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FEDOR NOSKOV

PROBLEM STATEMENT

MAIN DEFINITION

Definition 1. Fiz a positive integer £. Let m = (mS)SE(m) be a vector of non-negative integers
2

indezed by unordered pairs {k,k'} € ([é]). For simplicity we suppress brackets in my, . and
assumne that my g, My g, and my, . identify the same entry. Families Fy, ..., Fy C 2[n] satisfy

an m-overlapping property if for any distinct ki, ko € [(] and any sets Fy € Fy,, Is € Fy, we
have

|F1 M F2| < My, koo
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PROBLEM STATEMENT

Problem 1. Let n,{ be positive integers, m be a vector of (5) non-neqgative integers and

Fr.....F, C 2 be families with the m-overlapping property. What is the mazimal value
s*(n,l,m) of the product |Fy| - ... |Fe|?

MAIN THEOREM, ASYMPTOTICS

Theorem 4. Suppose £, m are fived while n tends to infinity. Then the asymptotic of s*(n, £, m)
is the following:

s*(n, £, m) = (1 40 (%)) o S%) (mlS! (Ziig’)nms)ms) (2)
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PROBLEM STATEMENT
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PROBLEM STATEMENT

MAIN THEOREM, STABILITY

Moreover, let Fp., k € [] be the families from the
extremal example. Then there is a tournament
Ty = ([¢], E) and there are sets Ag indexed by

S € ([g]) such that the following holds:
1. sets Ag, S € ([g]) form a partition of |n],
2. for any k € [{]

A A
QU/CIEITL[C {k’,k} NY \/ (< I‘Elk’;k} ) & fk
k’EOutk Pi {k’kl}

if n s large enough.

OCTOPUSES IN THE BOOLEAN CUBE
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SCETCH OF THE PROOF

DAYKIN'S INEQUALITY COROLLARY

Let A and B be two families of sets. Then Upper bound:
|A||B| < |AV B||AABI. s (n,f,m) < Cn?2".
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SKETCH OF THE PROOF

Lemma 17. Let F1, ..., F; be a collection of m-overlapping extremal famailies and let M, € F.,
k € [l] be the sets of maximal cardinality in the respective families. Define R = [n] \ U2:1 M.
Then there 1s a constant C' such that

|R| < C'log,n.

1F|
m

[P < 02N (g g7y
FeF|r
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SKETCH OF THE PROOF

Corollary 10. For any collection of families Ay, ..., As C 2" and 0 < p < 1 we have

le| <m+1]
le| <m+]
le| <m+]

[Tt <TL | V (/\As)

k=1 se(19) \ses

Moreover, the same holds for any measure that s proportional to fi,.

14
’Fk‘ m(f—1) 2|Mk| Z 1 — 9~ m)%l H |]_—k| < nmf(f—l)22i=1|Mk\ H ( Z 875)
k=1

FeF|r k=1
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SKETCH OF THE PROOF

Proposition 19. Lel Fi,...,F; be a collection of m-overlapping famailies thatl is extremal.
Then there is a set I of size O(logn), such that for each x € [n]\ I there is k € [{] such that

Proof is based on the entropy argument.
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SKETCH OF THE PROOF

Proposition 20. Let Fi,...,F; be a collection of m-overlapping families that is extremal.
Then for any subset of indices of K C [{] and sets Fy, € Fi, k € K

T] di(Fi) < Cpn —e#1=(5)

ke K

where C'p 1s some constant depending on m, /.

Proof.

Consider families 7, k € [(]\ K, and F,(F,), k € K as families in 2"/, They satisfy the
m’-overlapping property, where

, mg, S K
my =

QED.
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SKETCH OF THE PROOF

ﬁ]/lk]gﬁ \/ (/\AS).

k=1 k=1|ge (1) \s€S

for all other colors except green
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