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Ðåãóëÿðíûå äèíàìè÷åñêèå ñèñòåìû

Ïóñòü Mn � çàìêíóòîå n-ìåðíîå ìíîãîîáðàçèå.

Ðåãóëÿðíûì ãîìåîìîðôèçìîì íàçûâàåòñÿ ãîìåîìîðôèçì f : Mn → Mn

öåïíî ðåêóððåíòíîå ìíîæåñòâî, êîòîðîãî ñîñòîèò èç êîíå÷íîãî ÷èñëà
òîïîëîãè÷åñêè ãèïåðáîëè÷åñêèõ ïåðèîäè÷åñêèõ òî÷åê.

Ðåãóëÿðíûì òîïîëîãè÷åñêèì ïîòîêîì íàçûâàåòñÿ òîïîëîãè÷åñêèé ïîòîê
f t : Mn → Mn öåïíî ðåêóððåíòíîå ìíîæåñòâî, êîòîðîãî ñîñòîèò èç êîíå÷íîãî
÷èñëà òîïîëîãè÷åñêè ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê è ïåðèîäè÷åñêèõ
îðáèò.
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Ìîòèâàöèÿ èññëåäîâàíèÿ

Èçó÷åíèå ìíîãîìåðíûõ äèíàìè÷åñêèõ ñèñòåì èìååò ñâîþ ñïåöèôèêó:

õîðîøî èçâåñòíû êëàññèôèêàöèîííûå ðåçóëüòàòû ãëàäêèõ äèíàìè÷åñêèõ
ñèñòåì, ïîëíîñòüþ ñâîäÿùèåñÿ ê êëàññèôèêàöèè èõ òîïîëîãè÷åñêèõ
àíàëîãîâ [9, 10, 11];

íà÷èíàÿ ñ ðàçìåðíîñòè ÷åòûðå, ïîÿâëÿþòñÿ òàê íàçûâàåìûå
ýêçîòè÷åñêèå ìíîãîîáðàçèÿ [17], äèíàìèêà íà òàêèõ ìíîãîîáðàçèÿõ
ìîæåò áûòü îïèñàíà èñêëþ÷èòåëüíî â òîïîëîãè÷åñêèõ òåðìèíàõ [21];

èíâàðèàíòíûå ïîäìíîæåñòâà ãëàäêîé ñèñòåìû çà÷àñòóþ íå ÿâëÿþòñÿ
äàæå òîïîëîãè÷åñêèìè ïîäìíîãîîáðàçèÿìè, â ñèëó ÷åãî äèíàìèêà
íà òàêèõ ïîäìíîæåñòâàõ óæå íå ÿâëÿåòñÿ ãëàäêîé [32].

[9] Grines V., Gurevich E., Malyshev D., Pochinka O. On topological classi�cation of Morse�Smale
di�eomorphisms on the sphere Sn (n > 3) // Nonlinearity. - 2020. - Vol. 33. - No. 12. - P. 7088-7113.
[10] Grines V., Gurevich E., Medvedev V., Pochinka O. An analog of Smale's theorem for
homeomorphisms with regular dynamics // Math. Notes.- 2017. - Vol. 102. - No. 3-4. - P. 569�574.
[11] Medvedev V. S., Zhuzhoma E. V. Morse-Smale systems with few nonwandering points // Topology
Appl. - 2013. - 3 (160). - P. 498�507..
[17] Kervaire M. A manifold which does not admit any di�erentiable structure // Commentarii
Mathematici Helvetici. - 1960. - V. 34. - � 1. - P. 257�270.
[21] J. Eells, N. Kuiper, Manifolds which are like projective planes, Publ. Math. IHES 14. - 1962. - P.5�46.
[19] D. Pixton. Wild unstable manifolds // Topology. - 1977. - V. 16. - N. 2.- P. 167�172.
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Äèíàìèêà ðåãóëÿðíûõ ãîìåîìîðôèçìîâ

Mn � çàìêíóòîå n-ìíîãîîáðàçèå ñ ìåòðèêîé d è f : Mn → Mn �
ãîìåîìîðôèçì.

