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Ïóñòü m, k ∈ N, 1 ≤ p <∞, 1 ≤ θ <∞. ×åðåç lmp îáîçíà÷èì

ïðîñòðàíñòâî Rm ñ íîðìîé

‖(xi )1≤i≤m‖lmp =

(
m∑
i=1

|xi |p
)1/p

;

÷åðåç lm,kp,θ îáîçíà÷èì ïðîñòðàíñòâî Rmk ñ íîðìîé

‖(xi ,j)1≤i≤m, 1≤j≤k‖lm,kp,θ
=

 k∑
j=1

(
m∑
i=1

|xi ,j |p
)θ/p1/θ

(äëÿ p =∞ èëè θ =∞ îïðåäåëåíèå ìîäèôèöèðóåòñÿ

åñòåñòâåííûì îáðàçîì).

×åðåç Bm,k
p,θ (ïðè k = 1 � ÷åðåç Bm

p ) îáîçíà÷èì åäèíè÷íûé øàð

ïðîñòðàíñòâà lm,kp,θ .
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Ïóñòü X � íîðìèðîâàííîå ïðîñòðàíñòâî, M ⊂ X , n ∈ Z+,

Ln(X ) � ñîâîêóïíîñòü ëèíåéíûõ ïîäïðîñòðàíñòâ â X
ðàçìåðíîñòè íå âûøå n.

Êîëìîãîðîâñêèì n-ïîïåðå÷íèêîì
ìíîæåñòâà M â ïðîñòðàíñòâå X íàçûâàåòñÿ âåëè÷èíà

dn(M, X ) = inf
L∈Ln(X )

sup
x∈M

inf
y∈L
‖x − y‖.

Ïîðÿäêîâûå îöåíêè ïîïåðå÷íèêîâ dn(Bm
p , l

m
q ) èçâåñòíû ïðè

âñåõ p, q, êðîìå ñëó÷àÿ q =∞, 1 ≤ p < 2:

I p ≥ q (À. Ïè÷ � 1974, Ì.È. Ñòåñèí � 1975) � òî÷íûå

çíà÷åíèÿ;

I p = 1, q = 2 (À.Í. Êîëìîãîðîâ, À.À. Ïåòðîâ, Þ.Ì.

Ñìèðíîâ � 1947; Ñ.Á. Ñòå÷êèí � 1954) � òî÷íûå çíà÷åíèÿ;
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I 1 ≤ p < q <∞ � ïîðÿäêîâûå îöåíêè (Å.Ä. Ãëóñêèí �

1983);

I 2 ≤ p <∞, q =∞ � ïîðÿäêîâûå îöåíêè (Á. Ñ. Êàøèí �

1977 � îöåíêà ñâåðõó ïðè p = 2; À.Þ. Ãàðíàåâ, Å.Ä.

Ãëóñêèí � 1984);

I 1 ≤ p < 2, q =∞ � îöåíêè ñ òî÷íîñòüþ äî

ëîãàðèôìè÷åñêîãî ìíîæèòåëÿ (Á.Ñ. Êàøèí � 1975).

Ïîðÿäêîâûå îöåíêè êîëìîãîðîâñêèõ ïîïåðå÷íèêîâ

dn(Bm,k
p,θ , l

m,k
q,σ ) èçâåñòíû â ñëåäóþùèõ ñëó÷àÿõ:

I p = 1, θ =∞, q = 2, 1 < σ <∞ (Ý.Ì. Ãàëååâ, 1990);

I 1 < σ ≤ ∞; q = 2 èëè 1 < q ≤ min{2, σ}; θ =∞; p = 1
èëè p =∞ (Ý.Ì. Ãàëååâ, 1995);

I p = θ, q = 2, σ = 1, ïðè ýòîì p = 1 èëè 2 ≤ p ≤ ∞ (À.Ä.
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I 2 ≤ q <∞, 2 ≤ σ <∞, 1 ≤ p ≤ q, 1 ≤ θ ≤ σ,
n ≤ a(q, σ)mk (À.Â. � 2013); çäåñü a(q, σ) � íåêîòîðîå

ïîëîæèòåëüíîå ÷èñëî; ðåçóëüòàò íåòðóäíî ðàñïðîñòðàíèòü

íà ñëó÷àé n ≤ mk
2 ;

I à) p = 1, θ =∞, q = 2, σ = 1; á) p ≤ q ≤ 2, θ ≥ σ (Þ.Â.

