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Çàäà÷à äèñêðåòèçàöèè ïî çíà÷åíèÿì â òî÷êàõ

• C > c > 0 � ôèêñèðîâàíû
• L ⊂ Lp :=Lp(Ω, µ)∩C (Ω) � N-ìåðíîå

• ‖f ‖p :=
(∫

Ω

|f |p dµ
)1/p

Çàäà÷à:
Äëÿ êàêèõ m ∈ N ∃X1, . . . ,Xm ∈ Ω:

c‖f ‖pp ≤
1

m

m∑
j=1

|f (Xj)|p ≤ C‖f ‖pp ∀f ∈ L?



Íåñêîëüêî êîììåíòàðèåâ

• m ≥ N ⇒ îñíîâíîé âîïðîñ â òîì, ïðè êàêèõ
óñëîâèÿõ íà L ìîæíî âûáðàòü m ¾áëèçêèì¿ ê N

• Âåñîâàÿ äèñêðåòèçàöèÿ:
Äëÿ êàêèõ m ∈ N ∃X1, . . . ,Xm ∈ Ω è ∃λ1, . . . , λm :

c‖f ‖pp ≤
m∑
j=1

λj |f (Xj)|p ≤ C‖f ‖pp ∀f ∈ L?

• Äèñêðåòèçàöèÿ ñ ε:
C = 1 + ε, c = 1− ε, ε > 0



Âåðîÿòíîñòíûé ïîäõîä

• Òî÷êè X1, . . . ,Xm âûáèðàþòñÿ ñëó÷àéíî,
íåçàâèñèìî äðóã îò äðóãà, ñ ðàñïðåäåëåíèåì µ

• Ïóñòü B ⊂ L ⊂ Lp, çàäàäèì ïîãðåøíîñòü
ïðèáëèæåíèÿ

Erp(B ,X ) := sup
f ∈B

∣∣∣ 1

m

m∑
j=1

|f (Xj)|p − ‖f ‖pp
∣∣∣

• X = {X1, . . . ,Xm}

• Bp(L) := {f ∈ L : ‖f ‖p ≤ 1}

• Çàäà÷à: îöåíèòü Erp
(
Bp(L),X

)



Òåîðåìà Ðóäåëüñîíà

Òåîðåìà (M. Rudelson, 99)

E
[
Er2(B2(L),X )

]
≤ C (A +

√
A),

ãäå A = logN
m E

[
sup

f ∈B2(L)

max
1≤j≤m

|f (Xj)|2
]
.

Ñëåäñòâèå. Åñëè

sup
x∈Ω
|f (x)| = ‖f ‖∞ ≤ MN

1
2‖f ‖2 ∀f ∈ L

òî ∃m = C (ε,M)N logN òî÷åê X1, . . . ,Xm :

(1−ε)‖f ‖2
2 ≤

1

m

m∑
j=1

|f (Xj)|2 ≤ (1+ε)‖f ‖2
2 ∀f ∈ L.



Óñëîâèå òèïà Íèêîëüñêîãî

Îïðåäåëåíèå. Ïîäïðîñòðàíñòâî L
óäîâëåòâîðÿåò (∞, q) óñëîâèþ òèïà Íèêîëüñêîãî
(ñ ïîñòîÿííîé M > 0), åñëè

sup
x∈Ω
|f (x)| = ‖f ‖∞ ≤ MN

1
q‖f ‖q ∀f ∈ L.

Çàìå÷àíèå: Ïîäïðîñòðàíñòâî L ⊂ L2

óäîâëåòâîðÿåò (∞, 2) óñëîâèþ òèïà Íèêîëüñêîãî
⇔
∃ îðòîíîðìèðîâàííûé áàçèñ {u1, . . . , uN} :

|u1(x)|2 + . . . + |uN(x)|2 ≤ M2N



Ñëó÷àé p ∈ (1, 2)

Òåîðåìà (E.K., 21). Ïóñòü p ∈ (1, 2), L
óäîâëåòâîðÿåò (∞, 2) óñëîâèþ òèïà Íèêîëüñêîãî
⇒

E
[
Erp(Bp(L),X )

]
≤ C

(
A +
√
A
)
,

ãäå A = [logm]1+
p
2 [log 4M2N]1−

p
2

m M2N .

