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Çàäà÷à î âîññòàíîâëåíèè L1-ôóíêöèé

(X,A, µ) � èçìåðèìîå ïðîñòðàíñòâî ñ íåàòîìè÷åñêîé ìåðîé µ. Â ÷àñòíîñòè,
∀ s ∈ [0, µ(X)] ∃ ìíîæåñòâî As ∈ A ìåðû s.

L1(X,µ) � ïðîñòðàíñòâî èíòåãðèðóåìûõ ïî X îòíîñèòåëüíî ìåðû µ ôóíê-
öèé.

f |H � ñóæåíèå ôóíêöèè f ∈ L1(X,µ) íà ìíîæåñòâî H ⊂ X.

Îïðåäåëåíèå.

Äëÿ δ > 0 íàçîâåì H ⊂ X δ-âîññòàíàâëèâàþùèì ìíîæåñòâîì äëÿ
êëàññà Λ ⊂ L1(X,µ), åñëè:

µ(H) < δ;

îòîáðàæåíèå Compr: f ∈ Λ 7→ f |H èíúåêòèâíî.

Îòîáðàæåíèå Rec: f |H ∈ Compr(Λ) 7→ f ìû íàçûâàåì
âîññòàíàâëèâàþùèì îòîáðàæåíèåì äëÿ êëàññà Λ.

Èíà÷å ãîâîðÿ, H ⊂ X � δ-âîññòàíàâëèâàþùåå ìíîæåñòâî äëÿ êëàññà Λ ⊂
L1(X,µ), åñëè êàæäóþ ôóíêöèþ g ∈ L1(H,µ) ìîæíî ïðîäîëæèòü äî ôóíê-
öèè èç êëàññà Λ íå áîëåå ÷åì îäíèì ñïîñîáîì.
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Çàäà÷à î âîññòàíîâëåíèè L1-ôóíêöèé

T = [−π, π), f ∈ L1(T), f ∼
∑
n∈Z

f̂n exp(inx) � ðÿä Ôóðüå ôóíêöèè f .

Òåîðåìà (Ï, 21)

Ïóñòü A := {An}n∈N0
, An ↓ 0,

L1
A(T) :=

{
f ∈ L1(T) :

∣∣f̂|n|∣∣ ≤ An, n ∈ Z
}
.

Òîãäà äëÿ êàæäîãî δ > 0 íàéäåòñÿ δ-âîññòàíàâëèâàþùåå äëÿ êëàññà

L1
A(T) ìíîæåñòâî H.

Òåîðåìà îñòàåòñÿ âåðíîé, åñëè âìåñòî L1
A(T) ðàññìàòðèâàòü êëàññ{

f ∈ L1(T) : ω(1)

(
π

n
, f

)
≤ An, n ∈ N

}
.
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Çàäà÷à î âîññòàíîâëåíèè L1-ôóíêöèé

Ïóñòü çàäàíî íàòóðàëüíîå p ≥ 2.

Ôóíêöèè Âèëåíêèíà:

Vn(x) = exp

(
2πi

p

∞∑
k=0

nkbpk+1xc

)
, n =

∞∑
k=0

nkp
k, nk ∈ {0, . . . , p− 1}.

Òåîðåìà (Ï, Àñòàøîíîê, 22)

Ïóñòü A := {An}n∈N0 , An ↓ 0,

L1
A[0, 1) :=

{
f ∈ L1[0, 1) : |f̂n| ≤ An, n ∈ N0

}
,

f̂n � êîýôôèöèåíòû Ôóðüå�Âèëåíêèíà ôóíêöèè f . Òîãäà äëÿ êàæäîãî

δ > 0 íàéäåòñÿ δ-âîññòàíàâëèâàþùåå äëÿ êëàññà L1
A[0, 1) ìíîæåñòâî H.

Òåîðåìà îñòàåòñÿ âåðíîé, åñëè âìåñòî L1
A(T) ðàññìàòðèâàòü êëàññ{

f ∈ L1[0, 1) : ω(1)

(
1

n
, f

)
≤ An, n ∈ N

}
.
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Çàäà÷à î âîññòàíîâëåíèè L1-ôóíêöèé

Âèä ìíîæåñòâ H èç òåîðåìû ñëåäóþùèé. Ïóñòü

Gq,k :=
⋃

m=0,...,pk−1,

m=0
(

mod pk−q
)
[
m

pk
,
m+ 1

pk

)
.

Íàéäóòñÿ (çàâèñÿùèå îò A) âîçðàñòàþùèå ïîñëåäîâàòåëüíîñòè íàòóðàëü-
íûõ ÷èñåë {q(s)} è {k(s)} òàêèå, ÷òî

H :=

∞⋃
s=t

Gq(s),k(s)

äëÿ íåêîòîðîãî t.

Âîññòàíîâëåíèå f ïî f |H :
h1 âîññòàíàâëèâàåò ïî çíà÷åíèÿì f íà H âåëè÷èíû f∆ � ñðåäíèå çíà÷åíèÿ
f íà p-è÷íûõ èíòåðâàëàõ ∆;

h2 âûäàåò ïî f∆ ñàìó ôóíêöèþ f :

f(x) = lim
|∆|→0,

∆3x

f∆ ï.â. íà Gp.

