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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Òåîðåìà

Ïóñòü ôóíêöèÿ p ∈ L[a, b] íåîòðèöàòåëüíà, f ∈ L[a, b], α ∈ R,
ϕ ∈ AC, h : [a, b]→ R èçìåðèìà.

Çàäà÷à Êîøè
ẋ(t) = −p(t)x(h(t))(t) + f (t) ïðè ï.â. t ∈ [a, b],
x(a) = α,
x(ξ) = ϕ(ξ) ïðè ξ 6∈ [a, b],

(1)

èìååò åäèíñòâåííîå ðåøåíèå x ∈ AC[a, b], åñëè∫ b

a
p(t) dt < 3.

Çíàê â íåðàâåíñòâå íåëüçÿ çàìåíèòü íà ¾íåñòðîãèé¿.

Óñëîâèå ñæàòèÿ äàåò óñëîâèå ðàçðåøèìîñòè
∫ b
a p(t) dt < 1. 2 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Òåîðåìà

Çàäà÷à Êîøè{
ẋ(t) = −(Tx)(t) + f (t), t ∈ [a, b],
x(a) = 0,

(2)

èìååò åäèíñòâåííîå ðåøåíèå ïðè âñåõ f ∈ L[a, b], åñëè
ëèíåéíûé îãðàíè÷åííûé îïåðàòîð T : C[a, b]→ L[a, b]
ïîëîæèòåëåí è

‖T‖C[a,b]→L[a,b] < 3.

Çíàê â íåðàâåíñòâå íåëüçÿ çàìåíèòü íà ¾íåñòðîãèé¿.

Åñëè T > 0, òî ‖T‖C[a,b]→L[a,b] =
∫ b
a (T1 )(t) dt.

Óñëîâèå ñæàòèÿ äàåò óñëîâèå ðàçðåøèìîñòè

‖T‖C[a,b]→L[a,b] < 1.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Òåîðåìà

Êðàåâàÿ çàäà÷à{
ẍ(t) = (Tx)(t) + f (t), t ∈ [0, 1],
x(0) = ẋ(1), ẋ(0) = 0,

(3)

èìååò åäèíñòâåííîå ðåøåíèå ïðè âñåõ f ∈ L[0, 1], åñëè
ëèíåéíûé îãðàíè÷åííûé îïåðàòîð T : C[0, 1]→ L[0, 1]
ïîëîæèòåëåí è

‖T‖C[0,1]→L[0,1] ∈ [0, 1/2] ∪ [1, 5].

Ýòî óñëîâèå ðàçðåøèìîñòè íåóëó÷øàåìî.

Ïðèíöèï ñæàòèÿ äàåò óñëîâèå ðàçðåøèìîñòè

‖T‖C[0,1]→L[0,1] 6 1/2.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Òåîðåìà

Ïóñòü çàäàíû íåîòðèöàòåëüíûå ÷èñëà A, B , C , D. Çàäà÷è Êîøè äëÿ

ñèñòåìû
ẋ = T11x + T12y + f1,
ẏ = −T21x + T22y + f2,
x(a) = α1, y(a) = α2,

(4)

îäíîçíà÷íî ðàçðåøèìà ïðè âñåõ ëèíåéíûõ îãðàíè÷åííûõ

ïîëîæèòåëüíûõ îïåðàòîðàõ Tij : C[a, b]→ L[a, b], i , j = 1, 2,

‖T11‖ 6 A, ‖T12‖ 6 C , ‖T21‖ 6 D, ‖T22‖ 6 B, (5)

⇔ A < 1, B < 1, CD <
(

3
√
1− A+ 3

√
1− B

)3
. (6)

Åñëè óñëîâèå (6) íå âûïîëíåíî, òî íàéäóòñÿ ëèíåéíûå îãðàíè÷åííûå

ïîëîæèòåëüíûå îïåðàòîðû Tij , äëÿ êîòîðûõ çàäà÷à íå ÿâëÿåòñÿ

îäíîçíà÷íî ðàçðåøèìîé.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Òåîðåìà

Ïóñòü çàäàíî íåîòðèöàòåëüíîå ÷èñëî P . Ïåðèîäè÷åñêàÿ çàäà÷à
ẋ1(t) = −(T1x2)(t) + f1(t), t ∈ [0, 1],
ẋ2(t) = −(T2x3)(t) + f2(t), t ∈ [0, 1],
ẋ3(t) = −(T3x1)(t) + f3(t), t ∈ [0, 1],
x1(1) = x2(0), x2(1) = x3(0), x3(1) = x1(0),

(7)

èìååò åäèíñòâåííîå ðåøåíèå ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ

îïåðàòîðàõ Ti : C[0, 1]→ L[0, 1], ÷òî

‖Ti‖C[0,1]→L[0,1] =

∫ 1

0

(Ti1 )(t) dt = P, i = 1, 2, 3, (8)

òîãäà è òîëüêî òîãäà, êîãäà

P ∈ (0,P∗),

P∗ ≈ 2.7 óäîâëåòâîðÿåò óðàâíåíèþ
8z7 + 28z6 + 24z5 − 152z4 − 478z3 − 591z2 − 326z − 56 = 0.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

µ ≡
min{

∫ 1
0
f +(t) dt,

∫ 1
0
f −(t) dt}

max{
∫ 1
0
f +(t) dt,

∫ 1
0
f −(t) dt}

, f 6≡ 0 , f ∈ L[a, b]

Òåîðåìà

Åñëè P+ 6 8 (1−µ)
1+µ , òî ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ

îïåðàòîðàõ T : C[0, 1]→ L[0, 1], ÷òî (T1 )(t) 6 P+, T 6≡ 0,

åäèíñòâåííîå ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = (Tx)(t) + f (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

(9)

óäîâëåòâîðÿåò íåðàâåíñòâó

− sgn

(∫ 1

0

f (s) ds

)
x(t) > 0, t ∈ [0, 1].
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Îáúåêò, öåëè è çàäà÷è

Îáúåêò � ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå

Fx = f , F : ACn−1 → L, f ∈ L.

Ëèíåéíîå ÔÄÓ íà êîíå÷íîì îòðåçêå

(L0x)(t) = (Tx)(t) + f (t), t ∈ [a, b],

(L0x)(t) = x (n)(t) +
n−1∑
i=0

pi (t)x
(i)(t), t ∈ [a, b], pi ∈ L[a, b].

T : C[a, b]→ L[a, b] � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð,(
(L0x)(t) =

n−1∑
i=0

(Tix
(i))(t) + f (t), t ∈ [a, b]

)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Îáúåêò, öåëè è çàäà÷è

Êðàåâàÿ çàäà÷à

Îáúåêò � ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ ÔÄÓ íà êîíå÷íîì

îòðåçêå

{
(L0x)(t) = (Tx)(t) + f (t), ïðè ï.â. t ∈ [a, b],
`ix = αi , i = 1, . . . , n,

T : C[a, b]→ L[a, b] � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð,

(L0x)(t) = x (n)(t) +
n−1∑
i=0

pi (t)x
(i)(t), t ∈ [a, b], pi ∈ L[a, b],

`i : AC[a, b]→ R, αi ∈ R, i = 1, . . . , n,
x ∈ ACn−1[a, b]
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Îáúåêò, öåëè è çàäà÷è

Öåëè

Öåëü � êà÷åñòâåííîå èññëåäîâàíèå

Çàäà÷è:

1 óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé,

2 óñëîâèÿ ñóùåñòâîâàíèÿ çíàêîïîñòîÿííîãî ðåøåíèÿ,

3 îöåíêè ðåøåíèé.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Îáúåêò, öåëè è çàäà÷è

Îñíîâíàÿ èäåÿ

Ìû íå çíàåì òî÷íûõ ðåøåíèé èññëåäóåìûõ ÔÄÓ è êðàåâûõ

çàäà÷, ìû íå ìîæåì òî÷íî ðåøèòü ïîñòàâëåííûå òðè çàäà÷è

äëÿ êàæäîãî êîíêðåòíîãî óðàâíåíèÿ.

Íî, îêàçûâàåòñÿ, ìû ìîæåì òî÷íî ðåøèòü ýòè çàäà÷è äëÿ

íåêîòîðûõ ñåìåéñòâ óðàâíåíèé.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Îáúåêò, öåëè è çàäà÷è

Ðàáîòû ïî êðàåâûì çàäà÷àì äëÿ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé

À.Ä. Ìûøêèñ, Í.Â. Àçáåëåâ, Â.Ï. Ìàêñèìîâ,

Ë.Ô. Ðàõìàòóëëèíà, È.Ò. Êèãóðàäçå, Äæ. Õåéë, Ð.Ï. Àãàðâàë

À.È. Áóëãàêîâ, Ñ.À. Áðûêàëîâ, Â.Â. Âëàñîâ, Â.ß. Äåðð,

Þ.Ô. Äîëãèé, Ã.Ã. Èñëàìîâ, Å.Ñ. Æóêîâñêèé, Ñ.Ì. Ëàáîâñêèé,

Â.È. Ìàêñèìîâ, Â.Ã. Ïèìåíîâ, À.Í. Ñåñåêèí,

À.Ë. Ñêóáà÷åâñêèé, Å.Ë. Òîíêîâ, À.Â. ×èñòÿêîâ
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

ÔÄÓ è êðàåâûå çàäà÷è

Ñêàëÿðíîå ÔÄÓ

x (n)(t) =
n−1∑
i=0

(Tix
(i))(t) + f (t), t ∈ [a, b], (10)

x ∈ ACn−1[a, b], f ∈ L[a, b],
Ti : C[a, b]→ L[a, b] � ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû

Ñèñòåìà ÔÄÓ

{
ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],
ẏ(t) = (T21x)(t) + (T22y)(t) + f2(t), t ∈ [a, b],

(11)

(x , y) ∈ AC[a, b]× AC[a, b], fi ∈ L[a, b],Tij : C[a, b]→ L[a, b],

Tij � ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

ÔÄÓ è êðàåâûå çàäà÷è

Cîñðåäîòî÷åííîå îòêëîíåíèå è ëèíåéíûå îïåðàòîðû

x (n)(t) =
∑n−1

i=0 pi (t)x
(i)(hi (t)) + f (t), t ∈ [a, b],

x (i)(ζ) = ϕi (ζ), ζ /∈ [a, b],
(12)

Çàìåíà ëîêàëüíîãî îïåðàòîðà Íåìûöêîãî íà íåëîêàëüíûé

îïåðàòîð âíóòðåííåé ñóïåðïîçèöèè

(Shx)(t) =

{
p(t)x(h(t)), h(t) ∈ [a, b],

0, h(t) /∈ [a, b],
(13)

p ∈ L[a, b], Sh : C[a, b]→ L[a, b] � ëèíåéíûé îïåðàòîð,

(14)

p(t)x(h(t)) = (Shx)(t) +

{
0, h(t) ∈ [a, b],
p(t)ϕ(h(t)), h(t) 6∈ [a, b].

(15)14 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

ÔÄÓ è êðàåâûå çàäà÷è

Êðàåâàÿ çàäà÷à äëÿ ñêàëÿðíîãî ÔÄÓ

{
x (n)(t) =

∑n−1
i=0 (Tix

(i))(t) + f (t), t ∈ [a, b],
`ix = αi , i = 1, . . . , n,

(16)

αi ∈ R, f ∈ L[a, b],
`i : AC

n−1[a, b]→ R � ëèíåéíûå îãðàíè÷åííûå ôóíêöèîíàëû

Êðàåâàÿ çàäà÷à äëÿ ñèñòåìû ÔÄÓ


ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],
ẏ(t) = (T21x)(t) + (T22y)(t) + f2(t), t ∈ [a, b],
`1(x , y) = α1, `2(x , y) = α2,

(17)

αi ∈ R, fi ∈ L[a, b], `i (x , y) : AC[a, b]× AC[a, b]→ R
� ëèíåéíûå îãðàíè÷åííûå ôóíêöèîíàëû
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ìåòîäû ðåøåíèÿ

Ôðåäãîëüìîâîñòü

Îáùàÿ ëèíåéíàÿ êðàåâàÿ çàäà÷à ôðåäãîëüìîâà

Lx ≡ x (n) −
n−1∑
i=0

(T+
i − T−i )x (i) = f , (26)

`x = α, (27)

α ∈ Rn, f ∈ L[a, b], x ∈ ACn−1, ` : ACn−1 → Rn,

T+
i , T

−
i : C[a, b]→ L[a, b] � ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû

(ïîëîæèòåëüíûå)

Îäíîðîäíàÿ çàäà÷à

{
Lx = f ,
`x = α,

Î.Ð. ⇔ (28){
Lx = 0,
`x = 0

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå (29)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ìåòîäû ðåøåíèÿ

Ðàçðåøèìîñòü. Èçâåñòíûå ïîäõîäû

Âîëüòåððîâîñòü

Çàäà÷à Êîøè ïðè âîëüòåððîâûõ îïåðàòîðàõ Tij îäíîçíà÷íî

ðàçðåøèìà.

Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå îäíîçíà÷íîé ðàçðåøèìîñòè

∣∣∣∣ `1Z1 `1Z2
`2Z1 `2Z2

∣∣∣∣ 6= 0, (30)

Z1 = (x1, y1), Z2 = (x2, y2) � äâóìåðíàÿ ôóíäàìåíòàëüíàÿ

ñèñòåìà ðåøåíèé îäíîðîäíîé çàäà÷è.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ìåòîäû ðåøåíèÿ

Èçâåñòíûå ïîäõîäû. 2

Äîñòàòî÷íàÿ áëèçîñòü ê îäíîçíà÷íî ðàçðåøèìîé çàäà÷å

ρ(B−10 B − I ) < 1 (‖B0 − B‖ < 1/‖B−10 ‖) (31)

B0Z = g îäíîçíà÷íî ðàçðåøèìà ⇒ BZ = g îäíîçíà÷íî ðàçðåøèìà
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ìåòîäû ðåøåíèÿ

Èçâåñòíûå ïîäõîäû. 3

Îöåíêà ñïåêòðàëüíîãî ðàäèóñà

Lx = f , `x = α ⇔ (32)

x(t) = (Ax)(t) + g(t) +
n∑

i=1

αixi (t), t ∈ [a, b], A : C→ C (32)

ρ(A) < 1⇒ ∃ ! x (32), êðàåâàÿ çàäà÷à Î.Ð. (33)

A > 0⇒
(
ρ(A) < 1⇔ {∀g > 0, αi = 0 ∃ ! x > 0}

)
(34)

A > 0⇒
(
ρ(A) < 1⇔

⇔ {∀g ∈ C[a, b], ∀ Ã 6 A ∃ ! x = Ãx + g}
)

(35)

A 6> 0⇒
(
ρ(A) < 1 íå ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì (35)

)
(36)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ìåòîäû ðåøåíèÿ

Èçâåñòíûå ïîäõîäû. 4
Àïðèîðíûå îöåíêè ðåøåíèé.

Íîâîå íàïðàâëåíèå: ïîñòðîåíèå àïðèîðíûõ îöåíîê, ó÷èòûâàþùèõ

çíàêîâûå îñîáåííîñòè îïåðàòîðîâ

È. Êèãóðàäçå, À. Ëîìòàòèäçå, Ñ. Ìóõèãóëàøâèëè, Ð. Õàêë, Á. Ïóæà,

Þ. Øðåìð è äð. äëÿ ñêàëÿðíûõ óðàâíåíèé � 1995-2016 ãîäû.

Þ.Øðåìð, Ñ. Ìóõèãóëàøâèëè � çàäà÷à Êîøè è ïåðèîäè÷åñêàÿ çàäà÷à

äëÿ íåêîòîðûõ ñèñòåì. Èíîãäà ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå

óñëîâèÿ ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ ñåìåéñòâ óðàâíåíèé ñ

îïåðàòîðàìè ñ çàäàííûìè íîðìàìè.

Ðåçóëüòàòû � óñëîâèÿ íà íîðìû, îáåñïå÷èâàþùèå ðàçðåøèìîñòü.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ðåãóëÿðíûå îïåðàòîðû

Ñåìåéñòâà ÔÄÓ ñ ðåãóëÿðíûìè îïåðàòîðàìè
Îïåðàòîðû ñ çàäàííûìè íîðìàìè

x (n)(t) =
n−1∑
i=0

(Tix
(i))(t) + f (t), t ∈ [a, b] (37)

Ti ðåãóëÿðíû

Ti = T+
i − T−i , T

+/−
i : C[a, b]→ L[a, b], T

+/−
i > 0 (38)

‖T+/−
i ‖C→L =

∫ b

a
(T

+/−
i 1 )(t) dt ≡ T +/−

i (39)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ðåãóëÿðíûå îïåðàòîðû

Îáùèé âèä ëèíåéíîãî ïîëîæèòåëüíîãî îïåðàòîðà
èç C[a, b] â L[a, b]

(T+x)(t) =

∫ b

a
x(s)dsr(t, s), (40)

ïðè ïî÷òè âñåõ t ∈ [a, b] ôóíêöèÿ r(t, s) � íå óáûâàåò ïî s íà îòðåçêå
[a, b], ôóíêöèÿ r(t, b)− r(t, a), t ∈ [a, b], ñóììèðóåìà, à èíòåãðàë â

(40) ïîíèìàåòñÿ â ñìûñëå Ðèìàíà-Ñò�èëüòüåñà.

Ñîñðåäîòî÷åííîå îòêëîíåíèå àðãóìåíòà

Åñëè (Tx)(t) = p(t)x(h(t)), t ∈ [a, b], h : [a, b]→ [a, b] � èçìåðèìàÿ

ôóíêöèÿ, p ∈ L[a, b], òî
Tx = T+x − T−x ,

(T+x) = p+(t)x(h(t)), (T−x)(t) = p−(t)x(h(t)), t ∈ [a, b],

T+,T− : C[a, b]→ L[a, b] � ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ðåãóëÿðíûå îïåðàòîðû

Ïåðâûå ðàáîòû ïî ðàçðåøèìîñòè çàäà÷ äëÿ óðàâíåíèé ñ
íåïîëîæèòåëüíûìè îïåðàòîðàìè
Àïðèîðíûå îöåíêè

I. Kiguradze, A. Lomtatidze, S. Mukhigulashvili (FDEs), A. Lasota,

Z. Opial (ODEs)

Lomtatidze A., Mukhigulashvili S.

On periodic solutions of second order functional di�erential equations

Mem. Di�erential Equations Math. Phys. V. 5. 1995. P. 125�126.

Lomtatidze A., Mukhigulashvili S.

On a two-point boundary value problem for second order functional

di�erential equations. I, II

Mem. Di�erential Equations Math. Phys. V. 10. 1997. P. 125�128,

150�152.

Lasota A., Opial Z.

Sur les solutions p�eriodiques des �equations di��erentielles ordinaires.

Ann. Polon. Math. V. 16. 1964. P. 69�94.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ðåãóëÿðíûå îïåðàòîðû

Òåîðåìà

Çàäà÷à Äèðèõëå{
ẍ(t) = (Tx)(t) + f (t), t ∈ [a, b],
x(a) = 0, x(b) = 0,

(41)

èìååò åäèíñòâåííîå ðåøåíèå ïðè âñåõ f ∈ L[a, b], åñëè îïåðàòîð

T : C→ L ïîëîæèòåëåí è

‖T‖C→L 6
16

b − a
.

Åñëè T > 0, òî ‖T‖C→L =
∫ b
a (T1 )(s) ds.

Óñëîâèå ñæàòèÿ äàåò îöåíêó

‖T‖C→L 6
4

b − a
.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ðåãóëÿðíûå îïåðàòîðû

Òåîðåìà

Ïåðèîäè÷åñêàÿ çàäà÷à{
ẍ(t) = (Tx)(t) + f (t), t ∈ [a, b],
x(a) = x(b), ẋ(a) = ẋ(b),

(42)

èìååò åäèíñòâåííîå ðåøåíèå ïðè âñåõ f ∈ L[a, b], åñëè îïåðàòîð

T : C→ L ïîëîæèòåëåí è

0 < ‖T‖C→L 6
16

b − a
.

Åñëè T > 0, òî ‖T‖C→L =
∫ b
a (T1 )(s) ds.

Óñëîâèå ñæàòèÿ äàåò óñëîâèå ðàçðåøèìîñòè

0 < ‖T‖C→L 6
4

b − a
.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ðåãóëÿðíûå îïåðàòîðû

Òðóäíîñòè

Óðàâíåíèÿ ñ ïðîìåæóòî÷íûìè ïðîèçâîäíûìè

{
x (n) =

∑n−1
i=0 T+

i x (i) −
∑n−1

i=0 T−i x (i) + f ,
`ix = αi , i = 1, . . . , n,

(43)

Ñèíãóëÿðíûå óðàâíåíèÿ

{
µx (n) =

∑n−1
i=0 T+

i x (i) −
∑n−1

i=0 T−i x (i) + f , t ∈ [a, b],
`ix = αi , i = 1, . . . , n, µ(t) = (t − a)µ1(b − t)µ2

(44)

Êðàåâûå çàäà÷è äëÿ ñèñòåì


ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],
ẏ(t) = (T21x)(t) + (T22y)(t) + f2(t), t ∈ [a, b],
`1(x , y) = α1, `2(x , y) = α2.
Tij = T+

ij − T−ij , i , j = 1, 2, T+
ij ,T

−
ij : C→ L, T+

ij ,T
−
ij > 0,

f1, f2 ∈ L, `1, `2 : D→ R, α1, α2 ∈ R.
(45)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ðåãóëÿðíûå îïåðàòîðû

Òðóäíîñòè. II

Äðóãèå íîðìû

T : C[a, b]→ L∞[a, b]

Åñëè T > 0, òî ‖T‖C[a,b]→L∞[a,b] = vrai supt∈[a,b](T1 )(t).

Äðóãèå ñåìåéñòâà óðàâíåíèé

T+1 = p+, T−1 = p−
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Íîâûé ìåòîä

Ñåìåéñòâà óðàâíåíèé I

T : C[a, b]→ L[a, b] � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð,

Åñëè (Tx)(t) > 0 ïðè ï.â. t ∈ [a, b] ∀ x ∈ C[a, b], ÷òî x(s) > 0 ∀
s ∈ [a, b], òî T íàçûâàåòñÿ ïîëîæèòåëüíûì îïåðàòîð, T > 0

Ñåìåéñòâà ðåãóëÿðíûõ îïåðàòîðîâ

Çàäàíû íåîòðèöàòåëüíûå ôóíêöèè p+, p− ∈ L[a, b],
íåîòðèöàòåëüíûå ÷èñëà P+, P− ∈ R.

S(p+, p−) ≡
{
T = T+ − T− : T+,T− > 0,

T+1 = p+, T−1 = p−
}
,

(T+u = p+, T−v = p−, u, v ∈ C[a, b], u > 0, v > 0)

32 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Íîâûé ìåòîä

Ñåìåéñòâà óðàâíåíèé II

S1(P+,P−) =
⋃

‖ p+‖L1=P
+, p+>0,

‖ p−‖L1=P
−, p−>0

S(p+, p−),

S∞(P+,P−) =
⋃

‖ p+‖L∞=P+, p+>0,
‖ p−‖L∞=P−, p−>0

S(p+, p−).