Ñëåäñòâèå. Ïóñòü p ∈ (1, 2), L óäîâëåòâîðÿåò
(∞, 2) óñëîâèþ òèïà Íèêîëüñêîãî ⇒
∃m = C (ε,M , p)N[logN]2 òî÷åê X1, . . . ,Xm :

(1−ε)‖f ‖pp ≤
1

m

m∑
j=1

|f (Xj)|p ≤ (1+ε)‖f ‖pp ∀f ∈ L.



Ñëó÷àé p = 1

Òåîðåìà (F. Dai, A. Prymak, A. Shadrin, V.
Temlyakov, S. Tikhonov, 20).
Ïóñòü p ∈ [1, 2), L óäîâëåòâîðÿåò (∞, 2) óñëîâèþ
òèïà Íèêîëüñêîãî
⇒
∃m = C (ε,M , p)N[logN]3 òî÷åê X1, . . . ,Xm :

(1−ε)‖f ‖pp ≤
1

m

m∑
j=1

|f (Xj)|p ≤ (1+ε)‖f ‖pp ∀f ∈ L.



Ñëó÷àé p = 2

Òåîðåìà (I. Limonova, V. Temlyakov, 20).
∃C1,C2,C3 > 0: ∀ N-ìåðíîãî ïîäïðîñòðàíñòâà
L ⊂ L2, óäîâëåòâîðÿþùåãî (∞, 2) óñëîâèþ òèïà
Íèêîëüñêîãî, ∃m ≤ C1M

2N òî÷åê X1, . . . ,Xm :

C2‖f ‖2
2 ≤

1

m

m∑
j=1

|f (Xj)|2 ≤ C3M
2‖f ‖2

2 ∀f ∈ L.

Çàìå÷àíèå (E.K., 21).
Íà ñàìîì äåëå âñåãäà ìîæíî âçÿòü C1 = Cε−2,
C2 = 1− ε, C3 = 1 + ε äëÿ êàæäîãî ε ∈ (0, 1).



Òðèãîíîìåòðè÷åñêèå ìíîãî÷ëåíû

Ñëåäñòâèå. Ïóñòü Q ⊂ Zd , ε ∈ (0, 1) ⇒
∃m ≤ Cε−2|Q| òî÷åê X1, . . . ,Xm :

(1−ε)‖f ‖2
2 ≤

1

m

m∑
j=1

|f (Xj)|2 ≤ (1+ε)‖f ‖2
2 ∀f ∈ T (Q)

ãäå T (Q) = {f : f =
∑
k∈Q

cke
i〈k ,x〉, ck ∈ C}.



Ñõåìà äîêàçàòåëüñòâà

Äîêàçàòåëüñòâî îñíîâàíî íà ñëåäóþùåé òåîðåìå.
Òåîðåìà (Marcus, Spielman, Srivastava, 15)
v1, . . . , vm ∈ CN :

1)
m∑

k=1

|〈w , vk〉|2 = |w |2 ∀w ∈ CN ;

2) |vk | ≤ θ ∀k ∈ {1, . . . ,m}

⇒ ∃S1, S2 : S1 t S2 = {1, 2, . . . ,m},∑
k∈Sj

|〈w , vk〉|2 ≤
(1 +

√
2θ)2

2
|w |2 ∀w ∈ CN



Ïåðåôîðìóëèðîâêà òåîðåìû
Marcus�Spielman�Srivastava

• X = {X1, . . . ,Xm}, ‖f ‖2,X :=
( m∑
k=1

|f (Xk)|2
) 1

2

• L � N-ìåðíîå ïîäïðîñòðàíñòâî ôóíêöèé íà X :

max
1≤j≤m

|f (Xj)| ≤ θ‖f ‖2,X ∀f ∈ L

⇒ ∃S1, S2 : S1 t S2 = {1, 2, . . . ,m},

(1
2−3θ)‖f ‖2

2,X ≤
∑
k∈Sj

|f (Xk)|2 ≤ (1
2+3θ)‖f ‖2

2,X ∀f ∈ L



Èòåðàöèè
(Lunin�Talagrand�Nitzan�Olevskii�Ulanovskii)

• Ïðåäïîëîæèì, ÷òî
max

1≤j≤m
|f (Xj)| ≤ θ‖f ‖2,X ∀f ∈ L.