ε-öåïüþ äëèíû m ∈ N, ñîåäèíÿþùåé òî÷êó x ñ òî÷êîé y , ãîìåîìîðôèçìà f
íàçûâàåòñÿ êîíå÷íûé íàáîð òî÷åê x = x0, . . . , xm = y , òàêàÿ ÷òî
d(f (xi−1), xi ) < ε äëÿ 1 6 i 6 m.
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Òî÷êà x ∈ Mn íàçûâàåòñÿ öåïíî ðåêóððåíòíîé òî÷êîé ãîìåîìîðôèçìà f ,
åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò m, çàâèñÿùåå îò ε > 0, è ε-öåïü äëèíû m,
ñîåäèíÿþùàÿ òî÷êó x c íåé ñàìîé.
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Äèíàìèêà ðåãóëÿðíûõ ãîìåîìîðôèçìîâ

Îïðåäåëåíèå 1. Ãîìåîìîðôèçì f : Mn → Mn íàçûâàåòñÿ ðåãóëÿðíûì, åñëè
åãî öåïíî ðåêóððåíòíîå ìíîæåñòâî êîíå÷íî (ñëåäîâàòåëüíî ñîñòîèò èç
êîíå÷íîãî ÷èñëà ïåðèîäè÷åñêèõ îðáèò) è òîïîëîãè÷åñêè ãèïåðáîëè÷íî.

Â îêðåñòíîñòè ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè äèôôåîìîðôèçì
òîïîëîãè÷åñêè ñîïðÿæåí ëèíåéíîìó äèôôåîìîðôèçìó
aλ,µ,ν : Rn → Rn, λ ∈ {0, 1, ..., n}, µ, ν ∈ {−1,+1} ñëåäóþùåãî âèäà:
aλ,µ,ν(x1, ..., xλ, xλ+1, ..., xn) = (µ · 2x1, 2x2, ..., 2xλ, ν · 2−1xλ+1, ..., 2−1xn).

Îïðåäåëåíèå 2. Íåïîäâèæíàÿ òî÷êà p ãîìåîìîðôèçìà f : Mn → Mn

íàçûâàåòñÿ òîïîëîãè÷åñêè ãèïåðáîëè÷åñêîé, åñëè ñóùåñòâóåò åå
îêðåñòíîñòü Up ⊂ Mn, ÷èñëà λp ∈ {0, 1, ..., n}, µp, νp ∈ {−1,+1} è
ãîìåîìîðôèçì hp : Up → Rn, òàêèå ÷òî hpf |Up∩f−1(Up) = aλp,µp,νphp|Up∩f−1(Up).

[12] Ïàëèñ Æ., Äè Ìåëó Â. Ãåîìåòðè÷åñêàÿ òåîðèÿ äèíàìè÷åñêèõ ñèñòåì: Ââåäåíèå: Ïåð. ñ
àíãë. - 1986. - Ì. Ìèð. - 301 ñ.
[13] Ãðîáìàí Ä. Ì. Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ îêðåñòíîñòåé îñîáîé òî÷êè â n-ìåðíîì
ïðîñòðàíñòâå // Ìàòåìàòè÷åñêèé ñáîðíèê. - 1962. - Ò. 58, � 1. - Ñ. 77�94.
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Äèíàìèêà ðåãóëÿðíûõ ãîìåîìîðôèçìîâ

×èñëî λp áóäåì íàçûâàòü èíäåêñîì Ìîðñà ãèïåðáîëè÷åñêîé òî÷êè p. Òî÷êè
èíäåêñîâ n è 0 áóäåì íàçûâàòü èñòî÷íèêîâûìè è ñòîêîâûìè
ñîîòâåòñòâåííî; ëþáóþ òî÷êó p, òàêóþ ÷òî λp ∈ {1, · · · , n − 1} áóäåì
íàçûâàòü ñåäëîâîé.

Ðèñ.: Äèíàìèêà â îêðåñòíîñòè òîïîëîãè÷åñêè ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè:
a) ñåäëîâàÿ òî÷êà, b) èñòî÷íèêîâàÿ òî÷êà, c) ñòîêîâàÿ òî÷êà
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Äëÿ òîïîëîãè÷åñêè ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè p ãîìåîìîðôèçìà
f ∈ G ìíîæåñòâà

W s
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⋃
k∈Z

f k(h−1p (E s
λp

)), W u
p =

⋃
k∈Z

f k(h−1p (E u
λp

)),

ãäå E s
λp

= {(x1, ..., xn) ∈ Rn : x1 = · · · = xλp = 0}, E u
λp

= {(x1, ..., xn) ∈ Rn :

xλp+1 = · · · = xn = 0}, áóäåì íàçûâàòü óñòîé÷èâûì è íåóñòîé÷èâûì
èíâàðèàíòíûìè ìíîãîîáðàçèÿìè òî÷êè p.