33 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Íîâûé ìåòîä

Ïåðåõîä ê êîíå÷íîìåðíûì îïåðàòîðàì. 1

Åñëè x ∈ AC[a, b] � ðåøåíèå, T ∈ S(p+, 0 ),

òî ñóùåñòâóåò êîíå÷íîìåðíîå ïðåäñòàâëåíèå äëÿ Tx :

x(τ1) = min
τ∈[a,b]

x(τ) 6 x(t) 6 max
τ∈[a,b]

x(τ) = x(τ2),

p+(t)x(τ1) = (T1 )(t)x(τ1) 6 (Tx)(t) 6

6 (T1 )(t)x(τ2) = p+(t)x(τ2)

(Tx)(t) = p+(t)ξ(t)x(τ1) + p+(t)(1− ξ(t))x(τ2), t ∈ [a, b],

ξ(t) ∈ [0, 1],

(Tx)(t) = p1(t)x(τ1) + p2(t)x(τ2), t ∈ [a, b],

p1 + p2 = p+, p1, p2 > 0, p1, p2 ∈ L[a, b].
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Íîâûé ìåòîä

Ïåðåõîä ê êîíå÷íîìåðíûì îïåðàòîðàì. 2

Åñëè x ∈ AC[a, b] � ðåøåíèå, T ∈ S(p+, p−),
p+(t)x(τ1) 6 (T+x)(t) 6 p+(t)x(τ2), t ∈ [a, b],

p−(t)x(τ1) 6 (T−x)(t) 6 p−(t)x(τ2), t ∈ [a, b],

p+(t)x(τ1)− p−(t)x(τ2) 6 (T+x)(t)− (T−x)(t) 6

6 p+(t)x(τ2)− p−(t)x(τ1), t ∈ [a, b],

(T+x)(t)− (T−x)(t) = (p+(t)x(τ1)− p−(t)x(τ2))ξ(t)+

+(p+(t)x(τ2)− p−(t)x(τ1))(1− ξ(t)) =
= ((p+(t)ξ(t)− p−(t)(1− ξ(t)))x(t1)+

+((p+(t)(1− ξ(t))− p−(t)(1− ξ(t)))x(t2)
(Tx)(t) = p1(t)x(τ1) + p2(t)x(τ2), t ∈ [a, b],

p1 + p2 = p+, −p− 6 pi 6 p+, i = 1, 2, p1, p2 ∈ L[a, b].
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Íîâûé ìåòîä

Ïåðåõîä ê êîíå÷íîìåðíûì îïåðàòîðàì. 3

Ïóñòü x ∈ C[a, b], T ∈ S(p+, p−), T = T+ − T−,
T+,T− : C[a, b]→ L[a, b], T+/− > 0, T+1 = p+, T−1 = p−.

Òîãäà ñóùåñòâóþò

1 òî÷êè τ1, τ2 ∈ [a, b],

2 ôóíêöèè p1, p2 ∈ L[a, b],

p1 + p2 = p+ − p−, −p− 6 pi 6 p+, i = 1, 2,

òàêèå ÷òî

(Tx)(t) = p1(t) x(τ1) + p2(t) x(τ2), t ∈ [a, b].
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Íîâûé ìåòîä

Âìåñòî èñõîäíîé êðàåâîé çàäà÷è x (n) = Tx + f , `x = α
ðàññìàòðèâàþòñÿ êîíå÷íîìåðíûå çàäà÷è

{
x (n)(t) = p1(t)x(τ1) + p2(t)x(τ2) + f (t), t ∈ [a, b],
`ix = αi , i = 1, . . . , n,

(48)

ïðè âñåõ

τ1, τ2 ∈ [a, b], p1, p2 ∈ L[a, b], p−, p+ ∈ L[a, b] :
p1 + p2 = p+ − p−, −p− 6 pi 6 p+, p+, p− > 0.

Îñíîâíûå çàäà÷è äëÿ (48) ⇔ çàäà÷å êîíå÷íîìåðíîé

îïòèìèçàöèè
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñêàëÿðíûå óðàâíåíèÿ

Çàäà÷à Êîøè äëÿ íåìîíîòîííûõ îïåðàòîðîâ

Òåîðåìà

Äëÿ òîãî ÷òîáû çàäà÷à Êîøè{
ẋ(t) = (T+x)(t)− (Tx)(t) + f (t), t ∈ [a, b],
x(a) = α

áûëà Î.Ð. ïðè âñåõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ T+,

T− : C→ L ñ íîðìàìè

‖T+‖C→L = T +, ‖T−‖C→L = T −

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

T − < 1+ 2
√
1− T +.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñêàëÿðíûå óðàâíåíèÿ

Çàäà÷à Äèðèõëå äëÿ íåìîíîòîííûõ îïåðàòîðîâ

Òåîðåìà

Ïóñòü çàäàíû íåîòðèöàòåëüíûå ÷èñëà T +, T −.
Êðàåâàÿ çàäà÷à{

ẍ(t) = (T+x)(t)− (T−x)(t) + f (t), t ∈ [a, b],
x(a) = α1, x(b) = α2,

îäíîçíà÷íî ðàçðåøèìà ïðè âñåõ òàêèõ ëèíåéíûõ

ïîëîæèòåëüíûõ îïåðàòîðàõ T+,T− : C→ L, ÷òî ‖T+‖ 6 T +,

‖T−‖ 6 T −, òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû

íåðàâåíñòâà

T − 6
4

b − a
, T + 6

8

b − a

(
1+

√
1− (b − a) T −

4

)
.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñêàëÿðíûå óðàâíåíèÿ

Çàäà÷à Äèðèõëå äëÿ ñèíãóëÿðíûõ óðàâíåíèé ñ
íåìîíîòîííûìè îïåðàòîðàìè

Òåîðåìà

Çàäàíû T +, T −. Êðàåâàÿ çàäà÷à{
(t − a) (b − t) ẍ(t) = (T+x)(t)− (T−x)(t) + f (t), t ∈ [a, b],
x(a) = α1, x(b) = α2,

Î.Ð. â ñïåöèàëüíîì ïðîñòðàíñòâå ïðè âñåõ ïîëîæèòåëüíûõ

T+,T− : C→ L, ‖T+‖ 6 T +, ‖T−‖ 6 T −,
⇔

T − 6 b − a, T + 6 2 (b − a)

√
1− T −

b − a
.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñêàëÿðíûå óðàâíåíèÿ

Çàäà÷à Êîøè äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà

Òåîðåìà

Ïóñòü çàäàíû íåîòðèöàòåëüíûå ÷èñëà T +, T −.
Çàäà÷à Êîøè{

ẍ(t) = (T+x)(t)− (T−x)(t) + f (t), t ∈ [a, b],
x(a) = α1, ẋ(a) = α2,

îäíîçíà÷íî ðàçðåøèìà ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ

îïåðàòîðàõ T+,T− : C→ L, ÷òî ‖T+‖ 6 T +, ‖T−‖ 6 T −, òîãäà è
òîëüêî òîãäà, êîãäà âûïîëíåíû íåðàâåíñòâà

T + 6
1

b − a
, T − 6

1

b − a
min

t∈[1/2,1)

1+ 2
√
t(1− t)(1− T + (b − a) t)

t (1− t)
.

Ñëåäñòâèå

Äîñòàòî÷íîå óñëîâèå

T + 6
1

b − a
, T − 6

1

b − a
(4+ 2

√
4− 3 T + (b − a)).
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñêàëÿðíûå óðàâíåíèÿ

Ïåðèîäè÷åñêàÿ çàäà÷à ñ ïðîìåæóòî÷íûìè ïðîèçâîäíûìè

Ïóñòü çàäàíû T +, T −, Q+, Q− > 0, T + > T −.
Çàäà÷à

ẍ(t) = (T+x)(t)− (T−x)(t) + (Q+ẋ)(t)− (Q−ẋ)(t) + f (t),
t ∈ [0, 1],
x(0)− x(1) = α1, ẋ(0)− ẋ(1) = α2,

îäíîçíà÷íî ðàçðåøèìà ∀ ëèíåéíûõ ïîëîæèòåëüíûõ T+, T−, Q+,

Q− : C→ L,

‖T+‖ = T +, ‖T−‖ = T −, ‖Q+‖ 6 Q+, ‖Q−‖ 6 Q−, (49)

i� äëÿ âñåõ t ∈ [0, 1] è p ∈ [0, T +] âûïîëíåíû íåðàâåíñòâà:
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñêàëÿðíûå óðàâíåíèÿ

p(T + − p) t2 + (p(p − T +) + p(Q+ −Q−) + T +Q− − T −Q+) t+

+p(Q− −Q+) + T −Q+ − T +Q− + T + − T − > 0,

p(T + − p) t2 + (p(p − T +) + (T + − p)(Q− −Q+)) t−
−(T + − p)Q− + T + − T − > 0,

p(T + − p) t2 + (p(p − T +) + (T − − p)(Q− −Q+)) t+

+(T − − p)Q+ + T + − T − > 0,

p(T + − p) t2 + (p(p − T +) + p(Q+ −Q−) +Q−T − −Q+T +) t+

+T + − T − > 0,
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñêàëÿðíûå óðàâíåíèÿ

p(T + − p) t2 + (p(p − T +) + p(Q+ −Q−) +Q−(T + − T −)) t+
+p(Q− −Q+) + (T + − T −)(1−Q−) > 0,

p(T + − p) t2 + (p(p − T +) + (T + − T − − p)(Q− −Q+)) t+

+pQ− + (T + − T −) (1−Q−) > 0,

p(T + − p) t2 + (p(p − T +)− p(Q− −Q+)) t+

+T + − T − − pQ+ > 0,

p(T + − p) t2 + (p(p − T +)− p(Q− −Q+) +Q+(T − − T +)) t+

+T + − T − > 0.

44 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñêàëÿðíûå óðàâíåíèÿ

Ïåðèîäè÷åñêàÿ çàäà÷à ñ ïðîìåæóòî÷íûìè ïðîèçâîäíûìè. II

Ïóñòü çàäàíû ÷èñëà T + > 0, q > 0. Çàäà÷à

ẍ(t) = (T+x)(t) + (Qẋ)(t) + f (t), t ∈ [0, 1],
x(0)− x(1) = α1, ẋ(0)− ẋ(1) = α2,

îäíîçíà÷íî ðàçðåøèìà ∀ ëèíåéíûõ ïîëîæèòåëüíûõ T+ : C→ L

è ìîíîòîííûõ Q : C→ L,

‖T+‖ = T +, ‖Q‖ 6 q

i�

q 6 1, 0 < T + 6 min
t∈(0,1)

(1+
√
1− q t)2

t (1− t)
.

Åñëè q = 0, òî T + 6 16; åñëè q = 1, òî T + 6 (11+ 5
√
5)/2.
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Ñêàëÿðíûå óðàâíåíèÿ

Ïåðèîäè÷åñêàÿ çàäà÷à ñ ïðîìåæóòî÷íûìè ïðîèçâîäíûìè. III

Ïóñòü çàäàíû ÷èñëà T + > 0, q > 0.

Ïåðèîäè÷åñêàÿ çàäà÷à{
ẍ(t) = (T+x)(t) + (Q+ẋ)(t)− (Q−ẋ)(t) + f (t), t ∈ [0, 1],
x(0)− x(1) = α1, ẋ(0)− ẋ(1) = α2,

îäíîçíà÷íî ðàçðåøèìà ∀ ëèíåéíûõ ïîëîæèòåëüíûõ
T+,Q+,Q− : C→ L,

‖T+‖ = T +, ‖Q+‖ 6 q, ‖Q−‖ 6 q, (50)

i�

q 6 1, 0 < T + 6 4 (1+
√
1− q)2.
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Ñêàëÿðíûå óðàâíåíèÿ

Çàäà÷à Äèðèõëå ñ îïåðàòîðîì T : C→ L∞

Çàäà÷à Äèðèõëå ñ îïåðàòîðîì T : C→ L∞{
ẍ(t) = (Tx)(t) + f (t), t ∈ [a, b],
x(a) = 0, x(b) = 0,

èìååò åäèíñòâåííîå ðåøåíèå ïðè âñåõ f ∈ L[a, b], åñëè îïåðàòîð

T : C[a, b]→ L∞[a, b] ïîëîæèòåëåí è

‖T‖C[a,b]→L∞[a,b] <
32

(b − a)2
.

Åñëè T > 0, òî ‖T‖C[a,b]→L∞[a,b] = vrai supt∈[a,b](T1 )(t).
Óñëîâèå ñæàòèÿ äàåò óñëîâèå ðàçðåøèìîñòè

‖T‖C[a,b]→L∞[a,b] <
8

(b − a)2
.
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Ïåðèîäè÷åñêàÿ çàäà÷à ñ îïåðàòîðîì T : C→ L∞{
ẍ(t) = (Tx)(t) + f (t), t ∈ [a, b],
x(a) = x(b), ẋ(a) = ẋ(b),

èìååò åäèíñòâåííîå ðåøåíèå ïðè âñåõ f ∈ L[a, b], åñëè îïåðàòîð

T : C[a, b]→ L∞[a, b] ïîëîæèòåëåí è

0 < ‖T‖C[a,b]→L∞[a,b] <
32

(b − a)2
.