Îòîáðàæåíèå Rec = h2 ◦ h1 âîññòàíàâëèâàåò f ïî f |H .
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Çàäà÷à î âîññòàíîâëåíèè L1-ôóíêöèé

Òåîðåìà (Ï, Àñòàøîíîê, 22)

Åñëè f ∈ L1(G, µ), òî äëÿ íåêîòîðûõ {q(s)} è {k(s)} (çàâèñÿùèõ îò f è

δ) ï.â. çíà÷åíèÿ ôóíêöèè f ìîãóò áûòü âû÷èñëåíû ÷åðåç åå çíà÷åíèÿ íà

ìíîæåñòâå H :=
∞⋃
s=t

Gq(s),k(s) ïðè ïîìîùè îïèñàííîãî âûøå

îòîáðàæåíèÿ Rec = h2 ◦ h1.
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Âîññòàíîâëåíèå ñðåäíèõ çíà÷åíèé ôóíêöèè

Òåîðåìà (Ï, 20)

Åñëè r ≤ q < k, ∆r � p-è÷íûé ïîëóèíòåðâàë ðàíãà r, f ∈ L1[0, 1), òî

∣∣f∆r − fGq,k∩∆r

∣∣ ≤ p−q+1+r
k−1∑
j=q

pj · max
pj≤n≤pj+1

|f̂n|;

∣∣f∆r
− fGq,k∩∆r

∣∣ ≤ p−q+r k−1∑
j=q

pj
∗
ω(1)

(
1

pj+1
, f

)
.
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Îïåðàòîðû âîññòàíîâëåíèÿ ôóíêöèé

Ïóñòü H ⊂ X, f ∈ L1(X,µ).

Âîïðîñ: íàñêîëüêî òî÷íî ìîæíî ïðåäñêàçàòü çíà÷åíèå ôóíêöèè f íà X,
çíàÿ åå çíà÷åíèÿ ëèøü íà H?

Ïóñòü çàäàíû öåëûå íåîòðèöàòåëüíûå r ≤ q < k.

X = [0, 1),H = Gq,k, V Pr � ïðîñòðàíñòâî ôóíêöèé, ïîñòîÿííûõ íà êàæäîì
p-è÷íîì ïîëóèíòåðâàëå ðàíãà r. V Pr ñîâïàäàåò ñî ìíîæåñòâîì ïîëèíîìîâ
Âèëåíêèíà ñòåïåíè íå âûøå pr.

Ñòðîèì îïåðàòîð (ïðèáëèæåííîãî) âîññòàíîâëåíèÿ R̃ec = R̃ec(r, q, k):

R̃ec : f ∈ L1[0, 1) 7→ f̃ ∈ V Pr, f̃(x) = fGq,k∩∆r(x),

∆r(x) � åäèíñòâåííûé p-è÷íûé ïîëóèíòåðâàë ðàíãà k, ñîäåðæàùèé òî÷êó
x.
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Îïåðàòîðû âîññòàíîâëåíèÿ ôóíêöèé

Òåîðåìà

1. Åñëè f ∈ L1[0, 1), òî

∥∥∥f − f̃∥∥∥
1
≤ C(p)

 ∗ω(1)

(
1

pr
, f

)
+ p−q+r

k∑
j=q+1

pj
∗
ω(1)

(
1

pj
, f

) . (1)

2. Åñëè f ∈ L2[0, 1), òî

∥∥∥f − f̃∥∥∥
2
≤ C(p)

 ∗ω(2)

(
1

pr
, f

)
+ p−q+r/2

k∑
j=q+1

pj
∗
ω(2)

(
1

pj
, f

) . (2)

∗
ω(q)

(
δ, f
)
� p-è÷íûå èíòåãðàëüíûå ìîäóëè íåïðåðûâíîñòè:

∗
ω(q)

(
δ, f
)

:= sup
0<h<δ

‖f(x⊕ h)− f(x)‖Lq [0,1),

⊕ � p-è÷íîå ñëîæåíèå ÷èñåë èç [0, 1).
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Îïåðàòîðû âîññòàíîâëåíèÿ ôóíêöèé

Áîëåå ãðóáûå, ÷åì (1) è (2), îöåíêè:∥∥∥f − f̃∥∥∥
1
≤ C(p)

(
∗
ω(1)

(
1

pr
, f

)
+ pk−q+r

∗
ω(1)

(
1

pq+1
, f

))
;

∥∥∥f − f̃∥∥∥
2
≤ C(p)

(
∗
ω(2)

(
1

pr
, f

)
+ pk+q−r/2 ∗ω(2)

(
1

pq+1
, f

))
,

ñîîòâåòñòâåííî.

Òåîðåìà

Äëÿ âñÿêîé ôóíêöèè f ∈ L1[0, 1) íàéäóòñÿ ïîñëåäîâàòåëüíîñòè

íàòóðàëüíûõ ÷èñåë {r(s)}, {q(s)} è {k(s)}, s ∈ N, ïðè÷åì

r(s) ≤ q(s) < k(s) äëÿ âñåõ s,∑
s∈N

pq(s)−k(s) <∞,

lim
s→∞

R̃ec(r(s), q(s), k(s))
(
f |G(q(s),k(s))

) L1

= f .