Äëÿ ïåðèîäè÷åñêîé îðáèòû O ðåãóëÿðíîãî ãîìåîìîðôèçìà f ïîëîæèì
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Óòâåðæäåíèå 2.1 Ìíîãîîáðàçèÿ W u
p è W s

p íå çàâèñÿò îò âûáîðà ëîêàëüíîãî
ãîìåîìîðôèçìà hp è â òîïîëîãè÷åñêèõ òåðìèíàõ îïðåäåëÿþòñÿ ñëåäóþùèì
îáðàçîì:
W u

p = {y ∈ Mn : lim
k→+∞

d(f −k·per(p)(y), p) = 0},

W s
p = {y ∈ Mn : lim

k→+∞
d(f k·per(p)(y), p) = 0}.

Çèíèíà Ñâåòëàíà Õàëèëîâíà Ãëîáàëüíàÿ äèíàìèêà ðåãóëÿðíûõ ãîìåîìîðôèçìîâ è òîïîëîãè÷åñêèõ ïîòîêîâ íà ìíîãîîáðàçèÿõÂòîðàÿ êîíôåðåíöèÿ ìàòåìàòè÷åñêèõ öåíòðîâ Ðîññèè 7 - 11 íîÿáðÿ 2022 ã. ÌÃÓ, ÌÈÀÍ, ã. Ìîñêâà 7 / 32



Íà ìíîæåñòâå ïåðèîäè÷åñêèõ îðáèò ðåãóëÿðíîãî ãîìåîìîðôèçìà f ââåäåì
îòíîøåíèå Ñ. Ñìåéëà óñëîâèåì

Oi ≺ Oj ⇐⇒ W s
Oi
∩W u

Oj
6= ∅.

k-öèêëîì (k > 1) íàçûâàåòñÿ íàáîð ïîïàðíî ðàçëè÷íûõ ïåðèîäè÷åñêèõ
îðáèò O1,O2, · · · ,Ok , óäîâëåòâîðÿþùèõ óñëîâèþ O1 ≺ O2 ≺ · · · ≺ Ok ≺ O1.
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Óòâåðæäåíèå 2.2 Ó ðåãóëÿðíîãî ãîìåîìîðôèçìà f îòñóòñòâóþò öèêëû.

O1 ≺ · · · ≺ Ok .
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Äèíàìèêà ðåãóëÿðíûõ ãîìåîìîðôèçìîâ

Îñíîâíûå äèíàìè÷åñêèå ñâîéñòâà ðåãóëÿðíûõ ãîìåîìîðôèçìîâ

Òåîðåìà 1 ([4]∗, theorem 1). Ïóñòü f - ðåãóëÿðíûé ãîìåîìîðôèçì. Òîãäà

(1) Mn =
k⋃
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W u
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W s
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;

(2) êàæäàÿ êîìïîíåíòà ñâÿçíîñòè W u
Oi

(W s
Oi

) � òîïîëîãè÷åñêîå

ïîäìíîãîîáðàçèå Mn, ãîìåîìîðôíîå RλOi (Rn−λOi );

(3) cl(W u
Oi

) \W u
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⊂

i−1⋃
j=1

W u
Oj

(cl(W s
Oi

) \W s
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⊂
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W s
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).

[7] Pochinka O., Zinina S. Dynamics of topological �ows and homeomorphisms with a �nite
hyperbolic chain recurrent set on n-dimensional manifolds // Dynamical systems. - 2019. -
Vol. 9(37). - No. 3. - P. 289-296.
[14] S. Smale Di�erentiable dynamical systems // Uspekhi Mat. Nauk. 1970. 25:1(151).
P. 113�185
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Äèíàìèêà ðåãóëÿðíûõ ïîòîêîâ

ε-öåïüþ äëèíû T , ñîåäèíÿþùåé òî÷êó x ñ òî÷êîé y äëÿ ïîòîêà f t

íàçûâàåòñÿ êîíå÷íûé íàáîð òî÷åê x = x0, . . . , xn = y , äëÿ êîòîðûõ ñóùåñòâóåò
ïîñëåäîâàòåëüíîñòü âðåìåí t1, . . . , tn, òàêàÿ ÷òî d(f ti (xi−1), xi ) < ε, ti > 1 äëÿ
1 6 i 6 n è t1 + · · ·+ tn = T .

Òî÷êà x ∈ Mn íàçûâàåòñÿ öåïíî ðåêóððåíòíîé äëÿ ïîòîêà f t , åñëè äëÿ
ëþáîãî ε > 0 ñóùåñòâóåò T , çàâèñÿùåå îò ε > 0, è ε-öåïü äëèíû T ,
ñîåäèíÿþùàÿ òî÷êó x c íåé ñàìîé.

