈ V ∩ U òàêàÿ, ÷òî

Kϕx(x) = 0 < Kϕx(t) äëÿ âñåõ t ∈ X \ x
∀f ∈ A, ∃α = α(f) > 0: β > α ⇒ βϕz + f ∈ V
íàéäóòñÿ ôóíêöèè {ai}i∈I îïðåäåë¼ííûå íà X, òàêèå, ÷òî äëÿ
âñåõ x, t ∈ X âûïîëíÿåòñÿ Kϕx(t) ≥ cKhx(t), ãäå
ϕx :=

∑
i∈I ai(x)ui, c åñòü ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå

îò x è t, è hx óäîâëåòâîðÿåò Khx(t) = (t− x)2.
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X åñòü êîìïàêò â R

RX åñòü ïðîñòðàíñòâî âñåõ äåéñòâèòåëüíîçíà÷íûõ ôóíêöèé, îïðåäåë¼ííûõ
íà X

B åñòü ïîäìíîæåñòâî RX

A åñòü ïîäïðîñòðàíñòâî C(X), A ⊂ B

K : B → RX åñòü ëèíåéíûé îïåðàòîð, òàêîé ÷òî K(A) ⊂ C(X)

P = {f ∈ B : Kf ≥ 0}
V åñòü êîíóñ â A

Ïóñòü U = span {ui}i∈I åñòü ïîäïðîñòðàíñòâî â A óäîâëåòâîðÿþùåå

1 ñóùåñòâóåò u ∈ U òàêîé, ÷òî Ku(t) = 1 äëÿ âñåõ t ∈ X;

2 äëÿ âñÿêîãî x ∈ X íàéä¼òñÿ ϕx ∈ V ∩ U òàêàÿ, ÷òî

Kϕx(x) = 0 < Kϕx(t) äëÿ âñåõ t ∈ X \ x
∀f ∈ A, ∃α = α(f) > 0: β > α ⇒ βϕz + f ∈ V
íàéäóòñÿ ôóíêöèè {ai}i∈I îïðåäåë¼ííûå íà X, òàêèå, ÷òî äëÿ
âñåõ x, t ∈ X âûïîëíÿåòñÿ Kϕx(t) ≥ cKhx(t), ãäå
ϕx :=

∑
i∈I ai(x)ui, c åñòü ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå

îò x è t, è hx óäîâëåòâîðÿåò Khx(t) = (t− x)2.
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Ëåììà 1

Ïóñòü {Ln}n≥1, Ln : A → B, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ îïåðàòîðîâ,

óäîâëåòâîðÿþùèõ Ln(P ∩ V ) ⊂ P äëÿ âñåõ n ≥ 1. Òîãäà äëÿ âñÿêîé f ∈ A è

ëþáîãî n = 1, 2, . . .

|(Kf −K(Lnf))(x)| ≤

|Kf(x)| · |(K(Lnu)−Ku)(x)|+
∣∣(K(Lnu) + βµ2

n(x)δ
−2
n )(x)

∣∣ω(Kf, δn), (1)

ãäå ω ìîäóëü íåïðåðûâíîñòè,

ω(f, δ) := sup{|f(x+ h)− f(x)| : x, x+ h ∈ X, 0 ≤ h ≤ δ}, β = β(x, f) ≥ 1 åñòü

êîíñòàíòà è

µ2
n(x) = c−1K(Lnϕx)(x).
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Di îçíà÷àåò îïåðàòîð äèôôåðåíöèðîâàíèÿ ïîðÿäêà i, Dif(x) = dif
dxi

D0 = I åñòü òîæäåñòâåííûé îïåðàòîð

Ck[0, 1], k ≥ 0, ïðîñòðàíñòâî âñåõ äåéñòâèòåëüíîçíà÷íûõ k-ðàç íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé, îïðåäåë¼ííûõ íà [0, 1]

Òåîðåìà 1

Ïóñòü Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ òàêèõ, ÷òî Ln(∆k) ⊂ ∆k. Òîãäà äëÿ âñÿêîé f ∈ Ck[0, 1] è ëþáûõ

x ∈ (0, 1) è δn > 0

|Dkf(x)−DkLnf(x)| ≤
1

k!
|Dkf(x)||Dkek(x)−DkLnek(x)|+(

1

k!
DkLnek(x) + δ−2

n β2
n(x)

)
ω(Dkf, δn), (2)