Åñëè T > 0, òî ‖T‖C[a,b]→L∞[a,b] = vrai supt∈[a,b](T1 )(t).
Óñëîâèå ñæàòèÿ äàåò óñëîâèå ðàçðåøèìîñòè

0 < ‖T‖C[a,b]→L∞[a,b] <
8

(b − a)2
.
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Íåñèíãóëÿðíàÿ çàäà÷à Êîøè äëÿ n-ãî ïîðÿäêà.I

Òåîðåìà

Ïóñòü çàäàíî íåîòðèöàòåëüíîå ÷èñëî T −.
Ïðè n > 2 çàäà÷à Êîøè{

x (n)(t) = −(T−x)(t) + f (t), t ∈ [a, b],

x (i)(a) = αi , i = 0, 1, . . . , n − 1,

Î.Ð. ïðè âñåõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T− : C→ L, ‖T−‖ 6 T −,
⇔

T − 6
(n − 1)!

(b − a)n−1

(
min

y∈(0,1]

((1+ y)n−1 + 1)2

1− (1− y2)n−1
− 1

)
≡ T −n .
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Ñêàëÿðíûå óðàâíåíèÿ

Íåñèíãóëÿðíàÿ çàäà÷à Êîøè äëÿ n-ãî ïîðÿäêà. II

Ïîâåäåíèå ïðè áîëüøèõ n

T −n (b − a)n−1

n!
↑ k20 ≈ 12.9,

ãäå k0 � ðåøåíèå óðàâíåíèÿ 1+ k0 = k0 ln k0.
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Ñêàëÿðíûå óðàâíåíèÿ

Íåñèíãóëÿðíàÿ çàäà÷à Êîøè äëÿ n-ãî ïîðÿäêà.III

Òåîðåìà äëÿ ïîëîæèòåëüíûõ îïåðàòîðîâ � ïðèíöèï ñæàòèÿ

Ïóñòü çàäàíî íåîòðèöàòåëüíîå ÷èñëî T +.

Ïðè n > 2 çàäà÷à Êîøè{
x (n)(t) = (T+x)(t) + f (t), t ∈ [a, b],

x (i)(a) = αi , i = 0, 1, . . . , n − 1,

Î.Ð. ïðè âñåõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T+ : C→ L, ‖T+‖ 6 T +,

⇔

T + 6
(n − 1)!

(b − a)n−1
≡ T +

n , lim
n→∞

T −n
nT +

n
= k20 .
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Ñêàëÿðíûå óðàâíåíèÿ

Çàäà÷à Êîøè ñ ïîòî÷å÷íûìè îãðàíè÷åíèÿìè. I

Òåîðåìà

Çàäà÷à Êîøè{
ẍ(t) = p(t)x(h(t))−m(t)x(g(t)) + f (t), t ∈ [0, 1],
x(0) = α0, ẋ(0) = α1,

Î.Ð. ïðè âñåõ íåîòðèöàòåëüíûõ m, p ∈ L, âñåõ èçìåðèìûõ h,
g : [0, 1]→ [0, 1], åñëè ïðè íåêîòîðûõ P , M

p(t)h(t) 6 P < 1/2, m(t)g(t) 6 M < m1 ≈ 7.4,

m1 � ìàêñèìàëüíûé êîðåíü

64y6 − 320y5 − 1168y4 − 96y3 + 1212y2 + 44y + 25 = 0.

Êîíñòàíòû 1/2 è m1 íåëüçÿ óâåëè÷èòü.
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Ñêàëÿðíûå óðàâíåíèÿ

Çàäà÷à Êîøè ñ ïîòî÷å÷íûìè îãðàíè÷åíèÿìè. II

Òåîðåìà

Çàäà÷à Êîøè{
ẍ(t) = p(t)x(h(t))−m(t)x(g(t)) + f (t), t ∈ [0, 1],
x(0) = α0, ẋ(0) = α1,

Î.Ð. ïðè âñåõ íåîòðèöàòåëüíûõ m, p ∈ L, âñåõ èçìåðèìûõ h,
g : [0, 1]→ [0, 1], åñëè ïðè íåêîòîðûõ P , M

p(t) 6 P < 1/2, m(t)g(t) 6 M < m2 ≈ 4.5,

m2 � ìàêñèìàëüíûé êîðåíü óðàâíåíèÿ y3 − 2y2 − 8y + 8 = 0.

Êîíñòàíòû 1/2 è m2 íåëüçÿ óâåëè÷èòü.
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Ñêàëÿðíûå óðàâíåíèÿ

Çàäà÷à Êîøè ñ ïîòî÷å÷íûìè îãðàíè÷åíèÿìè. III

Òåîðåìà

Çàäà÷à Êîøè{
ẍ(t) = p(t)(t − t0)x(h(t)) + f (t), t ∈ [0, 1], (t0 ∈ [0, 1]),
x(0) = α0, ẋ(0) = α1,

Î.Ð. ïðè âñåõ íåîòðèöàòåëüíûõ p ∈ L, p(t) 6 P , p(t) 6≡ P è

âñåõ èçìåðèìûõ h : [0, 1]→ [0, 1], åñëè
P = 6/(1− t0)

3 ïðè t0 6 s ≈ 0, 54, 4s3 − 3s2 + 6s − 3 = 0,

w1P(1+ t21P/2(t0 − t1/3) + (1− w2P)(1+ P/2(t0 − 1/3) > 0 ∀
0 6 t3 6 t1 6 t0 ïðè t0 > s;

w1 = (t0 − t3)
2(t0 + 2t3 − 3)/6, w2 = (t1 − t3)(t1 + 2t3 − 3t0)/6.

Êîíñòàíòó P íåëüçÿ óâåëè÷èòü.
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Ñèíãóëÿðíàÿ çàäà÷à Êîøè äëÿ n-ãî ïîðÿäêà

Òåîðåìà

Ïóñòü çàäàíû íåîòðèöàòåëüíûå ÷èñëà T +, T −.
Ïðè n > 2 çàäà÷à Êîøè{

(b − t)n−1x (n)(t) = (T+x)(t)− (T−x)(t) + f (t), t ∈ [a, b],
x(i)(a) = αi , i = 0, 1, . . . , n − 1,

îäíîçíà÷íî ðàçðåøèìà ïðè âñåõ ëèíåéíûõ ïîëîæèòåëüíûõ

îïåðàòîðàõ T+, T− : C→ L, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì

‖T+‖ 6 T +, ‖T−‖ 6 T −, òîãäà è òîëüêî òîãäà, êîãäà

T + < (n − 1)!, T − 6 (n − 1)!

(
1+ 2

√
1− T +

(n − 1)!

)
.
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Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Îñíîâíûå ðàáîòû I

È.Ò. Êèãóðàäçå, Ò. Êóñàíî

Î ïåðèîäè÷åñêèõ ðåøåíèÿõ îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé âûñøèõ ïîðÿäêîâ.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ, Ò. 35, 1, 1999.

R. Hakl, A. Lomtatidze, J. �Sremr.

Some boundary value problems for �rst order scalar functional

di�erential eequations.

Brno: Masaryk University, 2002.
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Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Îñíîâíûå ðàáîòû II

Ð. Õàêë, Ñ. Ìóõèãóëàøâèëè

Î ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷àõ äëÿ

ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ, Ò. 39, 3, 2005.

S. Mukhigulashvili.

On a periodic boundary value problem for third order linear

functional di�erential equations.

Nonlinear Anal. Theory, Methods, Appl., V. 66, 2(A), 2007.
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Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Îñíîâíûå ðàáîòû III

R. Hakl, S. Mukhigulashvili

A periodic boundary value problem for functional di�erential

equations of higher order.

Georgian Math. J., V. 16, 4. 2009.

È.Ò. Êèãóðàäçå

Î ðåçîíàíñíîé ïåðèîäè÷åñêîé çàäà÷å äëÿ íåàâòîíîìíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé âûñøèõ ïîðÿäêîâ.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ, Ò. 44, 8, 2008.

I. Kiguradze, A. Lomtatidze

Periodic solutions of nonautonomous ordinary di�erential

equations.

Monatshefte fur Mathematik, V. 159. 2010.
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Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Îñíîâíûå ðàáîòû IV

S. Mukhigulashvili, N. Partsvania, B. Pu�za

On a periodic problem for higher-order di�erential equations

with a deviating argument.

Nonlinear Analysis, V. 74. 2011.
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Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Îñíîâíîå óòâåðæäåíèå
Ìíîæåñòâî îäíîçíà÷íîé ðàçðåøèìîñòè

Òåîðåìà

Ïóñòü T + 6= T −. Ïåðèîäè÷åñêàÿ çàäà÷à{
x (n)(t) = (T+x)(t)− (T−x)(t) + f (t), t ∈ [0, 1],

x (i)(0) = x (i)(1), i = 1, . . . , n,

îäíîçíà÷íî ðàçðåøèìà äëÿ âñåõ òàêèõ ïîëîæèòåëüíûõ

îïåðàòîðîâ T+, T− : C→ L, ÷òî ‖T+‖ = T +, ‖T−‖ = T −,
òîãäà è òîëüêî òîãäà, êîãäà

Y

1− Y
6 X 6 2 (1+

√
1− Y ),

X = Mn max(T +, T −), Y = Mn min(T +, T −).
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Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ïåðèîäè÷åñêàÿ çàäà÷à
Îñíîâíûå ðåçóëüòàòû

Mn =

{
2(−1)mG (1

2
, 1
4
), åñëè n = 2m + 1,

(−1)m G (1
2
, 1
2
), åñëè n = 2m,

G (t, s) � ôóíêöèÿ Ãðèíà çàäà÷è{
x (n)(t) = f (t), t ∈ [0, 1],

x(0) = 0, x(1) = 0, x (i)(0) = x (i)(1), i = 1, . . . , n − 2.

∞∑
n=0

Mn+1t
n =

1

cos(t/4)
+ tg(t/4), |t| < 2π.

M1 = 1, M2 =
1
4
, M3 =

1
32
, M4 =

1
192

, M5 =
5

6144
, M6 =

1
7680

...

61 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ïåðèîäè÷åñêàÿ çàäà÷à
Îñíîâíûå ðåçóëüòàòû. 2

Mn =


(−1)m En−1

4n−1 (n − 1)!
, n = 2m + 1,

(−1)m+14(1− 1

2n
)
Bn

n!
, n = 2m,

Bn � ÷èñëà Áåðíóëëè, En � ÷èñëà Ýéëåðà,

M2m+1(2π)
2m+1 ↑ 8, M2m(2π)

2m ↓ 8, lim
n→∞

Mn(2π)
n = 8.

8 nMn+1 =
n∑

k=1

MkMn+1−k , M1 = 1.
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Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ñâÿçü ñ êëàññè÷åñêèìè ïîñëåäîâàòåëüíîñòÿìè
Êîíñòàíòû Ôàâàðà

Mn =
Fn−1

(2π)n−1
, Fn =

4

π

∞∑
k=0

(
(−1)k

2k + 1

)n+1

, Mn = F̃n−1,

Fn � êîíñòàíòû Æ. Ôàâàðà, íàèëó÷øèå ïîñòîÿííûå â

íåðàâåíñòâå Áîðà-Ôàâàðà

‖ x‖∞ 6 Fn‖ x (n)‖∞,

x (n) ∈ L∞, x (i)(0) = x (i)(2π), i = 0, 1, . . . , n − 1,
∫ 2π
0

x(s) ds = 0.

63 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ñâÿçü ñ êëàññè÷åñêèìè ïîñëåäîâàòåëüíîñòÿìè
Êîíñòàíòû Ñòå÷êèíà

Mn =
4Cn,∞
(2π)n−1

äëÿ ÷åòíûõ n, Mn = 4C̃n,∞,

Cn,∞ � êîíñòàíòû Ñ.Á. Ñòå÷êèíà, íàèëó÷øèå ïîñòîÿííûå â

íåðàâåíñòâå

‖ x‖∞ 6 Cn,∞

∫ 2π

0

|x (n)(s)| ds,

x (n) ∈ L, x (i)(0) = x (i)(2π), i = 0, 1, . . . , n − 1,
∫ 2π
0

x(s) ds = 0.