Ìàëûõèí, Ê.Ñ. Ðþòèí � 2017);

I à) p = q = 2, θ ≥ 2, σ =∞, á) p = θ = σ ≥ 2, q =∞ (Ñ.

Äèðêñåí, Ò. Óëëüðèõ � 2018).

Êðîìå òîãî, ïðè 1 ≤ p ≤ ∞, θ =∞, 2 ≤ q <∞, σ = q,
n ≤ c(q)mk , ãäå c(q) � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî, áûëà

ïîëó÷åíà îöåíêà ñíèçó (Ý.Ì. Ãàëååâ, 1986).

Ïîëó÷åííûå îöåíêè ìîãóò èñïîëüçîâàòüñÿ â çàäà÷å î

êîëìîãîðîâñêèõ ïîïåðå÷íèêàõ êëàññîâ Áåñîâà ñ äîìèíèðóþùåé

ñìåøàííîé ãëàäêîñòüþ èëè âåñîâûõ êëàññîâ Áåñîâà.
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+ µ̂

p2
è ïîëàãàåì

Φ4(m, k , n) = ν1−µ̂1 νµ̂2 dn(Bm,k
p̂,2 , l

m,k
q,σ ); èíà÷å ïîëàãàåì

Φ4(m, k , n) = +∞;



Òåîðåìà 4. Ïóñòü m, k ∈ N, n ∈ Z+, n ≤ mk
2 , 2 ≤ q <∞,

2 ≤ σ <∞, 2 ≤ pi ≤ ∞, 2 ≤ θi ≤ ∞, νi > 0, i = 1, 2.
Îïðåäåëèì âåëè÷èíû

Φj(m, k , n) = Φj(m, k , n; p1, p2, θ1, θ2, q, σ, ν1, ν2),
j = 1, . . . , 5, ñëåäóþùèì îáðàçîì:

I Φj(m, k, n) = νjdn(Bm,k
pj ,θj

, lm,kq,σ ), j = 1, 2;

I åñëè ñóùåñòâóåò òàêîå λ̂ ∈ [0, 1], ÷òî 1
q = 1−λ̂

p1
+ λ̂

p2
, òî

îïðåäåëÿåì ÷èñëî θ̂ ðàâåíñòâîì 1
θ̂

= 1−λ̂
θ1

+ λ̂
θ2

è ïîëàãàåì

Φ3(m, k , n) = ν1−λ̂1 νλ̂2 dn(Bm,k

2,θ̂
, lm,kq,σ ); èíà÷å ïîëàãàåì

Φ3(m, k , n) = +∞;

I åñëè ñóùåñòâóåò òàêîå µ̂ ∈ [0, 1], ÷òî 1
σ = 1−µ̂

θ1
+ µ̂

θ2
, òî

îïðåäåëÿåì ÷èñëî p̂ ðàâåíñòâîì 1
p̂ = 1−µ̂

p1
+ µ̂

p2
è ïîëàãàåì

Φ4(m, k , n) = ν1−µ̂1 νµ̂2 dn(Bm,k
p̂,2 , l

m,k
q,σ ); èíà÷å ïîëàãàåì

Φ4(m, k , n) = +∞;



Òåîðåìà 4. Ïóñòü m, k ∈ N, n ∈ Z+, n ≤ mk
2 , 2 ≤ q <∞,

2 ≤ σ <∞, 2 ≤ pi ≤ ∞, 2 ≤ θi ≤ ∞, νi > 0, i = 1, 2.
Îïðåäåëèì âåëè÷èíû

Φj(m, k , n) = Φj(m, k , n; p1, p2, θ1, θ2, q, σ, ν1, ν2),
j = 1, . . . , 5, ñëåäóþùèì îáðàçîì:

I Φj(m, k, n) = νjdn(Bm,k
pj ,θj

, lm,kq,σ ), j = 1, 2;

I åñëè ñóùåñòâóåò òàêîå λ̂ ∈ [0, 1], ÷òî 1
q = 1−λ̂

p1
+ λ̂

p2
, òî

îïðåäåëÿåì ÷èñëî θ̂ ðàâåíñòâîì 1
θ̂

= 1−λ̂
θ1

+ λ̂
θ2

è ïîëàãàåì

Φ3(m, k , n) = ν1−λ̂1 νλ̂2 dn(Bm,k

2,θ̂
, lm,kq,σ ); èíà÷å ïîëàãàåì

Φ3(m, k , n) = +∞;
I åñëè ñóùåñòâóåò òàêîå µ̂ ∈ [0, 1], ÷òî 1

σ = 1−µ̂
θ1

+ µ̂
θ2
, òî

îïðåäåëÿåì ÷èñëî p̂ ðàâåíñòâîì 1
p̂ = 1−µ̂

p1
+ µ̂

p2
è ïîëàãàåì

Φ4(m, k , n) = ν1−µ̂1 νµ̂2 dn(Bm,k
p̂,2 , l

m,k
q,σ ); èíà÷å ïîëàãàåì

Φ4(m, k , n) = +∞;



I åñëè ñóùåñòâóþò òàêèå λ ∈ [0, 1], p ∈ [2, q], θ ∈ [2, σ], ÷òî
1
p = 1−λ

p1
+ λ

p2
, 1
θ = 1−λ

θ1
+ λ

θ2
è λp,q = λθ,σ, òî ïîëàãàåì

Φ5(m, k , n) = ν1−λ1 νλ2 dn(Bm,k
p,θ , l

m,k
q,σ ); èíà÷å ïîëàãàåì

Φ5(m, k , n) = +∞.

Òîãäà

dn(ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
, lm,kq,σ ) �

q,σ
min
1≤j≤5

Φj(m, k, n).



I åñëè ñóùåñòâóþò òàêèå λ ∈ [0, 1], p ∈ [2, q], θ ∈ [2, σ], ÷òî
1
p = 1−λ

p1
+ λ

p2
, 1
θ = 1−λ

θ1
+ λ

θ2
è λp,q = λθ,σ, òî ïîëàãàåì

Φ5(m, k , n) = ν1−λ1 νλ2 dn(Bm,k
p,θ , l

m,k
q,σ ); èíà÷å ïîëàãàåì

Φ5(m, k , n) = +∞.

Òîãäà

dn(ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
, lm,kq,σ ) �

q,σ
min
1≤j≤5

Φj(m, k, n).



Äëÿ îöåíîê ñâåðõó èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäåíèå (îíî

ñëåäóåò èç íåðàâåíñòâà Ã¼ëüäåðà):

Ëåììà. Ïóñòü 1 ≤ pi ≤ ∞, 1 ≤ θi ≤ ∞, λ ∈ [0, 1]. Îïðåäåëèì
÷èñëà p, θ ∈ [1, ∞] ðàâåíñòâàìè

1

p
=

1− λ
p1

+
λ

p2
,

1

θ
=

1− λ
θ1

+
λ

θ2
.

Òîãäà

ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
⊂ ν1−λ1 νλ2B

m,k
p,θ .

Äëÿ ïîëó÷åíèÿ îöåíîê ñíèçó â ïåðåñå÷åíèå øàðîâ âïèñûâàþòñÿ

ìíîãîãðàííèêè ñïåöèàëüíîãî âèäà.



Äëÿ îöåíîê ñâåðõó èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäåíèå (îíî

ñëåäóåò èç íåðàâåíñòâà Ã¼ëüäåðà):

Ëåììà. Ïóñòü 1 ≤ pi ≤ ∞, 1 ≤ θi ≤ ∞, λ ∈ [0, 1].