Îïðåäåëåíèå 3. Ïîä ðåãóëÿðíûì òîïîëîãè÷åñêèì ïîòîêîì ïîíèìàåòñÿ
ïîòîê, öåïíî ðåêóððåíòíîå ìíîæåñòâî êîòîðîãî ñîñòîèò èç êîíå÷íîãî ÷èñëà
òîïîëîãè÷åñêè ãèïåðáîëè÷åñêèõ íåïîäâèæíûõ òî÷åê è ïåðèîäè÷åñêèõ îðáèò.
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Äèíàìèêà ðåãóëÿðíûõ ïîòîêîâ
Â êà÷åñòâå ìîäåëè ïîâåäåíèÿ ïîòîêà â îêðåñòíîñòè íåïîäâèæíîé òî÷êè
ðàññìîòðèì ëèíåéíûé ïîòîê atλ : Rn → Rn, λp ∈ {0, 1, ..., n} ñëåäóþùåãî âèäà:

atλ(x1, ..., xλ, xλ+1, ..., xn) = (2tx1, ..., 2
txλ, 2

−txλ+1, ..., 2
−txn).

Îïðåäåëåíèå 4. Íåïîäâèæíóþ òî÷êó ïîòîêà f t íàçîâåì òîïîëîãè÷åñêè
ãèïåðáîëè÷åñêîé, åñëè ñóùåñòâóåò åå îêðåñòíîñòü Up ⊂ Mn, ÷èñëî
λ ∈ {0, 1, ..., n} è ãîìåîìîðôèçì hp : Up → Rn, òàêèå ÷òî

hpf
t |Up∩f−1(Up) = atλp

hp|Up∩f−1(Up).

UpUp

W
u

p W
s

hp

p

E
u

p

p lp

E
s

R
n

lp
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Ïîëîæèì
E s
λ = {(x1, ..., xn) ∈ Rn : x1 = · · · = xλ = 0},

E u
λ = {(x1, ..., xn) ∈ Rn : xλ+1 = · · · = xn = 0}.

Äëÿ òîïîëîãè÷åñêè ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè p ïîòîêà f t

ìíîæåñòâà h−1p (E s
λp

), h−1p (E u
λp

) áóäåì íàçûâàòü å¼ ëîêàëüíûìè

èíâàðèàíòíûìè ìíîãîîáðàçèÿìè.

Ìíîæåñòâà
W s

p =
⋃
t∈R

f t(h−1p (E s
λp

)), W u
p =

⋃
t∈R

f t(h−1p (E u
λp

))

áóäåì íàçûâàòü óñòîé÷èâûì è íåóñòîé÷èâûì èíâàðèàíòíûìè
ìíîãîîáðàçèÿìè òî÷êè p.

×èñëî λp áóäåì íàçûâàòü èíäåêñîì íåïîäâèæíîé ãèïåðáîëè÷åñêîé
òî÷êè p. Òî÷êè èíäåêñîâ n è 0 áóäåì íàçûâàòü èñòî÷íèêîâûìè è
ñòîêîâûìè ñîîòâåòñòâåííî; ëþáóþ òî÷êó p, òàêóþ ÷òî λp ∈ {1, · · · , n − 1}
áóäåì íàçûâàòü ñåäëîâîé.
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Äèíàìèêà ðåãóëÿðíûõ ïîòîêîâ

Îïðåäåëåíèå 5. Ïåðèîäè÷åñêàÿ îðáèòà ` ïîòîêà f t : M → M íàçûâàåòñÿ
òîïîëîãè÷åñêè ãèïåðáîëè÷åñêîé ïåðèîäè÷åñêîé, åñëè ñóùåñòâóåò åå
îêðåñòíîñòü U` ⊂ M, ÷èñëà λ` ∈ {0, 1, ..., n − 1}, µ`, ν` ∈ {−1,+1}, T` > 0 è
ãîìåîìîðôèçì h` : U` → Πλ`,µ`,ν`,T`

, òàêèå ÷òî

h`f
t |U`∩f−1(U`) = btλ`,µ`,ν`,T`

h`|U`∩f−1(U`).

ãäå btλ`,µ`,ν`,T`
� íàäñòðîéêà íàä ëèíåéíûì äèôôåîìîðôèçìîì

aλ`,µ`,ν` : Rn−1 → Rn−1 ñëåäóþùåãî âèäà:

aλ,µ,ν(x1, ..., xλ, xλ+1, ..., xn−1) = (µ·2x1, 2x2, ..., 2xλ, ν·xλ+1/2, xλ+2/2, ..., xn−1/2).
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Äèíàìèêà ðåãóëÿðíûõ ïîòîêîâ

Ïîëîæèì Ẽ s
λ = {(x1, ..., xn) ∈ Rn : x1 = · · · = xλ = 0},

Ẽ u
λ = {(x1, ..., xn) ∈ Rn : xλ+1 = · · · = xn−1 = 0}.