64 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ñâÿçü ñ êëàññè÷åñêèìè ïîñëåäîâàòåëüíîñòÿìè
Up-down ïåðåñòàíîâêè

Mn+2 =
An

4n+1(n + 1)!
,

ãäå An ÷èñëî çìåé èëè up-down ïåðåñòàíîâîê ÷èñåë

{0, 1, . . . , n} (x0 < x1 > x2 < . . . xn).
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Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Çàäà÷à ñ òî÷å÷íûìè îãðàíè÷åíèÿìè. I

Òåîðåìà

Ïóñòü T + 6= T −. Ïåðèîäè÷åñêàÿ çàäà÷à{
x (n)(t) = (T+x)(t)− (T−x)(t) + f (t), t ∈ [0, 1],

x (i)(0) = x (i)(1), i = 1, . . . , n,

îäíîçíà÷íî ðàçðåøèìà äëÿ âñåõ òàêèõ ðàçëè÷íûõ

ïîëîæèòåëüíûõ îïåðàòîðîâ T+, T− : C→ L∞, ÷òî
‖T+‖ = T +, ‖T−‖ = T −, T−1 6 T − 6 T+1 6 T + èëè

T+1 6 T + 6 T−1 6 T −
òîãäà è òîëüêî òîãäà, êîãäà

T + + T − < 1

Kn
, min(T +, T −) 6 1

Ln
.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Çàäà÷à ñ òî÷å÷íûìè îãðàíè÷åíèÿìè. II
Êîíñòàíòû Kn è Ln

Îïðåäåëåíèå

Kn = Mn+1,

Ln =


(−1)m+1(2n − 1)Bn

2n−1n!
= Mn/2, åñëè n = 2m,

2 max
s∈[0,1]

Bn(s)

n!
, åñëè n � íå÷åòíîå ÷èñëî,
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Çàäà÷à ñ òî÷å÷íûìè îãðàíè÷åíèÿìè. III
Êîíñòàíòû Kn è Ln

L2m = K2m−1/2,
Kn−1
2

< Ln <
4

(2π)n
, n = 2m + 1,

lim
n→∞

Ln
Kn

= π,
L1
K1

=
L2
K2

= 4,

L1 = 1, L2 =
1

8
, L3 =

√
3

108
, L4 =

1

384
,

Ln = 2 C̃n,∞.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ðåçîíàíñíàÿ çàäà÷à I

{
x (n)(t) = (T+x)(t)− (T−x)(t) + f (t), t ∈ [a, b],
`ix = αi , i = 1, . . . , n,

(51)

îäíîðîäíàÿ çàäà÷à èìååò îäíîìåðíîå ìíîæåñòâî ðåøåíèé

x(t) = cv(t), t ∈ [a, b], c ∈ R,

v ∈ ACn−1, v(t) 6= 0 ∀ t ∈ [a, b];

åñëè x ∈ ACn−1 è `ix = 0, i = 1, . . . , n, òî∫ b

a
x (n)(s) ds = 0.

`nx = x (n−1)(a)− x (n−1)(b)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ðåçîíàíñíàÿ çàäà÷à II

G (t, s) � ôóíêöèÿ Ãðèíà çàäà÷è
x (n)(t) = f (t), t ∈ [a, b],
`ix = 0, i = 1, . . . , n − 1,
x(a) = 0,

x(t) =

∫ b

a
G (t, s)f (s) ds, t ∈ [a, b].

Mt1,t2 ≡ vrai sup
s∈[a,b]

(G (t1, s)− G (t2, s)),

mt1,t2 ≡ vrai inf
s∈[a,b]

(G (t1, s)− G (t2, s)),
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ðåçîíàíñíàÿ çàäà÷à III

M≡ max
t1,t2∈[a,b]

(Mt1,t2 −mt1,t2).
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Ðåçîíàíñíàÿ çàäà÷à IV

Äëÿ êðàåâîé çàäà÷è èëè äëÿ ñèñòåìû ôóíêöèîíàëîâ `i ,
i = 1, . . . , n, âûïîëíåíî óñëîâèå C , åñëè èç òîãî, ÷òî ïðè

íåêîòîðûõ t̃1, t̃2 ∈ [a, b]

M = Mt̃1,t̃2
−mt̃1,t̃2

ñëåäóåò, ÷òî ôóíêöèÿ

gt̃1,t̃2(s) ≡ G (t̃1, s)− G (t̃2, s), s ∈ [a, b],

ìîæåò ïðèíèìàòü õîòÿ áû îäíî èç çíà÷åíèé Mt̃1,t̃2
è mt̃1,t̃2

ëèøü íà ìíîæåñòâå íóëåâîé ìåðû.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ ñêàëÿðíîãî óðàâíåíèÿ n-ãî ïîðÿäêà

Òåîðåìà

Äàíû T + 6= T −. Âûïîëíåíî óñëîâèå C . Çàäà÷à (51) Î.Ð. ∀ T−,
T+ : C→ L,

‖T+v‖ = T +, ‖T−v‖ = T −, T+/− > 0

⇔

Y

1− Y
6 X 6 2(1+

√
1− Y ),

X =Mmax(T +, T −), Y =Mmin(T +, T −),

à åñëè C íå âûïîëíåíî, òî

Y

1− Y
< X < 2(1+

√
1− Y ).
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Ñèñòåìû äâóõ óðàâíåíèé ñ ðåãóëÿðíûìè îïåðàòîðàìè

Êðàåâûå çàäà÷è äëÿ ñèñòåìû

ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b], (52)

ẏ(t) = (T21x)(t) + (T22y)(t) + f2(t), t ∈ [a, b], (53)

`1(x , y) = α1, `2(x , y) = α2. (54)

x ∈ AC[a, b], y ∈ AC[a, b], Tij : C[a, b]→ L[a, b], fi ∈ L[a, b],
`i : AC× AC→ R

Îäíîðîäíàÿ çàäà÷à äëÿ ñèñòåìû

ẋ(t) = (T11x)(t) + (T12y)(t), t ∈ [a, b], (55)

ẏ(t) = (T21x)(t) + (T22y)(t), t ∈ [a, b], (56)

`1(x , y) = 0, `2(x , y) = 0. (57)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Îñíîâíîå óòâåðæäåíèå

Ëåììà

Äàíû p+ij , p
−
ij ∈ L, p

+/−
ij > 0, i , j = 1, 2. Çàäà÷à Î.Ð. ïðè âñåõ

Tij : C→ L,

Tij = T+
ij − T−ij ,T

+/−
ij > 0, T

+/−
ij 1 = p

+/−
ij , i , j = 1, 2,

⇔ çàäà÷à
ẋ(t) = p11∗(t)x(τ1) + p∗11(t)x(τ2) + p12∗(t)y(θ1) + p∗12(t)y(θ2),
ẏ(t) = p21∗(t)x(τ1) + p∗21(t)x(τ2) + p22∗(t)y(θ1) + p∗22(t)y(θ2),
t ∈ [a, b], `1(x , y) = 0, `2(x , y) = 0,

Î.Ð. ïðè âñåõ τ1, τ2, θ1, θ2 ∈ [a, b], pij∗, p
∗
ij ∈ L, i , j = 1, 2,

−p−ij 6 pij∗ 6 p+ij , pij∗ + p∗ij = p+ij − p−ij , i , j = 1, 2.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Çàäà÷à Êîøè I

Òåîðåìà


ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],
ẏ(t) = (T21x)(t) + (T22y(t) + f2(t), t ∈ [a, b],
x(a) = α1, y(a) = α2,

Î.Ð. ïðè âñåõ Tij = T+
ij − T−ij , T

+/−
ij > 0, T

+/−
ij : C→ L,

i , j = 1, 2,

‖T+/−
11 ‖ 6 a+/−, ‖T+/−

12 ‖ 6 c+/−,

‖T+/−
21 ‖ 6 d+/−, ‖T+/−

22 ‖ 6 b+/−,

⇔
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Çàäà÷à Êîøè II

Òåîðåìà (ïðîäîëæåíèå) ⇔

4 =

∣∣∣∣∣∣∣∣∣∣
1− a+1 a−1 −c+1 c−1
a−2 − 1 1− a+2 c−2 −c+2
−d+

1 d−1 1− b+1 b−1
d−2 −d+

2 b−2 − 1 1− b+2

∣∣∣∣∣∣∣∣∣∣
> 0

ïðè âñåõ

a
+/−
1 + a

+/−
2 6 a+/−, b

+/−
1 + b

+/−
2 6 b+/−,

c
+/−
1 + c

+/−
2 6 c+/−, d

+/−
1 + d

+/−
2 6 d+/−,

a
+/−
i , b

+/−
i , c

+/−
i , d

+/−
i > 0, i = 1, 2.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Ëåãêèå¿ è ¾òðóäíûå¿ ñëó÷àè

Åñëè c+c− = 0 è d+d− = 0, òî íåîáõîäèìûå è äîñòàòî÷íûå

óñëîâèÿ ðàçðåøèìîñòè ñâîäÿòñÿ ê ïðîâåðêå êâàäðàòè÷íîãî

íåðàâåíñòâà îòíîñèòåëüíî ïðîèçâåäåíèÿ íåíóëåâûõ c∗d∗.

¾Ëåãêèå¿ ñëó÷àè: CD < M1(a
+, a−, b+, b−).

Êîýôôèöèåíò ïðè êâàäðàòè÷íîì ñëàãàåìîì îòðèöàòåëüíûé (çíàê

íå çàâèñèò îò a+/−, b+/−). Ìèíèìóì âñåãäà íà ãðàíèöå.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïðîñòûå, M1 ëåãêî

âû÷èñëÿåòñÿ.

¾Òðóäíûå¿ ñëó÷àè. CD < M2(a
+, a−, b+, b−)

Êîýôôèöèåíò ïðè êâàäðàòè÷íîì ñëàãàåìîì ïîëîæèòåëüíûé.

Ìèíèìóì ìîæåò áûòü âíóòðè ðàññìàòðèâàåìîé îáëàñòè.

Îïðåäåëåíèå íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé çàòðóäíåíî, íå

âñåãäà óäàåòñÿ ïîëó÷èòü àíàëèòè÷åñêîå âûðàæåíèå äëÿ M2.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Ëåãêèå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû îäíîãî çíàêà

Òåîðåìà


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = α1, y(a) = α2,


ẋ = T11x − T12y + f1,
ẏ = −T21x + T22y + f2,
x(a) = α1, y(a) = α2,

Î.Ð. äëÿ âñåõ Tii = T+
ii − T−ii , T

+/−
11 , T

+/−
22 , T12, T21 > 0,

‖T+/−
ii ‖ = T +/−

ii , ‖T12‖ = C , ‖T21‖ = D,

⇔ T +
ii < 1, T −ii < 1+ 2

√
1− T +

ii , i = 1, 2,

CD < (ϕ(T −11 )−T
+
11 )(ϕ(T

−
22 )−T

+
22 ), ϕ(z) =

{
1, z 6 1,

1− (z−1)2
4

, z > 1.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Òðóäíûå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû ðàçíûõ çíàêîâ.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ ïîëîæèòåëüíûõ

äèàãîíàëüíûõ îïåðàòîðîâ


ẋ = T11x + T12y + f1,
ẏ = −T21x + T22y + f2,
x(a) = α1, y(a) = α2,


ẋ = T11x − T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = α1, y(a) = α2,

Î.Ð. ïðè âñåõ Tij > 0, i , j = 1, 2,

‖T11‖ 6 A, ‖T12‖ 6 C , ‖T21‖ 6 D, ‖T22‖ 6 B,

⇔ A < 1, B < 1, CD <
(

3
√
1− A+ 3

√
1− B

)3
.