• Ïóñòü Y ⊂ X , ïðè÷åì ∃ b ≥ a > 0

a‖f ‖2
2,X ≤ ‖f ‖2

2,Y ≤ b‖f ‖2
2,X ∀f ∈ L.

• Òîãäà íàéäåòñÿ òàêîå Z ⊂ Y , ÷òî ∀f ∈ L

a
(

1
2 −

3θ√
a

)
‖f ‖2

2,X ≤ ‖f ‖2
2,Z ≤ b

(
1
2 + 3θ√

a

)
‖f ‖2

2,X ,

è |Z | ≤ 1
2 |Y |.

• Èòåðèðóåì ïîêà 3θ√
a
≤ ε

100 .



Íîâàÿ îöåíêà äëÿ p = 1

Òåîðåìà (F.Dai, E.K., V.Temlyakov, 22).
Åñëè L óäîâëåòâîðÿåò (∞, 2) óñëîâèþ òèïà
Íèêîëüñêîãî
⇒ ∃m = Cε−2M2 · N logN òî÷åê X1, . . . ,Xm :

(1− ε)‖f ‖1 ≤
1

m

m∑
j=1

|f (Xj)| ≤ (1 + ε)‖f ‖1 ∀f ∈ L

è

(1−ε)‖f ‖2
2 ≤

1

m

m∑
j=1

|f (Xj)|2 ≤ (1+ε)‖f ‖2
2 ∀f ∈ L.



Íîâàÿ îöåíêà äëÿ p ∈ (1, 2)

Òåîðåìà (F.Dai, E.K., V.Temlyakov, 22).
Åñëè L óäîâëåòâîðÿåò (∞, 2) óñëîâèþ òèïà
Íèêîëüñêîãî
⇒ ∃m = C (ε, p,M) · N[logN][log logN]2 òî÷åê
X1, . . . ,Xm :

(1−ε)‖f ‖pp ≤
1

m

m∑
j=1

|f (Xj)|p ≤ (1+ε)‖f ‖pp ∀f ∈ L

è

(1−ε)‖f ‖2
2 ≤

1

m

m∑
j=1

|f (Xj)|2 ≤ (1+ε)‖f ‖2
2 ∀f ∈ L.



Íàáðîñîê äîêàçàòåëüñòâà äëÿ p = 1: îäíîâðåìåííàÿ
äèñêðåòèçàöèÿ

Îäíîâðåìåííàÿ ïåðâè÷íàÿ äèñêðåòèçàöèÿ L1 è L2

íîðì ñ ïîìîùüþ âåðîÿòíîñòíûõ ðåçóëüòàòîâ:
∃ m0 = C (ε)N[logN]3 òî÷åê X1, . . . ,Xm0

:

(1− ε
100)‖f ‖1 ≤

1

m

m0∑
j=1

|f (Xj)| ≤ (1+ ε
100)‖f ‖1 ∀f ∈ L

(1− ε
100)‖f ‖2

2 ≤
1

m

m0∑
j=1

|f (Xj)|2 ≤ (1+ ε
100)‖f ‖2

2 ∀f ∈ L.

Â ÷àñòíîñòè, ∀f ∈ L,

max
1≤j≤m0

|f (Xj)|≤
√

2M2N
m0
‖f ‖2,X :=

√
2M2N
m0

( m0∑
j=1

|f (Xj)|2
) 1

2 .



Íàáðîñîê äîêàçàòåëüñòâà äëÿ p = 1: ðàçáèåíèå íîñèòåëÿ

•Bq,X (L):={f∈L :‖f ‖q,X≤1}, ‖f ‖q,X:=
(m0∑
j=1

|f (Xj)|q
) 1

q

• Ïóñòü max
1≤j≤m0

|f (Xj)| ≤ θ‖f ‖2,X ∀f ∈ L.