Òîãäà E s
λ,µ,ν,T = qλ,µ,ν,T (Ẽ s

λ), E u
λ,µ,ν = qλ,µ,ν,T (Ẽ u

λ).

Äëÿ òîïîëîãè÷åñêè ãèïåðáîëè÷åñêîé ïåðèîäè÷åñêîé îðáèòû ` ïîòîêà f t

ìíîæåñòâà h−1` (E s
λ`,µ`,ν`,T`

), h−1` (E u
λ`,µ`,ν`,T`

) áóäåì íàçûâàòü å¼ ëîêàëüíûìè
èíâàðèàíòíûìè ìíîãîîáðàçèÿìè.

Ìíîæåñòâà

W s
` =

⋃
t∈R

f t(h−1` (E s
λ`,µ`,ν`,T`

)), W u
` =

⋃
t∈R

f t(h−1` (E u
λ`,µ`,ν`,T`

))

áóäåì íàçûâàòü óñòîé÷èâûì è íåóñòîé÷èâûì èíâàðèàíòíûìè
ìíîãîîáðàçèÿìè ïåðèîäè÷åñêîé îðáèòû `.
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Äèíàìèêà ðåãóëÿðíûõ ïîòîêîâ

×èñëî λ` áóäåì íàçûâàòü èíäåêñîì Ìîðñà, ïàðó µ`, ν` áóäåì íàçûâàòü
òèïîì îðèåíòàöèè è ÷èñëî T` áóäåì íàçûâàòü ïåðèîäîì ãèïåðáîëè÷åñêîé
ïåðèîäè÷åñêîé îðáèòû `. Òî÷êè èíäåêñîâ n − 1 è 0 áóäåì íàçûâàòü
èñòî÷íèêîâûìè è ñòîêîâûìè ñîîòâåòñòâåííî; ëþáóþ îðáèòó `, òàêóþ ÷òî
λ` ∈ {1, · · · , n − 2} áóäåì íàçûâàòü ñåäëîâîé

Íà ìíîæåñòâå öåïíûõ êîìïîíåíò ðåãóëÿðíîãî ïîòîêà f t ââåäåì îòíîøåíèå Ñ.
Ñìåéëà óñëîâèåì

Oi ≺ Oj ⇐⇒ W s
Oi
∩W u

Oj
6= ∅,

ãäå Oi ,Oj êîìïîíåíòû ñâÿçíîñòè ìíîæåñòâà Rf t .

Óòâåðæäåíèå 2.4 Ó ðåãóëÿðíîãî ïîòîêà f t îòñóòñòâóþò öèêëû.

Â äàëüíåéøåì áóäåì ñ÷èòàòü îðáèòû ïîòîêà f t ïðîíóìåðîâàííûìè
ñîãëàñîâàííî ñ íåêîòîðûì ôèêñèðîâàííûì ïîðÿäêîì: O1 ≺ · · · ≺ Ok .
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Äèíàìèêà ðåãóëÿðíûõ ïîòîêîâ

Òåîðåìà 2 ([3]∗, theorem 1). Ïóñòü f t � ðåãóëÿðíûé ïîòîê. Òîãäà

1 Mn =
k⋃

i=1

W u
Oi

=
k⋃

i=1

W s
Oi

2 W u
p (W s

p ) íåïîäâèæíîé òî÷êè Oi = p ÿâëÿåòñÿ òîïîëîãè÷åñêèì

ïîäìíîãîîáðàçèåì ìíîãîîáðàçèÿ Mn, ãîìåîìîðôíûì Rλp (Rn−λp ).

3 W u
` (W s

` ) ïåðèîäè÷åñêîé îðáèòû Oi = ` ÿâëÿåòñÿ òîïîëîãè÷åñêèì
ïîäìíîãîîáðàçèåì ìíîãîîáðàçèÿ Mn, ãîìåîìîðôíûì Rλ` × S1
(Rn−λ`−1 × S1) äëÿ µ` = +1 è Rλ`×̃S1 (Rn−λ`−1×̃S1) äëÿ µ` = −1.

4 cl(W u
Oi

) \W u
Oi
⊂

i−1⋃
j=1

W u
Oj

(cl(W s
Oi

) \W s
Oi
⊂

i−1⋃
j=1

W s
Oj

).