Îïðåäåëèì

÷èñëà p, θ ∈ [1, ∞] ðàâåíñòâàìè

1

p
=

1− λ
p1

+
λ

p2
,

1

θ
=

1− λ
θ1

+
λ

θ2
.

Òîãäà

ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
⊂ ν1−λ1 νλ2B

m,k
p,θ .

Äëÿ ïîëó÷åíèÿ îöåíîê ñíèçó â ïåðåñå÷åíèå øàðîâ âïèñûâàþòñÿ

ìíîãîãðàííèêè ñïåöèàëüíîãî âèäà.



Äëÿ îöåíîê ñâåðõó èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäåíèå (îíî

ñëåäóåò èç íåðàâåíñòâà Ã¼ëüäåðà):

Ëåììà. Ïóñòü 1 ≤ pi ≤ ∞, 1 ≤ θi ≤ ∞, λ ∈ [0, 1]. Îïðåäåëèì
÷èñëà p, θ ∈ [1, ∞] ðàâåíñòâàìè

1

p
=

1− λ
p1

+
λ

p2
,

1

θ
=

1− λ
θ1

+
λ

θ2
.

Òîãäà

ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
⊂ ν1−λ1 νλ2B

m,k
p,θ .

Äëÿ ïîëó÷åíèÿ îöåíîê ñíèçó â ïåðåñå÷åíèå øàðîâ âïèñûâàþòñÿ

ìíîãîãðàííèêè ñïåöèàëüíîãî âèäà.



Äëÿ îöåíîê ñâåðõó èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäåíèå (îíî

ñëåäóåò èç íåðàâåíñòâà Ã¼ëüäåðà):

Ëåììà. Ïóñòü 1 ≤ pi ≤ ∞, 1 ≤ θi ≤ ∞, λ ∈ [0, 1]. Îïðåäåëèì
÷èñëà p, θ ∈ [1, ∞] ðàâåíñòâàìè

1

p
=

1− λ
p1

+
λ

p2
,

1

θ
=

1− λ
θ1

+
λ

θ2
.

Òîãäà

ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
⊂ ν1−λ1 νλ2B

m,k
p,θ .

Äëÿ ïîëó÷åíèÿ îöåíîê ñíèçó â ïåðåñå÷åíèå øàðîâ âïèñûâàþòñÿ

ìíîãîãðàííèêè ñïåöèàëüíîãî âèäà.



Äëÿ îöåíîê ñâåðõó èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäåíèå (îíî

ñëåäóåò èç íåðàâåíñòâà Ã¼ëüäåðà):

Ëåììà. Ïóñòü 1 ≤ pi ≤ ∞, 1 ≤ θi ≤ ∞, λ ∈ [0, 1]. Îïðåäåëèì
÷èñëà p, θ ∈ [1, ∞] ðàâåíñòâàìè

1

p
=

1− λ
p1

+
λ

p2
,

1

θ
=

1− λ
θ1

+
λ

θ2
.

Òîãäà

ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
⊂ ν1−λ1 νλ2B

m,k
p,θ .

Äëÿ ïîëó÷åíèÿ îöåíîê ñíèçó â ïåðåñå÷åíèå øàðîâ âïèñûâàþòñÿ

ìíîãîãðàííèêè ñïåöèàëüíîãî âèäà.



Ïóñòü k , m, r , l ∈ N, 1 ≤ r ≤ m, 1 ≤ l ≤ k .

Îáîçíà÷èì

G = {(τ1, τ2, ε1, ε2) : τ1 ∈ Sm, τ2 ∈ Sk , ε1 ∈ {1, −1}m, ε2 ∈ {1, −1}k},

ãäå Sm è Sk � ãðóïïû ïåðåñòàíîâîê m è k ýëåìåíòîâ

ñîîòâåòñòâåííî. Äëÿ x = (xi ,j)1≤i≤m, 1≤j≤k ∈ Rmk ,

γ = (τ1, τ2, ε1, ε2) ∈ G , ε1 = (ε1,i )1≤i≤m, ε2 = (ε2,j)1≤j≤k ,
ïîëîæèì

γ(x) = (ε1,iε2,jxτ1(i)τ2(j))1≤i≤m, 1≤j≤k .