ãäå

β2
n(x) = DkLn

(
2

(k + 2)!
ek+2 −

2

(k + 1)!
xek+1 +

1

k!
x2ek

)
(x).
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Di îçíà÷àåò îïåðàòîð äèôôåðåíöèðîâàíèÿ ïîðÿäêà i, Dif(x) = dif
dxi

D0 = I åñòü òîæäåñòâåííûé îïåðàòîð

Ck[0, 1], k ≥ 0, ïðîñòðàíñòâî âñåõ äåéñòâèòåëüíîçíà÷íûõ k-ðàç íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé, îïðåäåë¼ííûõ íà [0, 1]

Òåîðåìà 1

Ïóñòü Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ òàêèõ, ÷òî Ln(∆k) ⊂ ∆k. Òîãäà äëÿ âñÿêîé f ∈ Ck[0, 1] è ëþáûõ

x ∈ (0, 1) è δn > 0

|Dkf(x)−DkLnf(x)| ≤
1

k!
|Dkf(x)||Dkek(x)−DkLnek(x)|+(

1

k!
DkLnek(x) + δ−2

n β2
n(x)

)
ω(Dkf, δn), (2)

ãäå

β2
n(x) = DkLn

(
2

(k + 2)!
ek+2 −

2

(k + 1)!
xek+1 +

1

k!
x2ek

)
(x).
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(Popoviciu, 1937): åñëè f åñòü k-ìîíîòîííàÿ íà [0,1], òîãäà ïîëèíîì Áåðíøòåéíà

Bnf(x) :=
n∑

i=0

(n
i

)
xi(1− x)n−if

(
i
n

)
òàêæå k-ìîíîòîíåí íà [0,1].

Ðàáîòû (Cardenas at al.,2006, 2008, 2011), (Bede, 2009), (Radu-2012), (Floater,
2005) èññëåäóþò ñâîéñòâà ñîõðàíåíèÿ ôîðìû è ñõîäèìîñòè ïîñëåäîâàòåëüíîñòåé
ëèíåéíûõ îïåðàòîðîâ òèïà Áåðíøòåéíà.

Ñëåäñòâèå 1

Ïóñòü 2 < k < n. Òîãäà

|Dkf(x)−DkBnf(x)| ≤
k

2n
|Dkf(x)|+

[
1 +

k

2n
+

+ ak−1(n)δ
−2
n

(
x2

(
1

n
+

k(k + 1)

n2

)
− x

k2 − 1

n
+

k2

4n2

)]
ω
(
Dkf, δn

)
. (3)

ap(n) :=
∏p

i=1

(
1− i

n

)
, 1 ≤ p ≤ n
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Òåîðåìà 2

Ïóñòü Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ òàêèõ, ÷òî Ln(∆h,k) ⊂ σk∆
k. Òîãäà äëÿ âñÿêîé f ∈ Ck[0, 1] è ëþáûõ

x ∈ (0, 1) è δn > 0

|Dkf(x)−DkLnf(x)| ≤
1

k!
|Dkf(x)||Dkek(x)−DkLnek(x)|+(

1

k!
DkLnek(x) + βδ−2

n α2
n(x)

)
ω(Dkf, δn), (4)

ãäå

α2
n(x) = DkLn

(
2

(k + 2)!
ek+2 −

2

(k + 1)!
xek+1 +

1

k!
x2ek +

k−1∑
h

ciei

)
(x),

äëÿ íåêîòîðûõ ci > 0 è β ≥ 1.
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ej(t) = tj , j = 0, 1, . . .
∥f∥ = sup

x∈[0,1]
|f(x)|

Òåîðåìà 3 (Êîðîâêèí, 1952)

Ïóñòü {Ln}n≥1, Ln : C[0, 1] → B[0, 1], � ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ, òàêèõ ÷òî

1 Ln(∆0) ⊂ ∆0, n ≥ 1,

2 lim
n→∞

∥(Ln − I)ej∥ = 0, j = 0, 1, 2,

òî

lim
n→∞

∥(Ln − I)f∥ = 0

äëÿ âñåõ f ∈ C[0, 1].
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u0, . . . , uk+2 ∈ Ck+2[0, 1] � îáîáù¼ííàÿ ïîëíàÿ ñèñòåìà ×åáûøåâà íà [0, 1],

D[k]uk = e0.
Vh,k(σ) = ∩k

l=hσlVl

Òåîðåìà 4

Ïóñòü Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, � ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ. Åñëè

1 Ln(Vh,k(σ)) ⊂ Vh,k(σ),

2 lim
n→∞

∥D[k](Ln − I)uj∥ = 0, j = h, . . . , k + 2,

òî limn→∞ ∥D[k](Ln − I)f∥ = 0 äëÿ âñåõ f ∈ Ck[0, 1].