[5] Pochinka O. V., Zinina S. Kh. Construction of the Morse�Bott Energy Function for Regular
Topological Flows // Regular and Chaotic Dynamics. - 2021. - Vol. 26 - No. 4. - P. 350�369.
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Ôóíêöèÿ Ëÿïóíîâà

Ôóíêöèåé Ëÿïóíîâà äëÿ ïîòîêà íàçûâàåòñÿ íåïðåðûâíàÿ ôóíêöèÿ, êîòîðàÿ
óáûâàåò âäîëü îðáèò âíå öåïíî ðåêóððåíòíîãî ìíîæåñòâà è ÿâëÿåòñÿ
êîíñòàíòîé íà êàæäîé öåïíîé êîìïîíåíòå.

w

a

s
1

s
2

w x,y,z( ) z

j: T
2

R

w (x,y,z)ÎT
2 3

⊂R

j( )=w z

Â ñèëó ðåçóëüòàòîâ ×. Êîíëè, ôóíêöèÿ Ëÿïóíîâà ñóùåñòâóåò äëÿ ëþáîé
(íåïðåðûâíîé â òîì ÷èñëå) äèíàìè÷åñêîé ñèñòåìû, à ñàì ôàêò
ñóùåñòâîâàíèÿ íîñèò íàçâàíèå ¾Ôóíäàìåíòàëüíàÿ òåîðåìà äèíàìè÷åñêèõ
ñèñòåì¿.

[12] Conley C. Isolated invariant sets and the Morse index. Providence, RI: AMS, 1978. (CBMS
Regional Conference Series in Math.; Vol. 38).
[22] Robinson C. Dynamical systems: stability, symbolic dynamics, and chaos. - 1999. - Vol. 28. -
520 p.
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Ýíåðãåòè÷åñêàÿ ôóíêöèÿ
Èç êîíñòðóêöèè Êîíëè ñëåäóåò, ÷òî ëþáàÿ ôóíêöèÿ Ëÿïóíîâà ðåãóëÿðíîé

äèíàìè÷åñêîé ñèñòåìû f èìååò êðèòè÷åñêèå òî÷êè íà öåïíî ðåêóððåíòíîì

ìíîæåñòâå Rf (ò. å. Crϕ ⊂ Rf .) â ñìûñëå ñëåäóþùåãî îïðåäåëåíèÿ

Äëÿ ëþáîé òî÷êè p ∈ M îáîçíà÷èì ÷åðåç (Vp, φp) ëîêàëüíóþ êàðòó:
y ∈ Vp 7→ φp(y) = (x1(y), · · · , xn(y)) ∈ Rn, xi (p) = 0, i ∈ {1, · · · , n}.
Ïóñòü ϕ : M → R � äåéñòâèòåëüíîçíà÷íàÿ íåïðåðûâíàÿ ôóíêöèÿ. Òî÷êà
p ∈ M íàçûâàåòñÿ ðåãóëÿðíîé òî÷êîé ôóíêöèè ϕ, åñëè â òî÷êå p
ñóùåñòâóåò ëîêàëüíàÿ êàðòà (Vp, φp), òàêàÿ ÷òî ϕ(y) = ϕ(p) + xn(y).

x
n

Â ïðîòèâíîì ñëó÷àå p íàçûâàåòñÿ êðèòè÷åñêîé òî÷êîé. Îáîçíà÷èì ÷åðåç
Crϕ ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè ϕ.

Ôóíêöèÿ Ëÿïóíîâà íàçûâàåòñÿ ýíåðãåòè÷åñêîé ôóíêöèåé, åñëè åå
ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ñîâïàäàåò ñ öåïíî ðåêóððåíòíûì ìíîæåñòâîì
äèíàìè÷åñêîé ñèñòåìû Crϕ = Rf .
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Íåïðåðûâíàÿ ôóíêöèÿ Ìîðñà

Ôóíêöèÿ ϕ íàçûâàåòñÿ íåïðåðûâíîé ôóíêöèåé Ìîðñà, åñëè ìíîæåñòâî
Crϕ ñîñòîèò èç íåâûðîæäåííûõ êðèòè÷åñêèõ òî÷åê.

Òî÷êà p ∈ Crϕ íàçûâàåòñÿ íåâûðîæäåííîé êðèòè÷åñêîé òî÷êîé èíäåêñà
λp ∈ {0, · · · , n}, åñëè â òî÷êå p ñóùåñòâóåò ëîêàëüíàÿ êàðòà (Vp, φp), òàêàÿ
÷òî

ϕ(y) = ϕ(p)−
λp∑
i=1

x2i (y) +
n∑

i=λp+1

x2i (y).
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Ôàêò ñóùåñòâîâàíèÿ ýíåðãåòè÷åñêîé ôóíêöèè ïðèíöèïèàëüíî îòëè÷àåò
ïîòîêè îò ãîìåîìîðôèçìîâ.