Îáîçíà÷èì e = (em,k,r ,li ,j )1≤i≤m, 1≤j≤k , ãäå

em,k,r ,li ,j =

{
1, åñëè 1 ≤ i ≤ r , 1 ≤ j ≤ l ,
0, èíà÷å,

Vm,k
r ,l = conv{γ(e) : γ ∈ G}.



Ïóñòü k , m, r , l ∈ N, 1 ≤ r ≤ m, 1 ≤ l ≤ k . Îáîçíà÷èì

G = {(τ1, τ2, ε1, ε2) : τ1 ∈ Sm, τ2 ∈ Sk , ε1 ∈ {1, −1}m, ε2 ∈ {1, −1}k},

ãäå Sm è Sk � ãðóïïû ïåðåñòàíîâîê m è k ýëåìåíòîâ

ñîîòâåòñòâåííî.

Äëÿ x = (xi ,j)1≤i≤m, 1≤j≤k ∈ Rmk ,

γ = (τ1, τ2, ε1, ε2) ∈ G , ε1 = (ε1,i )1≤i≤m, ε2 = (ε2,j)1≤j≤k ,
ïîëîæèì

γ(x) = (ε1,iε2,jxτ1(i)τ2(j))1≤i≤m, 1≤j≤k .

Îáîçíà÷èì e = (em,k,r ,li ,j )1≤i≤m, 1≤j≤k , ãäå

em,k,r ,li ,j =

{
1, åñëè 1 ≤ i ≤ r , 1 ≤ j ≤ l ,
0, èíà÷å,

Vm,k
r ,l = conv{γ(e) : γ ∈ G}.



Ïóñòü k , m, r , l ∈ N, 1 ≤ r ≤ m, 1 ≤ l ≤ k . Îáîçíà÷èì

G = {(τ1, τ2, ε1, ε2) : τ1 ∈ Sm, τ2 ∈ Sk , ε1 ∈ {1, −1}m, ε2 ∈ {1, −1}k},

ãäå Sm è Sk � ãðóïïû ïåðåñòàíîâîê m è k ýëåìåíòîâ

ñîîòâåòñòâåííî. Äëÿ x = (xi ,j)1≤i≤m, 1≤j≤k ∈ Rmk ,

γ = (τ1, τ2, ε1, ε2) ∈ G ,

ε1 = (ε1,i )1≤i≤m, ε2 = (ε2,j)1≤j≤k ,
ïîëîæèì

γ(x) = (ε1,iε2,jxτ1(i)τ2(j))1≤i≤m, 1≤j≤k .

Îáîçíà÷èì e = (em,k,r ,li ,j )1≤i≤m, 1≤j≤k , ãäå

em,k,r ,li ,j =

{
1, åñëè 1 ≤ i ≤ r , 1 ≤ j ≤ l ,
0, èíà÷å,

Vm,k
r ,l = conv{γ(e) : γ ∈ G}.



Ïóñòü k , m, r , l ∈ N, 1 ≤ r ≤ m, 1 ≤ l ≤ k . Îáîçíà÷èì

G = {(τ1, τ2, ε1, ε2) : τ1 ∈ Sm, τ2 ∈ Sk , ε1 ∈ {1, −1}m, ε2 ∈ {1, −1}k},

ãäå Sm è Sk � ãðóïïû ïåðåñòàíîâîê m è k ýëåìåíòîâ

ñîîòâåòñòâåííî. Äëÿ x = (xi ,j)1≤i≤m, 1≤j≤k ∈ Rmk ,

γ = (τ1, τ2, ε1, ε2) ∈ G , ε1 = (ε1,i )1≤i≤m, ε2 = (ε2,j)1≤j≤k ,
ïîëîæèì

γ(x) = (ε1,iε2,jxτ1(i)τ2(j))1≤i≤m, 1≤j≤k .