Äîñò. óñë. (Shremr, Hakl, 2005) CD < 4
√

(1− A)(1− B)+(
√
1− A+

√
1− B)2.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Ïåðèîäè÷åñêàÿ çàäà÷à

Òåîðåìà


ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],
ẏ(t) = (T21x)(t) + (T22y(t) + f2(t), t ∈ [a, b],
x(a) = x(b), y(a) = y(b),

Î.Ð. ïðè âñåõ Tij = T+
ij − T−ij , T

+/−
ij : C→ L, T

+/−
ij > 0,

i , j = 1, 2,

‖T+/−
11 ‖ = a+/−, ‖T+/−

12 ‖ = c+/−, (59)

‖T+/−
21 ‖ = d+/−, ‖T+/−

22 ‖ = b+/−, (60)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Ïåðèîäè÷åñêàÿ çàäà÷à

Òåîðåìà (ïðîäîëæåíèå)

4 ≡

∣∣∣∣∣∣∣∣∣∣
a+ − a− ya + xa c+ − c− yc + xc

−(a+1 − a−1 ) 1− ya −(c+1 − c−1 ) −yc
d+ − d− yd + xd b+ − b− yb + xb

d+
1 − d−1 yd b+1 − b−1 1+ yb

∣∣∣∣∣∣∣∣∣∣
6= 0

ïðè âñåõ

z
+/−
1 ∈ [0, z+/−], xz ∈ [−z− + z−1 , z

+ − z+1 ], yz ∈ [−z−1 , z
+
1 ],

z ∈ {a, b, c , d}.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû

Ïðåäïîëîæåíèÿ


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = x(b), y(a) = y(b),

f1, f2 ∈ L[a, b], Tij : C→ L, Tij > 0, i , j = 1, 2


ẋ = ε11 T11x + ε12 T12y + f1,
ẏ = ε21 T21x + ε22 T22y + f2,
x(a) = x(b), y(a) = y(b),

εij ∈ {−1, 1}, i , j = 1, 2, ε11ε12ε21ε22 = 1 98 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû

Òåîðåìà


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = x(b), y(a) = y(b),

Î.Ð. ïðè âñåõ Tij > 0, i , j = 1, 2,

‖T11‖ = A, ‖T12‖ = C , ‖T21‖ = D, ‖T22‖ = B,

⇔ 0 < A < 4, 0 < B < 4,

C D < AB min

(
1

1+ A
, 1− A

4

)
min

(
1

1+ B
, 1− B

4

)
èëè
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû - 2

Òåîðåìà (ïðîäîëæåíèå)

⇔ 0 < A < 4, 0 < B < 4,

C D < AB min

(
1

1+ A
, 1− A

4

)
min

(
1

1+ B
, 1− B

4

)
èëè

0 6 A < 1, 0 6 B < 1,
AB

(1− A) (1− B)
< C D, (61)

(C D)2 t2(1− t)2 + C D (A t2 + B (1− t)2 − 1) + AB < 0,
(62)

t ∈ [0, 1].
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ñèñòåìû óðàâíåíèé

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû-3

Òåîðåìà


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = x(b), y(a) = y(b),

Î.Ð. ïðè âñåõ Tij > 0, i , j = 1, 2,

‖T11‖ = A, ‖T12‖ = C , ‖T21‖ = D, ‖T22‖ = A,

⇔ 0 < A < 4,
√
C D < Amin

(
1

1+A , 1−
A
4

)
èëè

0 6 A < 1,
A

1− A
<
√
C D < 2 (1+

√
1− A).
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Ñèñòåìû óðàâíåíèé

Äâóõòî÷å÷íàÿ çàäà÷à
Äèàãîíàëüíàÿ ìàòðèöà, ïîëîæèòåëüíûå îïåðàòîðû

Òåîðåìà


ẋ = T+

12y + f1,
ẏ = T+

21x + f2,
x(a) + y(a) = α1, x(b) + y(b) = α2,

Î.Ð. ïðè âñåõ T+
12, T

−
21 > 0, ‖T12‖ = c+, ‖T21‖ = d+

⇔ c+ = 0, d+ > 0 èëè d+ = 0, c+ > 0 èëè

d+

1− d+
< c+ <

2

d+
(1+

√
1− d+2)

èëè

c+

1− c+
< d+ <

2

c+
(1+

√
1− c+2).
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Îñíîâíàÿ òåîðåìà. Ïðåäïîëîæåíèÿ

f ∈ L[0, 1],
∫ 1

0

f (t) dt = 1, µ ≡
min{

∫ 1
0
f +(t) dt,

∫ 1
0
f −(t) dt}

max{
∫ 1
0
f +(t) dt,

∫ 1
0
f −(t) dt}

.

Çàäà÷à

ẍ(t) = (Tx)(t) + λf (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

èìååò åäèíñòâåííîå ðåøåíèå ïðè âñåõ T ∈ S(q, r),

S(q, r) ≡
{
T : C→ L : T = T+ − T−, T+/− > 0,

T+1 = q, T−1 = r
}
,

P ≡
∫ 1

0

(q(t)− r(t)) dt 6= 0.
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Îáîçíà÷åíèÿ

∀ 0 6 t1 < t2 6 1 îïðåäåëèì êóñî÷íî ëèíåéíóþ íåïðåðûâíóþ

ôóíêöèþ

gt1,t2(t) ≡ G (t2, t)−G (t1, t) =


(t2 − t1)t, t ∈ [0, t1),
t1 + t(t2 − t1 − 1), t ∈ [t1, t2),
(t2 − t1)(t − 1), t ∈ [t2, 1],

G (t, s) � ôóíêöèÿ Ãðèíà çàäà÷è ẍ(t) = f (t), t ∈ [0, 1],
x(0) = 0, x(1) = 0

∀ f ∈ L[0, 1] ïóñòü

gt1,t2,f (t) ≡ gt1,t2(t)−
∫ 1

0

f (s)qt1,t2(s) ds, t ∈ [0, 1],
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Îñíîâíàÿ òåîðåìà

Òåîðåìà

Åñëè

max
06t16t261

∫ 1

0

(
q(t)g+

t1,t2,f
(t) + r(t)g−t1,t2,f (t)

)
dt < 1,

max
06t16t261

∫ 1

0

(
q(t)g−t1,t2,f (t) + r(t)g+

t1,t2,f
(t)
)
dt < 1,

òî ïðè âñåõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ T ∈ S(p, q)
åäèíñòâåííîå ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = (Tx)(t) + λf (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

óäîâëåòâîðÿåò íåðàâåíñòâó − sgn (λP) x(t) > 0, t ∈ [0, 1]. 106 / 147
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Îáùèå óòâåðæäåíèÿ î ïîëîæèòåëüíûõ ðåøåíèÿõ. 2

Îïðåäåëåíèÿ. 2

µ ≡
min{

∫ 1
0
f +(t) dt,

∫ 1
0
f −(t) dt}

max{
∫ 1
0
f +(t) dt,

∫ 1
0
f −(t) dt}

.

wt1,t2(t) ≡ gt1,t2(t)+(t2−t1)(1−t2)+(t2−t1)(1−(t2−t1))
µ

1− µ
,

vt1,t2(t) ≡ −gt1,t2(t)+(t2−t1)t1+(t2−t1)(1−(t2−t1))
µ

1− µ

wt1,t2 = gt1,t2,f1 , f1 = −δt1µ/(1− µ) + δt2/(1− µ)
vt1,t2 = −gt1,t2,f2 , f2 = δt1/(1− µ)− δt2µ/(1− µ)
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Îáùèå óòâåðæäåíèÿ î ïîëîæèòåëüíûõ ðåøåíèÿõ. 3

Òåîðåìà

Åñëè

max
06t16t261

{∫ 1

0

p+(t)wt1,t2(t) dt,

∫ 1

0

p+(t)vt1,t2(t) dt

}
6 1,

òî ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T : C[0, 1]→ L[0, 1], ÷òî (T1 )(t) 6 p+(t), T 6≡ 0, åäèíñòâåííîå

ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = (Tx)(t) + f (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

óäîâëåòâîðÿåò íåðàâåíñòâó − sgn
(∫ 1

0
f (s) ds

)
x(t) > 0 ∀

t ∈ [0, 1]. 108 / 147
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Îáùèå óòâåðæäåíèÿ î ïîëîæèòåëüíûõ ðåøåíèÿõ. 4

Ñëåäñòâèå

Åñëè

P+ 6
8 (1− µ)
1+ µ

òî ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T : C[0, 1]→ L[0, 1], ÷òî (T1 )(t) 6 P+, T 6≡ 0, åäèíñòâåííîå

ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = (Tx)(t) + f (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

óäîâëåòâîðÿåò − sgn
(∫ 1

0
f (s) ds

)
x(t) > 0 forall t ∈ [0, 1].
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Îáùèå óòâåðæäåíèÿ î ïîëîæèòåëüíûõ ðåøåíèÿõ. 5

Ñëåäñòâèå

Åñëè

P+ 6 4(1− µ)

òî ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T : C[0, 1]→ L[0, 1], ÷òî
∫ 1
0
(T1 )(t) dt 6 P+, T 6≡ 0,

åäèíñòâåííîå ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = (Tx)(t) + f (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

óäîâëåòâîðÿåò − sgn
(∫ 1

0
f (s) ds

)
x(t) > 0 ∀ t ∈ [0, 1].

110 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çíàêîîïðåäåëåííûå ðåøåíèÿ

Ñèììåòðè÷íàÿ ôóíêöèÿ p

Òåîðåìà

Åñëè

0 < λ, λ

(
5

192
+

m

24(1−m)

)
6 1,

òî ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T : C[0, 1]→ L[0, 1], ÷òî (T1 )(t) 6 t (1− t), T 6≡ 0,

åäèíñòâåííîå ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = λ (Tx)(t) + f (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

óäîâëåòâîðÿåò − sgn
(∫ 1

0
f (s) ds

)
x(t) > 0 ∀ t ∈ [0, 1].
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Ñèììåòðè÷íàÿ ôóíêöèÿ p. 2

Òåîðåìà

Åñëè

0 < λ, λ

(
1

192
+

m

48 (1−m)

)
6 1,

òî ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T : C[0, 1]→ L[0, 1], ÷òî (T1 )(t) 6 (t − 1/2)2, T 6≡ 0,

åäèíñòâåííîå ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = λ (Tx)(t) + f (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

óäîâëåòâîðÿåò − sgn
(∫ 1

0
f (s) ds

)
x(t) > 0 ∀ t ∈ [0, 1].
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Ëèíåéíàÿ ôóíêöèÿ p

Òåîðåìà

Åñëè

µ = 0, 0 < λ, λ

(
19
√
57

108
− 5

4

)
6 1 (λ 6 12.7),

òî ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T : C[0, 1]→ L[0, 1], ÷òî (T1 )(t) 6 t, T 6≡ 0, åäèíñòâåííîå

ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = λ (Tx)(t) + f (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

óäîâëåòâîðÿåò − sgn
(∫ 1

0
f (s) ds

)
x(t) > 0 ∀ t ∈ [0, 1].
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Çíàêîîïðåäåëåííûå ðåøåíèÿ

Ëèíåéíàÿ ôóíêöèÿ p. 2

Òåîðåìà

Åñëè 0 < λ è

λ

(
(7m2 + 22m + 19)3/2

√
3− 9(3m + 5)(m + 3)(m + 1)

108(1−m)3

)
6 1,

òî ïðè âñåõ òàêèõ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðàõ

T : C[0, 1]→ L[0, 1], ÷òî (T1 )(t) 6 t, T 6≡ 0, åäèíñòâåííîå

ðåøåíèå ïåðèîäè÷åñêîé êðàåâîé çàäà÷è

ẍ(t) = λ (Tx)(t) + f (t) ïðè ï.â. t ∈ [0, 1],
x(0) = x(1), ẋ(0) = ẋ(1),

óäîâëåòâîðÿåò − sgn
(∫ 1

0
f (s) ds

)
x(t) > 0 ∀ t ∈ [0, 1].
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Îáùèå óòâåðæäåíèÿ

Ñèñòåìû äâóõ óðàâíåíèé ñ ðåãóëÿðíûìè îïåðàòîðàìè

Êðàåâûå çàäà÷è äëÿ ñèñòåìû

ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b], (63)

ẏ(t) = (T21x)(t) + (T22y)(t) + f2(t), t ∈ [a, b], (64)

`1(x , y) = α1, `2(x , y) = α2. (65)

x ∈ AC[a, b], y ∈ AC[a, b], Tij : C[a, b]→ L[a, b], fi ∈ L[a, b],
`i : AC× AC→ R

Îäíîðîäíàÿ çàäà÷à äëÿ ñèñòåìû

ẋ(t) = (T11x)(t) + (T12y)(t), t ∈ [a, b], (66)

ẏ(t) = (T21x)(t) + (T22y)(t), t ∈ [a, b], (67)

`1(x , y) = 0, `2(x , y) = 0. (68)
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Îáùèå óòâåðæäåíèÿ

Çàäà÷à îá óñëîâèÿõ íà íîðìû T
+/−
ij ,

ãàðàíòèðóþùèõ îäíîçíà÷íóþ ðàçðåøèìîñòü

Îáùàÿ ñèñòåìà


ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],
ẏ(t) = (T21x)(t) + (T22y)(t) + f2(t), t ∈ [a, b],
`1(x , y) = α1, `2(x , y) = α2.