Ñëåäñòâèå 2 (F. J. Mu�noz-Delgado at al., 1998)

Ïóñòü Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ. Åñëè

1 Ln(∆h,k(σ)) ⊂ ∆h,k(σ),

2 lim
n→∞

∥Dk(Ln − I)ej∥ = 0, j = h, . . . , k + 2,

òî limn→∞ ∥Dk(Ln − I)f∥ = 0 äëÿ âñåõ f ∈ Ck[0, 1].
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u0, . . . , uk+2 ∈ Ck+2[0, 1] � îáîáù¼ííàÿ ïîëíàÿ ñèñòåìà ×åáûøåâà íà [0, 1],

D[k]uk = e0.
Vh,k(σ) = ∩k

l=hσlVl

Òåîðåìà 4

Ïóñòü Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, � ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ. Åñëè

1 Ln(Vh,k(σ)) ⊂ Vh,k(σ),

2 lim
n→∞

∥D[k](Ln − I)uj∥ = 0, j = h, . . . , k + 2,

òî limn→∞ ∥D[k](Ln − I)f∥ = 0 äëÿ âñåõ f ∈ Ck[0, 1].

Ñëåäñòâèå 2 (F. J. Mu�noz-Delgado at al., 1998)

Ïóñòü Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ. Åñëè

1 Ln(∆h,k(σ)) ⊂ ∆h,k(σ),

2 lim
n→∞

∥Dk(Ln − I)ej∥ = 0, j = h, . . . , k + 2,

òî limn→∞ ∥Dk(Ln − I)f∥ = 0 äëÿ âñåõ f ∈ Ck[0, 1].



Òåîðåìà òèïà òåîðåìû Êîðîâêèíà 30

u0, . . . , uk ∈ Ck[0, 1] � îáîáù¼ííàÿ ïîëíàÿ ñèñòåìà ×åáûøåâà íà [0, 1]
Vh,k(σ) = ∩k

l=hσlVl

Γ := {i : h ⩽ i < k, σi ̸= 0, σi+1 = 0, σi · σi+2 ̸= −1}

Òåîðåìà 5

Ïóñòü Vh,k(σ) åñòü êîíóñ, Γ ̸= ∅. Ïóñòü r ∈ Γ è D[r]ur = e0, D[r]ur+1 = e1.

Ïóñòü Ln : Ck[0, 1] → Cr[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ. Åñëè

1 Ln(Vh,k(σ)) ⊂ Vh,k(σ),

2 lim
n→∞

∥D[r](Ln − I)uj∥ = 0, j = h, . . . , k,

òî limn→∞ ∥D[r](Ln − I)f∥ = 0 äëÿ ëþáîé f ∈ Cr[0, 1].

Ñëåäñòâèå 3 (F. J. Mu�noz-Delgado at al., 1998)

Ïóñòü ∆h,k(σ) åñòü êîíóñ òàêîé, ÷òî Γ ̸= ∅. Ïóñòü r ∈ Γ è

Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ îïåðàòîðîâ.

Åñëè

1 Ln(∆h,k(σ)) ⊂ ∆h,k(σ[r]),

2 lim
n→∞

∥Dr(Ln − I)ej∥ = 0, j = h, . . . , k,

òî limn→∞ ∥Dr(Ln − I)f∥ = 0 äëÿ âñåõ f ∈ Cr[0, 1].
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u0, . . . , uk ∈ Ck[0, 1] � îáîáù¼ííàÿ ïîëíàÿ ñèñòåìà ×åáûøåâà íà [0, 1]
Vh,k(σ) = ∩k

l=hσlVl

Γ := {i : h ⩽ i < k, σi ̸= 0, σi+1 = 0, σi · σi+2 ̸= −1}

Òåîðåìà 5

Ïóñòü Vh,k(σ) åñòü êîíóñ, Γ ̸= ∅. Ïóñòü r ∈ Γ è D[r]ur = e0, D[r]ur+1 = e1.