Äëÿ ãîìåîìîðôèçìîâ ïðåïÿòñòâèåì ê ïîñòðîåíèþ ýíåðãåòè÷åñêîé ôóíêöèè
ñëóæèò âîçìîæíîå íàëè÷èå äèêèõ ñåäëîâûõ ñåïàðàòðèñ [19].

Äëÿ ïîòîêîâ òàêæå èçâåñòíû ïðèìåðû äèêîãî âëîæåíèÿ ñåäëîâûõ
ñåïàðàòðèñ: äëÿ íåïîäâèæíûõ òî÷åê ýòî áûëî îáíàðóæåíî â ðàáîòå [7], äëÿ
ïåðèîäè÷åñêèõ îðáèò - â ðàáîòå [20].

Îäíàêî, èç ðåçóëüòàòîâ íàñòîÿùåé ðàáîòû ñëåäóåò, ÷òî äëÿ íåïðåðûâíûõ
ïîòîêîâ äèêîñòü ñåïàðàòðèñ íå ÿâëÿåòñÿ ïðåïÿòñòâèåì ê ñóùåñòâîâàíèþ
ýíåðãåòè÷åñêîé ôóíêöèè Ìîðñà.
[19] Pixton D. Wild unstable manifolds // Topology. - 1977. - V. 16. - N. 2.- P. 167�172.
[7] Medvedev V. S., Zhuzhoma E. V. Morse-Smale systems with few nonwandering points //
Topology Appl. - 2013. - 3 (160). - P. 498�507.
[20] Pochinka O., Shubin D. On 4-dimensional �ows with wildly embedded invariant manifolds of
a periodic orbit // Applied Mathematics and Nonlinear Sciences. - 2020. - Vol. - 5. - No. 2. - P.
261-266.
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Íåïðåðûâíàÿ ôóíêöèÿ Ìîðñà

Óòâåðæäåíèå 3.1 ([2]∗, theorem). Ëþáîé ðåãóëÿðíûé ïîòîê f t : Mn → Mn

áåç ïåðèîäè÷åñêèõ îðáèò îáëàäàåò íåïðåðûâíîé ýíåðãåòè÷åñêîé ôóíêöèåé
Ìîðñà.

Ñëåäñòâèå. Òîïîëîãè÷åñêîå ìíîãîîáðàçèå äîïóñêàåò íåïðåðûâíóþ ôóíêöèþ
Ìîðñà, òîãäà è òîëüêî òîãäà, êîãäà îíî äîïóñêàåò ðåãóëÿðíûé
òîïîëîãè÷åñêèé ïîòîê áåç ïåðèîäè÷åñêèõ îðáèò.

[3] Ïî÷èíêà Î. Â., Çèíèíà Ñ. Õ. Ýíåðãåòè÷åñêàÿ ôóíêöèÿ Ìîðñà äëÿ òîïîëîãè÷åñêèõ
ïîòîêîâ ñ êîíå÷íûì ãèïåðáîëè÷åñêèì öåïíî ðåêóððåíòíûì ìíîæåñòâîì íà ïîâåðõíîñòÿõ //
Ìàòåìàòè÷åñêèå çàìåòêè. - 2020. - Ò. 107. - � 2. - Ñ. 276�285. (äëÿ ñëó÷àÿ n = 2).
[4] Medvedev T., Pochinka O., Zinina S. On existence of Morse energy function for topological
�ows // Advances in Mathematics. - 2021. - Vol. 378. - 107518.
[23] Morse M. Topologically non-degenerate functions on a compact n-manifold // J. Analyse
Math. - 1959. - Vol. 7. - P. 189-208.
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Íåïðåðûâíàÿ ôóíêöèÿ Ìîðñà-Áîòòà

Ôóíêöèÿ ϕ íàçûâàåòñÿ íåïðåðûâíîé ôóíêöèåé Ìîðñà-Áîòòà, åñëè ëþáàÿ
êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâà Crϕ ÿâëÿåòñÿ ëèáî íåâûðîæäåííîé
êðèòè÷åñêîé òî÷êîé, ëèáî ïðèíàäëåæèò íåâûðîæäåííîìó êðèòè÷åñêîìó
ïîäìíîãîîáðàçèþ.

Ñâÿçíîå òîïîëîãè÷åñêîå ïîäìíîãîîáðàçèå C ⊂ Crϕ ìíîãîîáðàçèÿ M
íàçûâàåòñÿ íåâûðîæäåííûì êðèòè÷åñêèì k-ìíîãîîáðàçèåì èíäåêñà
λp ∈ {0, · · · , n − k}, åñëè â ëþáîé òî÷êå p ∈ C ñóùåñòâóåò ëîêàëüíàÿ êàðòà
(Vp, φp), òàêàÿ ÷òî φp(Vp ∩ C ) ⊂ {(x1, . . . , xn) ∈ Rn : x1 = · · · = xn−k = 0} è

ϕ(y) = ϕ(p)−
λp∑
i=1

x2i (y) +
n−k∑

i=λp+1

x2i (y).
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Òåîðåìà 7 ([3]∗, theorem 2).