Óñëîâèå
∑
s∈N

pq(s)−k(s) < ∞ îçíà÷àåò, ÷òî ìíîæåñòâî H =
∞⋃
s=t

G(q(s), k(s))

èìååò ñêîëü óãîäíî ìàëóþ ìåðó ïðè äîñòàòî÷íî áîëüøèõ t.
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Îïåðàòîðû âîññòàíîâëåíèÿ ôóíêöèé

Ïðèìåð

Ïóñòü f ∈ Lip1,α[0, 1). Òîãäà

∗
ω(1)

(
1

pj
, f

)
≤ 1

pjα

(ãðóáàÿ îöåíêà), ∥∥∥f − f̃∥∥∥
1
≤ p1−rα + pk−q(1+α)+r−1−α.

Âîçüìåì r = q −
[

k

1 + α

]
, òîãäà

∥∥∥f − f̃∥∥∥
1
≤ Cp−qα+ kα

1+α .

Âèäèì, ÷òî
∥∥∥f − f̃∥∥∥

1
→ 0, êîãäà k − (1 + α)q → −∞.
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Ìíîãîìåðíûé ñëó÷àé

Òåîðåìà (Ï)

Ïóñòü A = {An}∞n=0 è C = {Cn}∞n=0 � ñòðåìÿùèåñÿ ê íóëþ è ê ∞,

ñîîòâåòñòâåííî, ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ ÷èñåë,

L1
A,C,d[0, 1) :=

{
f ∈ L1[0, 1)d : |f̂n1,...,nd | ≤ And , |nu − nd| ≤ Cnd

}
,

Òîãäà äëÿ êàæäîãî δ > 0 íàéäåòñÿ δ-âîññòàíàâëèâàþùåå äëÿ êëàññà

L1
A,C,d[0, 1) ìíîæåñòâî H.
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Ìíîãîìåðíûé ñëó÷àé

Ðàññìîòðèì äâà ìíîãîìåðíûõ àíàëîãà ìíîæåñòâ Gq,k. Îãðàíè÷èìñÿ äâó-
ìåðíûì ñëó÷àåì.

Ïîëîæèì Gq,k = Gq,k ×Gq,k (q < k).

G1,3 (p = 2) G2,3 (p = 2)
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Ìíîãîìåðíûé ñëó÷àé

Îïðåäåëèì (q < k)

Hq,k =
⊔

α, β=0,...,pk,
α=β (mod pk−q)

[
α

pk
,
α+ 1

pk

]
×
[
β

pk
,
β + 1

pk

]
.

H1,3 (p = 2) H2,3 (p = 2)
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Ìíîãîìåðíûé ñëó÷àé

Ïóñòü r ≤ q < k.

Ïîëîæèì X = [0, 1)2, H = Gq,k.

Òåîðåìà

Ïóñòü V Pr ⊂ L1[0, 1)2 � ïðîñòðàíñòâî ôóíêöèé, ïîñòîÿííûõ íà

êàæäîì p-è÷íîì ïîëóîòêðûòîì êâàäðàòå ðàíãà r. Âîçüìåì îïåðàòîð

R̃ec = R̃ec(r, q, k),

R̃ec : f ∈ L1[0, 1)2 7→ f̃ ∈ V Pr, f̃(x, y) = fGq,k∩(∆r(x)×∆r(y)).

Åñëè f ∈ L1[0, 1)2, òî

∥∥∥f − f̃∥∥∥
1
≤ C(p)

(
∗
ω(1)

(
1

pr
,

1

pr
, f

)
+p−2q+2r

k∑
i=q+1

k∑
j=q+1

pi+j
∗
ω(1)

(
1

pi
,

1

pj
, f

))
.

∗
ω(q)

(
δ1, δ2, f

)
:= sup

0<h1<δ1, 0<h2<δ2

‖∆f(h1, h2)(x)‖Lq [0,1)2 ,

∆f(h1, h2)(x) := f(x⊕ h1 ⊕ h2)− f(x⊕ h1)− f(x⊕ h2) + f(x).
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Ìíîãîìåðíûé ñëó÷àé

Ïóñòü r ≤ q < k.

Ïîëîæèì X = [0, 1)2, H = Hq,k.

Òåîðåìà

Âîçüìåì îïåðàòîð R̃ec = R̃ec(r, q, k),

R̃ec : g ∈ L1[0, 1)2 7→ f̃ ∈ V Pr, f̃(x, y) = fHq,k∩(∆r(x)×∆r(y)).

Åñëè f ∈ L1[0, 1)2, òî

∥∥∥f − f̃∥∥∥
1
≤ C(p)

p2 ∗ω(1)

(
1

pr
,

1

pr
, f

)
+ p−q+2r

k∑
j=q+1

pj
∗
ω(1)

(
1

pj
,

1

pj
, f

) .
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