Îáîçíà÷èì e = (em,k,r ,li ,j )1≤i≤m, 1≤j≤k , ãäå

em,k,r ,li ,j =

{
1, åñëè 1 ≤ i ≤ r , 1 ≤ j ≤ l ,
0, èíà÷å,

Vm,k
r ,l = conv{γ(e) : γ ∈ G}.



Ïóñòü k , m, r , l ∈ N, 1 ≤ r ≤ m, 1 ≤ l ≤ k . Îáîçíà÷èì

G = {(τ1, τ2, ε1, ε2) : τ1 ∈ Sm, τ2 ∈ Sk , ε1 ∈ {1, −1}m, ε2 ∈ {1, −1}k},

ãäå Sm è Sk � ãðóïïû ïåðåñòàíîâîê m è k ýëåìåíòîâ

ñîîòâåòñòâåííî. Äëÿ x = (xi ,j)1≤i≤m, 1≤j≤k ∈ Rmk ,

γ = (τ1, τ2, ε1, ε2) ∈ G , ε1 = (ε1,i )1≤i≤m, ε2 = (ε2,j)1≤j≤k ,
ïîëîæèì

γ(x) = (ε1,iε2,jxτ1(i)τ2(j))1≤i≤m, 1≤j≤k .

Îáîçíà÷èì e = (em,k,r ,li ,j )1≤i≤m, 1≤j≤k , ãäå

em,k,r ,li ,j =

{
1, åñëè 1 ≤ i ≤ r , 1 ≤ j ≤ l ,
0, èíà÷å,

Vm,k
r ,l = conv{γ(e) : γ ∈ G}.



Ïóñòü k , m, r , l ∈ N, 1 ≤ r ≤ m, 1 ≤ l ≤ k . Îáîçíà÷èì

G = {(τ1, τ2, ε1, ε2) : τ1 ∈ Sm, τ2 ∈ Sk , ε1 ∈ {1, −1}m, ε2 ∈ {1, −1}k},

ãäå Sm è Sk � ãðóïïû ïåðåñòàíîâîê m è k ýëåìåíòîâ

ñîîòâåòñòâåííî. Äëÿ x = (xi ,j)1≤i≤m, 1≤j≤k ∈ Rmk ,

γ = (τ1, τ2, ε1, ε2) ∈ G , ε1 = (ε1,i )1≤i≤m, ε2 = (ε2,j)1≤j≤k ,
ïîëîæèì

γ(x) = (ε1,iε2,jxτ1(i)τ2(j))1≤i≤m, 1≤j≤k .

Îáîçíà÷èì e = (em,k,r ,li ,j )1≤i≤m, 1≤j≤k , ãäå

em,k,r ,li ,j =

{
1, åñëè 1 ≤ i ≤ r , 1 ≤ j ≤ l ,
0, èíà÷å,

Vm,k
r ,l = conv{γ(e) : γ ∈ G}.



Ïóñòü k , m, r , l ∈ N, 1 ≤ r ≤ m, 1 ≤ l ≤ k . Îáîçíà÷èì

G = {(τ1, τ2, ε1, ε2) : τ1 ∈ Sm, τ2 ∈ Sk , ε1 ∈ {1, −1}m, ε2 ∈ {1, −1}k},

ãäå Sm è Sk � ãðóïïû ïåðåñòàíîâîê m è k ýëåìåíòîâ

ñîîòâåòñòâåííî. Äëÿ x = (xi ,j)1≤i≤m, 1≤j≤k ∈ Rmk ,

γ = (τ1, τ2, ε1, ε2) ∈ G , ε1 = (ε1,i )1≤i≤m, ε2 = (ε2,j)1≤j≤k ,
ïîëîæèì

γ(x) = (ε1,iε2,jxτ1(i)τ2(j))1≤i≤m, 1≤j≤k .

Îáîçíà÷èì e = (em,k,r ,li ,j )1≤i≤m, 1≤j≤k , ãäå

em,k,r ,li ,j =

{
1, åñëè 1 ≤ i ≤ r , 1 ≤ j ≤ l ,
0, èíà÷å,

Vm,k
r ,l = conv{γ(e) : γ ∈ G}.