Ïóñòü Ln : Ck[0, 1] → Cr[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ

îïåðàòîðîâ. Åñëè

1 Ln(Vh,k(σ)) ⊂ Vh,k(σ),

2 lim
n→∞

∥D[r](Ln − I)uj∥ = 0, j = h, . . . , k,

òî limn→∞ ∥D[r](Ln − I)f∥ = 0 äëÿ ëþáîé f ∈ Cr[0, 1].

Ñëåäñòâèå 3 (F. J. Mu�noz-Delgado at al., 1998)

Ïóñòü ∆h,k(σ) åñòü êîíóñ òàêîé, ÷òî Γ ̸= ∅. Ïóñòü r ∈ Γ è

Ln : Ck[0, 1] → Ck[0, 1], n ≥ 1, åñòü ïîñëåäîâàòåëüíîñòü ëèíåéíûõ îïåðàòîðîâ.

Åñëè

1 Ln(∆h,k(σ)) ⊂ ∆h,k(σ[r]),

2 lim
n→∞

∥Dr(Ln − I)ej∥ = 0, j = h, . . . , k,

òî limn→∞ ∥Dr(Ln − I)f∥ = 0 äëÿ âñåõ f ∈ Cr[0, 1].



4. Îöåíêè ëèíåéíûõ îòíîñèòåëüíûõ ïîïåðå÷íèêîâ
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ei(x) = xi, i = 0, 1, . . .
Πm := span{e0, e1, . . . , em}
P ∗
m := {f ∈ Πm : ∥f∥Cm[0,1] ≤ 1}

∥f∥Ck[0,1] =
∑

0≤i≤k
1
i!
supx∈[0,1] |Dif(x)|

Òåîðåìà 6

Ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n, òàêèå, ÷òî

c1n
−2 < inf

Ln(∆k)⊂∆k
sup

f∈P∗
k+2

∥f − Lnf∥Ck[0,1] < c2n
−2.

Òåîðåìà 7

Ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n, òàêèå, ÷òî

c1n
−2 < inf

Ln(∆h,k(σ))⊂∆h,k(σ)
sup

f∈P∗
k+2

∥f − Lnf∥Ck[0,1] < c2n
−2. (5)

Γ := {i : h ⩽ i < k, σi ̸= 0, σi+1 = 0, σi · σi+2 ̸= −1}

Òåîðåìà 8

Ïóñòü n ⩾ k + r, Γ ̸= ∅ è r ∈ Γ. Òîãäà ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n,
òàêèå, ÷òî

c1n
−(k−r) < inf

Ln(∆h,k(σ))⊂∆h,k(σ)
sup
f∈Pk

∥f − Lnf∥Cr [0,1] < c2n
−(k−r), (6)
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ei(x) = xi, i = 0, 1, . . .
Πm := span{e0, e1, . . . , em}
P ∗
m := {f ∈ Πm : ∥f∥Cm[0,1] ≤ 1}

∥f∥Ck[0,1] =
∑

0≤i≤k
1
i!
supx∈[0,1] |Dif(x)|

Òåîðåìà 6

Ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n, òàêèå, ÷òî

c1n
−2 < inf

Ln(∆k)⊂∆k
sup

f∈P∗
k+2

∥f − Lnf∥Ck[0,1] < c2n
−2.

Òåîðåìà 7

Ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n, òàêèå, ÷òî

c1n
−2 < inf

Ln(∆h,k(σ))⊂∆h,k(σ)
sup

f∈P∗
k+2

∥f − Lnf∥Ck[0,1] < c2n
−2. (5)

Γ := {i : h ⩽ i < k, σi ̸= 0, σi+1 = 0, σi · σi+2 ̸= −1}

Òåîðåìà 8

Ïóñòü n ⩾ k + r, Γ ̸= ∅ è r ∈ Γ. Òîãäà ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n,
òàêèå, ÷òî

c1n
−(k−r) < inf

Ln(∆h,k(σ))⊂∆h,k(σ)
sup
f∈Pk

∥f − Lnf∥Cr [0,1] < c2n
−(k−r), (6)
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ei(x) = xi, i = 0, 1, . . .
Πm := span{e0, e1, . . . , em}
P ∗
m := {f ∈ Πm : ∥f∥Cm[0,1] ≤ 1}

∥f∥Ck[0,1] =
∑

0≤i≤k
1
i!
supx∈[0,1] |Dif(x)|

Òåîðåìà 6

Ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n, òàêèå, ÷òî

c1n
−2 < inf

Ln(∆k)⊂∆k
sup

f∈P∗
k+2

∥f − Lnf∥Ck[0,1] < c2n
−2.