Äëÿ q ∈ {1, 2}, ìû õîòèì íàéòè ïîäìíîæåñòâà
S1, S2 ⊂ {1, 2, . . . ,m} : S1 t S2 = {1, 2, . . . ,m}

(1
2−α(θ))‖f ‖qq,X ≤

∑
k∈Sj

|f (Xk)|q≤(1
2+α(θ))‖f ‖qq,X ∀f ∈ L.

• Ðàâíîñèëüíî: ∃ âûáîð çíàêîâ ε1, . . . , εm0
:

sup
f ∈Bq,X (L)

∣∣∣∑
k

εk |f (Xk)|q
∣∣∣ ≤ 2α(θ).

• Âûáèðàåì ε1, . . . , εm0
ñëó÷àéíî



Íàáðîñîê äîêàçàòåëüñòâà äëÿ p = 1: ðàçáèåíèå íîñèòåëÿ

Òåîðåìà (M.Rudelson, 99).
Åñëè max

1≤j≤m0

|f (Xj)| ≤ θ‖f ‖2,X ∀f ∈ L, òî

Eε sup
f ∈B2,X (L)

∣∣∣ m∑
j=1

εj |f (Xj)|2
∣∣∣ ≤ Cθ

√
logN .

Òåîðåìà (M.Talagrand, 90).
Åñëè max

1≤j≤m0

|f (Xj)| ≤ θ‖f ‖2,X ∀f ∈ L, òî

Eε sup
f ∈B1,X (L)

∣∣∣ m∑
j=1

εj |f (Xj)|
∣∣∣ ≤ 2

√
πθ
√

logN .



Èòåðàöèè

• Ïóñòü max
1≤j≤m

|f (Xj)| ≤ θ‖f ‖2,X ∀f ∈ L.

• Ïóñòü Y ⊂ X , ïðè÷åì ∃ b ≥ a > 0

a‖f ‖1,X ≤ ‖f ‖1,Y ≤ b‖f ‖1,X ∀f ∈ L

a‖f ‖2
2,X ≤ ‖f ‖2

2,Y ≤ b‖f ‖2
2,X ∀f ∈ L.

• Òîãäà ∃Z ⊂ Y : |Z | ≤ 1
2 |Y | and ∀f ∈ L

a
(

1
2−

Cθ
√

logN√
a

)
‖f ‖1,X ≤ ‖f ‖1,Z ≤ b

(
1
2+Cθ

√
logN√
a

)
‖f ‖1,X

a
(

1
2−

Cθ
√

logN√
a

)
‖f ‖2

2,X ≤ ‖f ‖2
2,Z ≤ b

(
1
2+Cθ

√
logN√
a

)
‖f ‖2

2,X .

• Èòåðèðóåì ïîêà Cθ
√

logN√
a
≤ ε

100 .



Ñëó÷àé p > 2

Òåîðåìà (E.K., 21). Ïóñòü p ∈ (2, 3), L
óäîâëåòâîðÿåò (∞, p) óñëîâèþ òèïà Íèêîëüñêîãî
⇒ ∃m = C (ε,M , p)N[logN]p òî÷åê X1, . . . ,Xm :

(1−ε)‖f ‖pp ≤
1

m

m∑
j=1

|f (Xj)|p ≤ (1+ε)‖f ‖pp ∀f ∈ L.

Òåîðåìà (F.Dai, V.Temlyakov, 21). Ïóñòü
p ≥ 3, L óäîâëåòâîðÿåò (∞, p) óñëîâèþ òèïà
Íèêîëüñêîãî ⇒ ∃m = C (ε,M , p)N[logN]3 òî÷åê
X1, . . . ,Xm :

(1−ε)‖f ‖pp ≤
1

m

m∑
j=1

|f (Xj)|p ≤ (1+ε)‖f ‖pp ∀f ∈ L.
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Ñïàñèáî çà âíèìàíèå!