Ëþáîé ðåãóëÿðíûé ïîòîê f t îáëàäàåò íåïðåðûâíîé ýíåðãåòè÷åñêîé ôóíêöèåé
Ìîðñà-Áîòòà, êðèòè÷åñêèå òî÷êè êîòîðîé ëèáî íåâûðîæäåíû, ëèáî îáðàçóþò
íåâûðîæäåííûå îäíîìåðíûå ìíîãîîáðàçèÿ.

[5] Pochinka O. V., Zinina S. Kh. Construction of the Morse�Bott Energy Function for Regular
Topological Flows // Regular and Chaotic Dynamics. - 2021. - Vol. 26 - No. 4. - P. 350�369.
[24] Smale S. On gradient dynamical systems. // Ann. of Math. (2), 74:199�206, 1961.
[25] Meyer K. R. Energy functions for Morse Smale systems // Amer. J. Math. - 1968. - Vol. 90.
- P. 1031�1040.
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Áëàãîäàðþ çà âíèìàíèå!
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Èäåÿ äîêàçàòåëüñòâà
Äëÿ êàæäîãî i ∈ {1, . . . , k − 1} ïîëîæèì

Ai =
i⋃

j=1

W u
Oj
, Ri =

k⋃
j=i+1

W s
Oj
.

Èíäóêöèåé ïî ïàðàìåòðó i ∈ {1, . . . , k − 1} ïîñòðîèì îêðåñòíîñòü Ui

ìíîæåñòâà Ai è ôóíêöèþ Ìîðñà-Áîòòà ϕi : Ui → [1, i + 1/3] ñî ñëåäóþùèìè
ñâîéñòâàìè:

Ui = ϕ−1i ([1, i + 1/3]) � çàìêíóòîå n-ìåðíîå êîìïàêòíîå òîïîëîãè÷åñêîå
ïîäìíîãîîáðàçèå ñ êðàåì ∂Ui = ϕ−1i (i + 1/3), òàêîå ÷òî
Ai ⊂ int Ui , Ui ∩ Ri = ∅;
ϕi � ýíåðãåòè÷åñêàÿ ôóíêöèÿ ïîòîêà f t |Ui , ñîâïàäàþùàÿ ñ ϕOi ,i â
íåêîòîðîé îêðåñòíîñòè îðáèòû Oi è òàêàÿ ÷òî Ui = ϕ−1i ([1, i + 1/3]).

Ïîñëåäíèé øàã ïîñòðîåíèÿ îêðåñòíîñòè Uk è ôóíêöèè ϕk â ïðåäïîëîæåíèè,
÷òî ôóíêöèÿ ϕk−1 óæå ïîñòðîåíà íà îêðåñòíîñòè Uk−1, âûäåëÿåì â
îòäåëüíûé ïóíêò. Â ñèëó òåîðåìû 2, îêðåñòíîñòü Uk ñîâïàäàåò ñî âñåì
ìíîãîîáðàçèåì Mn, à ôóíêöèÿ ϕk ÿâëÿåòñÿ èñêîìîé ôóíêöèåé ϕ.
[18] Ãðèíåñ Â. Ç., Æóæîìà Å. Â., Ìåäâåäåâ Â. Ñ., Ïî÷èíêà Î. Â. Ãëîáàëüíûå àòòðàêòîð è
ðåïåëëåð äèôôåîìîðôèçìîâ Ìîðñà�Ñìåéëà // Òðóäû ÌÈÀÍ. - 2010. - Ò. 271. -
Ñ. 111 � 133.
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Ðèñ.: Èíäóêòèâíûé øàã â ñëó÷àå, åñëè Oi ÿâëÿåòñÿ ñòîêîâîé íåïîäâèæíîé òî÷êîé
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Ðèñ.: Øàã èíäóêöèè äëÿ ñëó÷àÿ, êîãäà Oi ÿâëÿåòñÿ ñåäëîâîé ïåðèîäè÷åñêîé
îðáèòîé
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Ðèñ.: Ïîñòðîåíèå èñêîìîé ýíåðãåòè÷åñêîé ôóíêöèè ϕk : Uk → [1, k], åñëè îðáèòà Ok :
à) îòòàëêèâàþùàÿ íåïîäâèæíàÿ òî÷êà; á) îòòàëêèâàþùàÿ ïåðèîäè÷åñêàÿ îðáèòà
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