Òåîðåìà 7

Ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n, òàêèå, ÷òî

c1n
−2 < inf

Ln(∆h,k(σ))⊂∆h,k(σ)
sup

f∈P∗
k+2

∥f − Lnf∥Ck[0,1] < c2n
−2. (5)

Γ := {i : h ⩽ i < k, σi ̸= 0, σi+1 = 0, σi · σi+2 ̸= −1}

Òåîðåìà 8

Ïóñòü n ⩾ k + r, Γ ̸= ∅ è r ∈ Γ. Òîãäà ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n,
òàêèå, ÷òî

c1n
−(k−r) < inf

Ln(∆h,k(σ))⊂∆h,k(σ)
sup
f∈Pk

∥f − Lnf∥Cr [0,1] < c2n
−(k−r), (6)
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ei(x) = xi, i = 0, 1, . . .
Πm := span{e0, e1, . . . , em}
P ∗
m := {f ∈ Πm : ∥f∥Cm[0,1] ≤ 1}

∥f∥Ck[0,1] =
∑

0≤i≤k
1
i!
supx∈[0,1] |Dif(x)|

Òåîðåìà 6

Ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n, òàêèå, ÷òî

c1n
−2 < inf

Ln(∆k)⊂∆k
sup

f∈P∗
k+2

∥f − Lnf∥Ck[0,1] < c2n
−2.

Òåîðåìà 7

Ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n, òàêèå, ÷òî

c1n
−2 < inf

Ln(∆h,k(σ))⊂∆h,k(σ)
sup

f∈P∗
k+2

∥f − Lnf∥Ck[0,1] < c2n
−2. (5)

Γ := {i : h ⩽ i < k, σi ̸= 0, σi+1 = 0, σi · σi+2 ̸= −1}

Òåîðåìà 8

Ïóñòü n ⩾ k + r, Γ ̸= ∅ è r ∈ Γ. Òîãäà ñóùåñòâóþò c1, c2 > 0, íå çàâèñÿùèå îò n,
òàêèå, ÷òî

c1n
−(k−r) < inf

Ln(∆h,k(σ))⊂∆h,k(σ)
sup
f∈Pk

∥f − Lnf∥Cr [0,1] < c2n
−(k−r), (6)



5. k-ìîíîòîííàÿ ðåãðåññèÿ
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Äèñêðåòèçàöèÿ

⇓
k-ìîíîòîííîå âîññòàíîâëåíèå

⇓
Ëèíåéíàÿ àïïðîêñèìàööèÿ
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(k = 1) (k = 2)
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n∑
i=1

(zi − yi)
2 → min

z∈∆k
n

.
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y = (y1, . . . , yn)
T ∈ Rn, n ∈ N,

Ïóñòü ∆k
n � ìíîæåñòâî âñåõ k-ìîíîòîííûõ âåêòîðîâ èç Rn.

Çàäà÷à ïîñòðîåíèÿ k-ìîíîòîííîé ðåãðåññèè

çàêëþ÷àåòñÿ â íàõîæäåíèè âåêòîðà z ñ íàèìåíüøåé êâàäðàòè÷íîé îøèáêîé
àïïðîêñèìàöèè çàäàííîãî âåêòîðà y ∈ Rn (íå îáÿçàòåëüíî k-ìîíîòîííîãî), ïðè óñëîâèè
k-ìîíîòîííîñòè âåêòîðà z:

(z − y)
T
(z − y) =

n∑
i=1

(zi − yi)
2 → min

z∈∆k
n

. (7)

(Robertson and Dykstra, 1982), (Robertson, 1988), (Barlow, 1972), (Dykstra-1981), (Best,
1990), (Best, 2000), (Ahuja, 2001), (Hansohm, 2007), (Burdakov, 2004), (Leeuw, 2009)

Ïðèìåíÿåòñÿ

â íåïàðàìåòðè÷åñêîé ìàòåìàòè÷åñêîé ñòàòèñòèêå (Chen, 2013), (Bach, 2017);

ïðè ñãëàæèâàíèè ýìïèðè÷åñêèõ äàííûõ (Siem, 2006), (Gorinevsky, 2008 and 2009),
(Altmann, 2014), (Hastie, 2015), (Burdakov, 2017);

â çàäà÷àõ äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ (Chen, 2013), (Cai, 2014);
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y = (y1, . . . , yn)
T ∈ Rn, n ∈ N,

Ïóñòü ∆k
n � ìíîæåñòâî âñåõ k-ìîíîòîííûõ âåêòîðîâ èç Rn.

