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Statement of the problem

Model

{ Uy + ug = )\F(u()(t — T)) +’7(U1 — UO), (1)
i+ up = AF(ur(t—T)) +v(uo — u1).

Main assumptions
T>0, A>1 0<~y<1,

F(u) = {f(u), ol < p.

0, |ul>p

Function f(u) satisfies the following conditions on the segment u € [—p, p]
1) f(u) is smooth;
2) f(p) = f'(p) = f(=p) = '(—=p) =0;
5) £/(p) #0,F'(—p) # 0
4) u-f(u) >0 for0< |ul <p.
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Strength of coupling

Four cases

2) ’}/:ﬁ, 0<Oé§]./27
3) y=45, 12<a<],
4) v=%,

where 7 is positive constant, A > 1.

[m] [l = =
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Method of investigation

1. We construct a set of initial conditions S(m, k, x).

2. For all initial functions from set S(m, k, x) we calculate asymptotics at
A — oo of solutions of system (1).

3. We prove that there exists a value (), k, X) such that each considered
solution after certain time t, belongs to the set S(m, E,X), i.e., there exists
operator of translation along trajectories I such that

NS(m, k,x) C S(m, k,x).
4. We get analytical dependence of m, k, X on m, k, x in the form
(m, k,x)T = p((m, k,x)T) + o(1)

at A — oo.
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Method of investigation

5. We prove that rough cycle of the mapping
(m,k,3)T = ¢((m, k,x)T) (2)

corresponds to a relaxation cycle of initial system and these cycles have the
same stability properties.

6. By rough stable cycles of mapping (2) we construct exponentially
orbitally stable relaxation cycles of initial system.
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Set of initial conditions S(m, k, x)

Set S(m, k, x)

un(s),  om(s) € Clro(®)
lum(s)| > p, |ui—m(s)|>p forse[-T,0),
um(0) = kp, t1-m(0) = xp.

Values of parameters:
m equals either 0 or 1, k equals either 1 or —1,
x| > 1, kx > 0.
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|dea of selecting set S(m, k, x)

Model

{ o + up = AF(uo(t — T)) 4+ v(u1 — uo), (1)
i+ u = )\F(ul(t — T)) = ’y(U() — Ul),

Suppose that |ug(t)| > p and |ui(t)| > p on some time segment of the
length T (t € [T — T,7]), then on the segment t € [r,7 + T]
F(up(t — T)) = F(u1(t — T)) = 0 and system (1) has form

{ l)o+Uo:7(u1— UO), (3)
i+ u = 7(uo — u1).
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Asymptotics of solutions

Model

{ Um + Um = AF(um(t — T)) + v(v1—m — Um), (1)
Nem+ Ul—m = )\F(Ul—m(t - T)) aF ’Y(Um - Ul—m)a

{ Um + Um = AF(um(t — T)) + v(v1—m — Um), 2)
Hem + U1—m = Y(Um — U1_m),

Um + Up = ’Y(Ulfm - Um), (3)
e = W — Al = i)
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Constructing of mapping

Let t,, > 2T and tj_, > 2T be the first moments of time such that
|Um(tm)’ =P, |u1—m(t1—m)| = p-
Let t. = min{tm, ti—_m}.

Then B
um(te) = kp,  t1-m(ts) = Xp. (4)

We obtain that

te=(14+0(1))InXas A = +o0
lum(s + )| > p,  [ur-m(s+ &) >pifse[-T,0) (5)

Kashchenko A. A. (YarSU) Dynamics of the coupled. .. 08.11.2022 9/23



Main result

x = X(k, x). (7)

Theorem of correspondence

Suppose mapping (6) has a cycle of period r such that absolute value of
multiplier of corresponding cycle of mapping (7) is less than 1. Then for all
sufficiently large A > 0 system (1) has exponentially orbitally stable cycle
with asymptotically large amplitude and period.
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Case v = . Mapping.

Let
t

gk(t) = /exp(s — t)f(kpexp(T — s))ds,
T
1+ exp(—2v1)

_ J1—exp(=2m)’
RGO = gu(@T)(1 1 oxp(—21)) + £(2 T x)(1 — exp(—211))

8k(2T)(1 — exp(—271)) + g(2T, x)(1 + exp(—2m))’
Then constructed mapping has form

_ | m if 0<R(x)<1
M=V 1-m if R(x)>1,

Ixle=T > 1,

Ix|e=T < 1.

k = k,
X = kmax{R(x),1/R(x)}.
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Case v = 5. Dynamics of x-component of mapping
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Case v = % Solutions of system (1)
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Case v = 2, 0 < a < 1/2. Mapping.
Case 0 < v < 1/2.

m=1—m,
k = k,
_ _ sign(gk(2T))
X=—F"—>>+40(1).
7(l—a) ) )
Case a = 1/2.
m=1—m,
k = k,
- gk(2T)
= 1).
= ppe T 1 2gary oW
where

t
gk(t) = /exp(s — t)f(kpexp(T — s))ds.
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Case v = w25, 0 < a < 1/2. Solutions of system
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Case v =&, 1/2 < a < 1. Mapping.
Set S(m, k, x, [3)
um(s), u1—m(s) € G 1o(R)

lum(s)| > p, |ui—m(s)| > p forse[-T,0),
Um(0) = kp, u1_m(0) = xpAP,

where x #0, 1 —a < f < a.

Mapping
m=1-—m,
k= k
5 =1- 57
_ e&k(2T)
X ="
|x|pe=2T

All solutions of mapping are non-rough cycles =>
no theorem of correspondence.
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. Dynamics of x-coordinate of mapping

- o = = 9Hac
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Dependence of dynamics of system (1) on

Stable solutions for different orders of v at A — 400

Case v = O(i)

Homogeneneous cycle (not always stable), > 1 inhomogeneous (antiphase)
cycle

Case v = O(5+1-5), 0 <a < 1/2

1 inhomogeneous (antiphase) cycle

Case v =0(+%), 1/2<a<1

2-parameter family of non-rough asymptotic (by the discrepancy)
inhomogeneous (antiphase) cycles

Case v = O(})

> 0 inhomogeneous (not always antiphase) cycles
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Generalizations

1. Extension of class of functions F.

2. N-dimensional systems (N > 2).

3. System of equations, where feedback functions and coupling parameters
are not the same in all equations of system.

4. This method is appropriate to study dynamics of systems with delayed

control
t o + o = NF(uot — T)) +2(us(t — ) — ),
p + = AF(u(t — T)) +v(uo(t — h) — w).
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Conclusions

1. Nonlocal dynamics of a system of two nonlinear differential equations
with delay has studied.

2. Studying of existence and stability of relaxation cycles of initial infinite
dimensional system is reduced to studying dynamics of constructed
three-dimensional mapping.

3. By stable rough cycles of constructed mapping we get exponentially
orbitally stable relaxation cycles of initial system. Their asymptotics and
period, number of coexisting stable cycles depend on strength of coupling.
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Thank you for your attentionl

Kashchenko A. A. (YarSU) amics ed. .. 08.11.2022 22/23