Ïðåäëîæåíèå. Ïóñòü 2 ≤ q <∞, 2 ≤ σ <∞, n ∈ Z+, n ≤ mk
2 .

Òîãäà

dn(Vm,k
r ,l , lm,kq,σ ) &

q,σ

{
r

1
q l

1
σ , åñëè n ≤ m

2
q k

2
σ r1−

2
q l1−

2
σ ,

n−
1
2m

1
q k

1
σ r

1
2 l

1
2 , åñëè n ≥ m

2
q k

2
σ r1−

2
q l1−

2
σ .

Ïðè k = 1 ýòî óòâåðæäåíèå áûëî äîêàçàíî Å. Ä. Ãëóñêèíûì.

Ëåììà. Ïóñòü ν1, ν2 > 0, m, k ∈ N, λ ∈ [0, 1], 1
p = 1−λ

p1
+ λ

p2
,

1
θ = 1−λ

θ1
+ λ

θ2
, r̃ ∈ [1, m], l̃ = [1, k], r = br̃c èëè r = dr̃e, l = bl̃c

èëè l = dl̃e,
ν1
ν2

= r̃
1
p1
− 1

p2 l̃
1
θ1
− 1
θ2 .

Òîãäà

ν1−λ1 νλ2 r
− 1

p l−
1
θVm,k

r ,l ⊂ 4(ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
).



Ïðåäëîæåíèå. Ïóñòü 2 ≤ q <∞, 2 ≤ σ <∞, n ∈ Z+, n ≤ mk
2 .

Òîãäà

dn(Vm,k
r ,l , lm,kq,σ ) &

q,σ

{
r

1
q l

1
σ , åñëè n ≤ m

2
q k

2
σ r1−

2
q l1−

2
σ ,

n−
1
2m

1
q k

1
σ r

1
2 l

1
2 , åñëè n ≥ m

2
q k

2
σ r1−

2
q l1−

2
σ .

Ïðè k = 1 ýòî óòâåðæäåíèå áûëî äîêàçàíî Å. Ä. Ãëóñêèíûì.

Ëåììà. Ïóñòü ν1, ν2 > 0, m, k ∈ N, λ ∈ [0, 1], 1
p = 1−λ

p1
+ λ

p2
,

1
θ = 1−λ

θ1
+ λ

θ2
, r̃ ∈ [1, m], l̃ = [1, k], r = br̃c èëè r = dr̃e, l = bl̃c

èëè l = dl̃e,
ν1
ν2

= r̃
1
p1
− 1

p2 l̃
1
θ1
− 1
θ2 .

Òîãäà

ν1−λ1 νλ2 r
− 1

p l−
1
θVm,k

r ,l ⊂ 4(ν1B
m,k
p1,θ1
∩ ν2Bm,k

p2,θ2
).



Ïðåäëîæåíèå. Ïóñòü 2 ≤ q <∞, 2 ≤ σ <∞, n ∈ Z+, n ≤ mk
2 .

Òîãäà

dn(Vm,k
r ,l , lm,kq,σ ) &

q,σ

{
r

1
q l

1
σ , åñëè n ≤ m

2
q k

2
σ r1−

2
q l1−

2
σ ,

n−
1
2m

1
q k

1
σ r

1
2 l

1
2 , åñëè n ≥ m

2
q k

2
σ r1−

2
q l1−

2
σ .

Ïðè k = 1 ýòî óòâåðæäåíèå áûëî äîêàçàíî Å. Ä. Ãëóñêèíûì.

Ëåììà. Ïóñòü ν1, ν2 > 0, m, k ∈ N, λ ∈ [0, 1], 1
p = 1−λ

p1
+ λ

p2
,

1
θ = 1−λ

θ1
+ λ

θ2
, r̃ ∈ [1, m], l̃ = [1, k], r = br̃c èëè r = dr̃e, l = bl̃c

èëè l = dl̃e,
ν1
ν2
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