Çàäà÷à ïîñòðîåíèÿ k-ìîíîòîííîé ðåãðåññèè

çàêëþ÷àåòñÿ â íàõîæäåíèè âåêòîðà z ñ íàèìåíüøåé êâàäðàòè÷íîé îøèáêîé
àïïðîêñèìàöèè çàäàííîãî âåêòîðà y ∈ Rn (íå îáÿçàòåëüíî k-ìîíîòîííîãî), ïðè óñëîâèè
k-ìîíîòîííîñòè âåêòîðà z:

(z − y)
T
(z − y) =

n∑
i=1

(zi − yi)
2 → min

z∈∆k
n

. (7)

(Robertson and Dykstra, 1982), (Robertson, 1988), (Barlow, 1972), (Dykstra-1981), (Best,
1990), (Best, 2000), (Ahuja, 2001), (Hansohm, 2007), (Burdakov, 2004), (Leeuw, 2009)

Ïðèìåíÿåòñÿ

â íåïàðàìåòðè÷åñêîé ìàòåìàòè÷åñêîé ñòàòèñòèêå (Chen, 2013), (Bach, 2017);

ïðè ñãëàæèâàíèè ýìïèðè÷åñêèõ äàííûõ (Siem, 2006), (Gorinevsky, 2008 and 2009),
(Altmann, 2014), (Hastie, 2015), (Burdakov, 2017);

â çàäà÷àõ äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ (Chen, 2013), (Cai, 2014);
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Âñïîìîãàòåëüíàÿ çàäà÷à äëÿ àêòèâíîãî ìíîæåñòâà S

1

2

n∑
i=1

(zi − yi)
2 → min, (8)

ãäå ìèíèìóì èùåòñÿ ïî âñåì z ∈ Rn, òàêèì, ÷òî δkzi = 0 ∀ i ∈ S.

Äâîéñòâåííûé àëãîðèòì íà îñíîâå àêòèâíîãî ìíîæåñòâà

begin
· Íà âõîä ïîäàåòñÿ âåêòîð y ∈ Rn;
· Àêòèâíîå ìíîæåñòâî S = ∅;
· Èñõîäíîå çíà÷åíèå z(S) = y;

· while z(S) /∈ δkn do

· çàäàåì S ← S ∪ {i : ∆kzi < 0};
· ðåøàåì çàäà÷ó (8) äëÿ àêòèâíîãî ìíîæåñòâà S;
· ïåðåïèñûâàåì çíà÷åíèÿ z(S);

· Âîçâðàùàåì ðåøåíèå z(S);

end

Òåîðåìà 9

Äëÿ ëþáîãî èçíà÷àëüíî çàäàííîãî àêòèâíîãî ìíîæåñòâà S ⊂ S∗, àëãîðèòì ñõîäèòñÿ ê
òî÷íîìó ðåøåíèþ çàäà÷è (7) íå áîëåå ÷åì çà n− |S| èòåðàöèé, ãäå n � ðàçìåðíîñòü
çàäà÷è è |S| � êîëè÷åñòâî ýëåìåíòîâ â àêòèâíîì ìíîæåñòâå íà ïåðâîé èòåðàöèè
àëãîðèòìà.
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Óñòàíîâëåí ðÿä àïïðîêñèìàòèâíûõ ñâîéñòâ îïåðàòîðîâ, îáëàäàþùèõ
ñâîéñòâîì ôîðìîñîõðàíåíèÿ îòíîñèòåëüíî êîíóñîâ îáîáùåííî âûïóêëûõ
ôóíêöèé, â ÷àñòíîñòè, äîêàçàíû òåîðåìû òèïà òåîðåì Êîðîâêèíà îá
óñëîâèÿõ ñõîäèìîñòè ïîñëåäîâàòåëüíîñòåé ôîðìîñîõðàíÿþùèõ îïåðàòîðîâ.

Ðàçðàáîòàí è ðåàëèçîâàí äâîéñòâåííûé àëãîðèòì äëÿ ïîñòðîåíèÿ
k-ìîíîòîííîé ðåãðåññèè íà îñíîâå àêòèâíîãî ìíîæåñòâà è äîêàçàíà åãî
ñõîäèìîñòü.



ÑÏÀÑÈÁÎ!