(71)

Íîðìû ïîëîæèòåëüíûõ îïåðàòîðîâ T
+/−
ij çàäàíû.

Ïðîèçâîëüíàÿ êðàåâàÿ çàäà÷à.

Èòîã èññëåäîâàíèÿ � ¾êàðòèíêà¿, ìíîæåñòâî íàáîðîâ íîðì,

ñîîòâåòñòâóþùèõ îäíîçíà÷íî ðàçðåøèìûì çàäà÷àì.

Âàæíî äëÿ òåìàòèêè ÔÄÓ.
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Îáùèå óòâåðæäåíèÿ

Îñíîâíûå óòâåðæäåíèÿ

Ëåììà

Äàíû p+ij , p
−
ij ∈ L, p

+/−
ij > 0, i , j = 1, 2. Çàäà÷à Î.Ð. ïðè âñåõ

Tij : C→ L,

Tij = T+
ij − T−ij ,T

+/−
ij > 0, T

+/−
ij 1 = p

+/−
ij , i , j = 1, 2, (72)

⇔ çàäà÷à
ẋ(t) = p11∗(t)x(τ1) + p∗11(t)x(τ2) + p12∗(t)y(θ1) + p∗12(t)y(θ2),
ẏ(t) = p21∗(t)x(τ1) + p∗21(t)x(τ2) + p22∗(t)y(θ1) + p∗22(t)y(θ2),
t ∈ [a, b], `1(x , y) = 0, `2(x , y) = 0,

(73)

Î.Ð. ïðè âñåõ τ1, τ2, θ1, θ2 ∈ [a, b], pij∗, p
∗
ij ∈ L, i , j = 1, 2,

− p−ij 6 pij∗ 6 p+ij , pij∗ + p∗ij = p+ij − p−ij , i , j = 1, 2. (74)
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Îáùèå óòâåðæäåíèÿ

Îñíîâíûå óòâåðæäåíèÿ (ïðîäîëæåíèå)

Ëåììà

Äàíû T +
ij , T

−
ij ∈ R, T +

ij > 0, T −ij > 0, i , j = 1, 2. Çàäà÷à Î.Ð.

ïðè âñåõ Tij : C→ L

Tij = T+
ij − T−ij ,T

+/−
ij > 0, ‖T+/−

ij ‖ = T +/−
ij , i , j = 1, 2,

(75)

⇔ çàäà÷à (73) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå

ïðè âñåõ τ1, τ2, θ1, θ2 ∈ [a, b], pij∗, p
∗
ij ∈ L, i , j = 1, 2,

− p−ij 6 pij∗ 6 p+ij , pij∗ + p∗ij = p+ij − p−ij , i , j = 1, 2, (76)

‖ p+ij ‖ = T
+
ij , ‖ p−ij ‖ = T

−
ij , i , j = 1, 2. (77)
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Îáùèå óòâåðæäåíèÿ

Çàäà÷è ñ ïîëîæèòåëüíîé ñèñòåìîé ôóíêöèîíàëàëîâ

Ëåììà

{`1, `2} > 0. Çàäà÷à (71) îäíîçíà÷íî ðàçðåøèìà (Î.Ð.) äëÿ âñåõ

T
+/−
ij > 0

‖T+/−
ij ‖ = T +/−

ij , i , j = 1, 2, (78)

⇔ çàäà÷à (71) Î.Ð. äëÿ âñåõ T
+/−
ij > 0

‖T+/−
ij ‖ 6 T +/−

ij , i , j = 1, 2, (79)

`1(x , y) = C1x(a) + C2x(b), `2(x , y) = C3y(a) + C4y(b),

Ci > 0, i = 1, . . . , 4, C1 + C2 > 0, C3 + C4 > 0. 121 / 147
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Çàäà÷à Êîøè

Çàäà÷à Êîøè

Òåîðåìà


ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],
ẏ(t) = (T21x)(t) + (T22y(t) + f2(t), t ∈ [a, b],
x(a) = α1, y(a) = α2,

(80)

Î.Ð. ïðè âñåõ Tij = T+
ij − T−ij , T

+/−
ij > 0, T

+/−
ij : C→ L,

i , j = 1, 2,

‖T+/−
11 ‖ 6 a+/−, ‖T+/−

12 ‖ 6 c+/−, (81)

‖T+/−
21 ‖ 6 d+/−, ‖T+/−

22 ‖ 6 b+/−, (82)
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Çàäà÷à Êîøè

Çàäà÷à Êîøè è çàäà÷à ìèíèìèçàöèè

Òåîðåìà (ïðîäîëæåíèå)
⇔

4 =

∣∣∣∣∣∣∣∣∣∣
1− a+1 a−1 −c+1 c−1
a−2 − 1 1− a+2 c−2 −c+2
−d+

1 d−1 1− b+1 b−1
d−2 −d+

2 b−2 − 1 1− b+2

∣∣∣∣∣∣∣∣∣∣
> 0 (83)

ïðè âñåõ

a
+/−
1 + a

+/−
2 6 a+/−, b

+/−
1 + b

+/−
2 6 b+/−,

c
+/−
1 + c

+/−
2 6 c+/−, d

+/−
1 + d

+/−
2 6 d+/−,

a
+/−
i , b

+/−
i , c

+/−
i , d

+/−
i > 0, i = 1, 2.

(84)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè è çàäà÷à ìèíèìèçàöèè

Òåîðåìà (ïðîäîëæåíèå)
⇔

4 =

∣∣∣∣∣∣∣∣∣∣
1− a+1 a−1 −c+1 c−1
a−2 − 1 1− a+2 c−2 −c+2
−d+

1 d−1 1− b+1 b−1
d−2 −d+

2 b−2 − 1 1− b+2

∣∣∣∣∣∣∣∣∣∣
> 0 (85)

ïðè âñåõ z
+/−
i > 0,

z
+/−
1 + z

+/−
2 6 z+/−, z ∈ {a, b, c , d}. (86)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ýôôåêòèâíûå óñëîâèÿ

4 = R++
1 (c+d+)2 + R++

3 c+d+ + R+−
1 (c+d−)2 + R+−

3 c+d−+

+R−+1 (c−d+)2 + R−+3 c−d+ + R−−1 (c−d−)2 + R−−3 c−d− + R2.

R∗∗∗ íå çàâèñÿò îò c+/−, d+/−.

Òåîðåìà î íåîáõîäèìûõ óñëîâèÿõ

Åñëè 4 > 0, òî

a+ < 1, a− < 1+2
√
1− a+, b+ < 1, b− < 1+2

√
1− b+.

Åñëè c+c− = 0 è d+d− = 0, òî íåîáõîäèìûå è äîñòàòî÷íûå

óñëîâèÿ ðàçðåøèìîñòè ñâîäÿòñÿ ê ïðîâåðêå êâàäðàòè÷íîãî

íåðàâåíñòâà îòíîñèòåëüíî ïðîèçâåäåíèÿ íåíóëåâûõ c∗d∗.
125 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Ëåãêèå¿ è ¾òðóäíûå¿ ñëó÷àè

Åñëè c+c− = 0 è d+d− = 0, òî íåîáõîäèìûå è äîñòàòî÷íûå

óñëîâèÿ ðàçðåøèìîñòè ñâîäÿòñÿ ê ïðîâåðêå êâàäðàòè÷íîãî

íåðàâåíñòâà îòíîñèòåëüíî ïðîèçâåäåíèÿ íåíóëåâûõ c∗d∗.

¾Ëåãêèå¿ ñëó÷àè: CD < M1(a
+, a−, b+, b−).

Êîýôôèöèåíò ïðè êâàäðàòè÷íîì ñëàãàåìîì îòðèöàòåëüíûé (çíàê

íå çàâèñèò îò a+/−, b+/−). Ìèíèìóì âñåãäà íà ãðàíèöå.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ïðîñòûå, M1 ëåãêî

âû÷èñëÿåòñÿ.

¾Òðóäíûå¿ ñëó÷àè. CD < M2(a
+, a−, b+, b−)

Êîýôôèöèåíò ïðè êâàäðàòè÷íîì ñëàãàåìîì ïîëîæèòåëüíûé.

Ìèíèìóì ìîæåò áûòü âíóòðè ðàññìàòðèâàåìîé îáëàñòè.

Îïðåäåëåíèå íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé çàòðóäíåíî, íå

âñåãäà óäàåòñÿ ïîëó÷èòü àíàëèòè÷åñêîå âûðàæåíèå äëÿ M2.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Ëåãêèå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû îäíîãî çíàêà

Òåîðåìà


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = α1, y(a) = α2,


ẋ = T11x − T12y + f1,
ẏ = −T21x + T22y + f2,
x(a) = α1, y(a) = α2,

(87)

Î.Ð. äëÿ âñåõ Tii = T+
ii − T−ii , T

+/−
11 , T

+/−
22 , T12, T21 > 0,

‖T+/−
ii ‖ = T +/−

ii , ‖T12‖ = C , ‖T21‖ = D,

⇔ T +
ii < 1, T −ii < 1+ 2

√
1− T +

ii , i = 1, 2,

CD < (ϕ(T −11 )−T
+
11 )(ϕ(T

−
22 )−T

+
22 ), ϕ(z) =

{
1, z 6 1,

1− (z−1)2
4

, z > 1.

(88)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Òðóäíûå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû ðàçíûõ çíàêîâ.

Ýôôåêòèâíûå óñëîâèÿ òîëüêî äëÿ ìîíîòîííûõ äèàãîíàëüíûõ

îïåðàòîðîâ

1. Äèàãîíàëüíûå îïåðàòîðû ïîëîæèòåëüíû.

2. Äèàãîíàëüíûå îïåðàòîðû îòðèöàòåëüíû.

3. Ìîíîòîííûå äèàãîíàëüíûå îïåðàòîðû ðàçíûõ çíàêîâ.

Ôóíêöèþ M2(a
+, a−, b+, b−) óäàëîñü ÿâíî âû÷èñëèòü òîëüêî

òîãäà, êîãäà â êàæäîé ïàðå a+, a− è b+, b− õîòÿ áû îäíî ÷èñëî

íóëåâîå.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Òðóäíûå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû ðàçíûõ çíàêîâ.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ ïîëîæèòåëüíûõ

äèàãîíàëüíûõ îïåðàòîðîâ


ẋ = T11x + T12y + f1,
ẏ = −T21x + T22y + f2,
x(a) = α1, y(a) = α2,


ẋ = T11x − T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = α1, y(a) = α2,

(89)

Î.Ð. ïðè âñåõ Tij > 0, i , j = 1, 2,

‖T11‖ 6 A, ‖T12‖ 6 C , ‖T21‖ 6 D, ‖T22‖ 6 B, (90)

⇔ A < 1, B < 1, CD <
(

3
√
1− A+ 3

√
1− B

)3
. (91)

Äîñò. óñë. (Shremr, Hakl, 2005) CD < 4
√

(1− A)(1− B)+(
√
1− A+

√
1− B)2.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Òðóäíûå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû ðàçíûõ çíàêîâ.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ îòðèöàòåëüíûõ

äèàãîíàëüíûõ îïåðàòîðîâ

Åñëè max(A,B) > 1
5
,

ẋ = −T11x + T12y + f1,
ẏ = −T21x − T22y + f2,
x(a) = α1, y(a) = α2,


ẋ = −T11x − T12y + f1,
ẏ = T21x − T22y + f2,
x(a) = α1, y(a) = α2,

(92)

Î.Ð. ïðè âñåõ Tij > 0, i , j = 1, 2,

‖T11‖ 6 A, ‖T12‖ 6 C , ‖T21‖ 6 D, ‖T22‖ 6 B, (93)

⇔

A < 3, B < 3, CD < ϕ(min(A,B))ψ(max(A,B)). (94)

130 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Òðóäíûå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû ðàçíûõ çíàêîâ.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ îòðèöàòåëüíûõ

äèàãîíàëüíûõ îïåðàòîðîâ - 2

A < 3, B < 3, CD < ϕ(min(A,B))ψ(max(A,B)).

ϕ(z) =

{
1, z ∈ [0, 1],

1− (z−1)2
4

, z ∈ [1, 3],
ψ(z) =

{
1+ 1/z , z ∈ (0, 1],
3− z , z ∈ [1, 3].

Åñëè 0 < max(A,B) < 1
4
, òî äëÿ Î.Ð. äîñòàòî÷íî

CD < 8− 16 max(A,B). (95)

Åñëè A = B = 0, òî CD < 8 íåîáõîäèìî è äîñòàòî÷íî.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Òðóäíûå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû ðàçíûõ çíàêîâ.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ îòðèöàòåëüíûõ

äèàãîíàëüíûõ îïåðàòîðîâ ïðè âñåõ A, B - 3

4A(x) = 1+ x(1−A)+ x2, 4B(y) = 1+ y(1−B)+ y2, (96)

CD < min
x∈[max(0,(A−1)/2),A]
y∈[max(0,(B−1)/2),B]

4

(√
4A(x)4B(y) + (x + y)2 − (x + y)

)
,

(97)

CD < ϕ(min(A,B))ψ(max(A,B)). (98)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Ìîíîòîííûå âíåäèàãîíàëüíûå îïåðàòîðû
¾Òðóäíûå¿ ñëó÷àè. Âíåäèàãîíàëüíûå îïåðàòîðû ðàçíûõ çíàêîâ.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ äèàãîíàëüíûõ îïåðàòîðîâ

ðàçíûõ çíàêîâ

Åñëè A > 1− 8B2

1+B , òî
ẋ = T11x + T12y + f1,
ẏ = −T21x − T22y + f2,
x(a) = α1, y(a) = α2,


ẋ = T11x − T12y + f1,
ẏ = T21x − T22y + f2,
x(a) = α1, y(a) = α2,

(99)

Î.Ð. ïðè âñåõ Tij > 0, i , j = 1, 2,

‖T11‖ 6 A, ‖T12‖ 6 C , ‖T21‖ 6 D, ‖T22‖ 6 B, (100)

⇔ A < 1, B < 3, CD < (1− A)ψ(B), (101)

ψ(z) =

{
1+ 1/z , z ∈ (0, 1],
3− z , z ∈ [1, 3].

(102)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Çàäà÷à Êîøè

Çàäà÷à Êîøè. Íåìîíîòîííûå âíåäèàãîíàëüíûå
îïåðàòîðû
Äèàãîíàëüíûå îïåðàòîðû íóëåâûå

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ íåìîíîòîííûõ äèàãîíàëüíûõ

îïåðàòîðîâ


ẋ = − T−12y + f1,
ẏ = T+

21x − T−21x + f2,
x(a) = α1, y(a) = α2,

(103)

Î.Ð. ïðè âñåõ T
+/−
21 ,T−12 : C→ L,

‖T−12‖ 6 c−, ‖T+
21‖ 6 d+, ‖T+

21‖ 6 d−, (104)

⇔

d−c− < 1, d+c− < 4(1+
√
1− d−c−). (105)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè

Òåîðåìà


ẋ(t) = (T11x)(t) + (T12y)(t) + f1(t), t ∈ [a, b],
ẏ(t) = (T21x)(t) + (T22y(t) + f2(t), t ∈ [a, b],
x(a) = x(b), y(a) = y(b),

(106)

Î.Ð. ïðè âñåõ Tij = T+
ij − T−ij , T

+/−
ij : C→ L, T

+/−
ij > 0,

i , j = 1, 2,

‖T+/−
11 ‖ = a+/−, ‖T+/−

12 ‖ = c+/−, (107)

‖T+/−
21 ‖ = d+/−, ‖T+/−

22 ‖ = b+/−, (108)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè

Òåîðåìà (ïðîäîëæåíèå)

4 ≡

∣∣∣∣∣∣∣∣∣∣
a+ − a− ya + xa c+ − c− yc + xc

−(a+1 − a−1 ) 1− ya −(c+1 − c−1 ) −yc
d+ − d− yd + xd b+ − b− yb + xb

d+
1 − d−1 yd b+1 − b−1 1+ yb

∣∣∣∣∣∣∣∣∣∣
6= 0

(109)

ïðè âñåõ

z
+/−
1 ∈ [0, z+/−], xz ∈ [−z− + z−1 , z

+ − z+1 ], yz ∈ [−z−1 , z
+
1 ],

z ∈ {a, b, c , d}. 136 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Ýôôåêòèâíûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Öèêëè÷åñêàÿ ìàòðèöà

Òåîðåìà


ẋ = T+

12y − T−12y + f1,
ẏ = T+

21x − T−21x + f2,
x(a) = x(b), y(a) = y(b),

(110)

Î.Ð. ïðè âñåõ T
+/−
12 , T

+/−
21 : C→ L,

‖T+/−
12 ‖ = c+/−, ‖T+/−

21 ‖ = d+/−, (111)

⇔ c+ 6= c−, d+ 6= d−

C max
(
C , 4C

)
C − C

·
D max

(
D, 4D

)
D − D

< 16, (112)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Ýôôåêòèâíûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Öèêëè÷åñêàÿ ìàòðèöà (ïðîäîëæåíèå)

Òåîðåìà (ïðîäîëæåíèå)

⇔ c+ 6= c−, d+ 6= d−

C max
(
C , 4C

)
C − C

·
D max

(
D, 4D

)
D − D

< 16, (113)

D = max(d+, d−), C = max(c+, c−), (114)

D = min(d+, d−), C = min(c+, c−). (115)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû

Ïðåäïîëîæåíèÿ


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = x(b), y(a) = y(b),

(116)

f1, f2 ∈ L[a, b], Tij : C→ L, Tij > 0, i , j = 1, 2


ẋ = ε11 T11x + ε12 T12y + f1,
ẏ = ε21 T21x + ε22 T22y + f2,
x(a) = x(b), y(a) = y(b),

(117)

εij ∈ {−1, 1}, i , j = 1, 2, ε11ε12ε21ε22 = 1 139 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû

Òåîðåìà


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = x(b), y(a) = y(b),

(118)

Î.Ð. ïðè âñåõ Tij > 0, i , j = 1, 2,

‖T11‖ = A, ‖T12‖ = C , ‖T21‖ = D, ‖T22‖ = B, (119)

⇔ 0 < A < 4, 0 < B < 4,

C D < AB min

(
1

1+ A
, 1− A

4

)
min

(
1

1+ B
, 1− B

4

)
(120)

èëè
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû - 2

Òåîðåìà (ïðîäîëæåíèå)

⇔ 0 < A < 4, 0 < B < 4,

C D < AB min

(
1

1+ A
, 1− A

4

)
min

(
1

1+ B
, 1− B

4

)
(121)

èëè

0 6 A < 1, 0 6 B < 1,
AB

(1− A) (1− B)
< C D, (122)

(C D)2 t2(1− t)2 + C D (A t2 + B (1− t)2 − 1) + AB < 0,
(123)

t ∈ [0, 1].
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Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû - 3

Òåîðåìà (ïðîäîëæåíèå)

Åñëè (122), òî äëÿ (123) äîñòàòî÷íî

C D < 8

(
1− 1

2
max(A,B) +

√
(1− 1

2
max(A,B))2 − 1

4
AB

)
(124)

èëè

C D < 4 (1+
√
1−max(A,B))2. (125)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
Ìîíîòîííûå îïåðàòîðû-4

Òåîðåìà


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) = x(b), y(a) = y(b),

(126)

Î.Ð. ïðè âñåõ Tij > 0, i , j = 1, 2,

‖T11‖ = A, ‖T12‖ = C , ‖T21‖ = D, ‖T22‖ = A, (127)

⇔ 0 < A < 4,
√
C D < Amin

(
1

1+A , 1−
A
4

)
èëè

0 6 A < 1,
A

1− A
<
√
C D < 2 (1+

√
1− A). (128)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Àíòèïåðèîäè÷åñêàÿ çàäà÷à
Ìîíîòîííûå îïåðàòîðû

Òåîðåìà


ẋ = T11x + T12y + f1,
ẏ = T21x + T22y + f2,
x(a) + x(b) = α1, y(a) + y(b) = α2,

(129)

Î.Ð. ïðè âñåõ ìîíîòîííûõ Tij , i , j = 1, 2,

‖T11‖ 6 A, ‖T12‖ 6 C , ‖T21‖ 6 D, ‖T22‖ 6 B, (130)

⇔

A < 2, B < 2, CD < (2− A)(2− B). (131)

144 / 147



Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Ïåðèîäè÷åñêàÿ è äðóãèå çàäà÷è äëÿ ñèñòåì

Äâóõòî÷å÷íàÿ çàäà÷à
Äèàãîíàëüíàÿ ìàòðèöà, ïîëîæèòåëüíûå îïåðàòîðû

Òåîðåìà


ẋ = T+

12y + f1,
ẏ = T+

21x + f2,
x(a) + y(a) = α1, x(b) + y(b) = α2,

(132)

Î.Ð. ïðè âñåõ T+
12, T

−
21 > 0, ‖T12‖ = c+, ‖T21‖ = d+

⇔ c+ = 0, d+ > 0 èëè d+ = 0, c+ > 0 èëè

d+

1− d+
< c+ <

2

d+
(1+

√
1− d+2) (133)

èëè

c+

1− c+
< d+ <

2

c+
(1+

√
1− c+2). (134)
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Îñîáåííîñòè ðàáîòû

Â âûáðàííûõ ñåìåéñòâàõ óðàâíåíèé ïîëó÷àåì íåîáõîäèìûå

è äîñòàòî÷íûå óñëîâèÿ äëÿ òðåõ îñíîâíûõ ïðîáëåì äëÿ

êðàåâûõ çàäà÷ äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ

óðàâíåíèé.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ îïåðàòîðîâ

ïðîèçâîëüíîãî çíàêà (ðåãóëÿðíûõ îïåðàòîðîâ).

Âñå çàäà÷è ñâîäÿòñÿ ê çàäà÷å êîíå÷íîìåðíîé îïòèìèçàöèè.

Ïðèáëèæåííûå âû÷èñëåíèÿ.

Ðåçîíàíñíûå è íåðåçîíàíñíûå çàäà÷è.

Ñèíãóëÿðíûå è íåñèíãóëÿðíûå çàäà÷è.

Âîçìîæíà ÿâíàÿ çàâèñèìîñòü îò îòêëîíåíèé àðãóìåíòà.

Êðàåâûå çàäà÷è äëÿ ðàçíîñòíûõ óðàâíåíèé.
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Ïðèìåðû Ââåäåíèå Ìåòîä Ðåçóëüòàòû Ñèñòåìû ÔÄÓ Âûâîäû

Âûâîäû

Ìåòîä ðàáîòàåò äëÿ ðàçíûõ óðàâíåíèé è êðàåâûõ çàäà÷.

Âîçìîæíîñòü èçó÷åíèÿ ðàçëè÷íûõ ñâîéñòâ è ñåìåéñòâ.

Ðåøåí êëàññ ïðîáëåì � åñòü àëãîðèòì ïðîâåðêè

îäíîçíà÷íîé ðàçðåøèìîñòè (ïîëîæèòåëüíîé

ðàçðåøèìîñòè) êðàåâîé çàäà÷è äëÿ âñåõ óðàâíåíèé

ñåìåéñòâà. Äëÿ ìíîãèõ çàäà÷ íàéäåíû ýôôåêòèâíûå

íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ.

Ïðåäëîæåí ïîäõîä ê ðåøåíèþ öåëîãî êëàññà çàäà÷ �

íàõîæäåíèþ íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé íàëè÷èÿ

íåêîòîðûõ ñâîéñòâ êðàåâûõ çàäà÷ äëÿ ñåìåéñòâ

ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé.
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