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Ôóíêöèÿ ïàðû òî÷åê pG (x ,y)

G ⊂ Rn, dG (x) := inf
z∈∂G

|x− z |,

pG (x ,y) =
|x−y |√

|x−y |2+4dG (x)dG (y)
, x ,y ∈ G , (1)

pG : G ×G → [0,1).

Ôóíêöèÿ d : G ×G → [0,∞) íàçûâàåòñÿ êâàçè-ìåòðèêîé, åñëè îíà
óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

1 d(x ,y)≥ 0, è d(x ,y) = 0 òîãäà è òîëüêî òîãäà, êîãäà x = y ,

2 d(x ,y) = d(y ,x),

3 d(x ,y)≤ c(d(x ,z)+d(z ,y)) äëÿ âñåõ x , y , z ∈ G ñ êàêîé-òî êîíñòàíòîé
c ≥ 1 íåçàâèñèìîé îò òî÷åê x ,y ,z .

2 / 12 Ä.Í. Äàóòîâà Êàçàíñêèé (Ïðèâîëæñêèé) Ôåäåðàëüíûé Óíèâåðñèòåò



Èñòîðèÿ âîïðîñà

1 J. Chen, P. Hariri, R. Kl�en and M. Vuorinen, Lipschitz conditions,
triangular ratio metric, and quasiconformal maps. Ann. Acad. Sci. Fenn.
Math. 40 (2015), 683-709.

2 P. Hariri, R. Kl�en, M. Vuorinen and X. Zhang, Some Remarks on
the Cassinian Metric. Publ. Math. Debrecen 90, 3-4 (2017), 269-285.

3 P. Hariri, R. Kl�en and M. Vuorinen, Conformally Invariant Metrics

and Quasiconformal Mappings. Springer, 2020.

4 O. Rainio, Intrinsic quasi-metrics. Bull. Malays. Math. Sci. Soc. 44, 5
(2021), 2873-2891.

5 O. Rainio and M. Vuorinen, Introducing a new intrinsic metric. Results
Math. 77, 71 (2022), doi: 10.1007/s00025-021-01592-2.

6 O. Rainio and M. Vuorinen, Triangular ratio metric in the unit disk.
Complex Var. Elliptic Equ. 67, 6 (2022), 1299-1325, doi:
10.1080/17476933.2020.1870452.

7 O. Rainio and M. Vuorinen, Triangular ratio metric under
quasiconformal mappings in sector domains. Comput. Methods Func. Theory

(2022), doi: 10.1007/s40315-022-00447-3.

3 / 12 Ä.Í. Äàóòîâà Êàçàíñêèé (Ïðèâîëæñêèé) Ôåäåðàëüíûé Óíèâåðñèòåò



Ïîñòàíîâêà çàäà÷è

1 Äëÿ ôóíêöèè ïàðû òî÷åê

pG (x ,y) =
|x−y |√

|x−y |2+4dG (x)dG (y)
, x ,y ∈ G

* Íàéòè íàèëó÷øóþ ïîñòîÿííóþ c, ÷òî âûïîëíÿåòñÿ

pG (x ,y)≤ c(pG (x ,z)+pG (z ,y)), (2)

äëÿ âñåõ îáëàñòåé G ⊂ Rn,
* Ïðèâåñòè ïðèìåðû îáëàñòåé, äëÿ êîòîðûõ ôóíêöèÿ pG (x ,y) ÿâëÿåòñÿ
ìåòðèêîé,

2 Äëÿ îáîáùåííîé ôóíêöèè ïàðû òî÷åê

pα
G (x ,y) =

|x−y |√
|x−y |2+αdG (x)dG (y)

(3)

Ïðèâåñòè ïðèìåðû îáëàòåé, äëÿ êîòîðûõ ôóíêöèÿ pα

G (x ,y) ÿâëÿåòñÿ
ìåòðèêîé.
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Îäíîìåðíûé ñëó÷àé

Ëåììà 1

Ïóñòü ôóíêöèÿ f : [−1,0]× [0,1]→ R îïðåäåëåíà ðàâåíñòâîì

f (x ,y) =
y −x√

(y −x)2+4(1+ x)(1−y)
åñëè x 6= y , f (x ,y) = 0 ïðè x = y ,

è ôóíêöèÿ g : [0,1]× [0,1]→ R îïðåäåëåíà ðàâåíñòâîì

g(x ,y) =
y −x

2−x−y
åñëè x 6= y , g(x ,y) = 0 ïðè x = y .

Òîãäà äëÿ ëþáûõ −1≤ x ≤ 0≤ z ≤ y ≤ 1, âûïîëíÿåòñÿ íåðàâåíñòâî

f (x ,z)+g(z ,y)≥ 2√
5
f (x ,y) (4)

Áîëåå òîãî, ðàâåíñòâî â (4) äîñòèãàåòñÿ òîãäà è òîëüêî òîãäà, êîãäà

x =−1/3, z = 0 è y = 1/3.
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Îäíîìåðíûé ñëó÷àé

Òåîðåìà 1

Ôóíêöèÿ ïàðû òî÷åê pG ÿâëÿåòñÿ êâàçè-ìåòðèêîé â îáëàñòè G = (−1,1)⊂ R
ñ òî÷íîé ïîñòîÿííîé

√
5/2.

Ñëåäñòâèå 1

Åñëè G (R îäíîìåðíàÿ îáëàñòü, òîãäà ôóíêöèÿ ïàðû òî÷åê pG ÿâëÿåòñÿ

ìåòðèêîé, åñëè ãðàíèöà G ñîñòîèò èç îäíîé òî÷êè, è êâàçè-ìåòðèêîé, åñëè

ãðàíèöà G ñîñòîèò èç äâóõ òî÷åê. Áîëåå òîãî, âî âòîðîì ñëó÷àå íàèëó÷øàÿ

âîçìîæíàÿ ïîñòîÿííàÿ c â íåðàâåíñòâå pG (x ,y)≤ c(pG (x ,z)+pG (z ,y)),
x ,y ,z ∈ G ðàâíà

√
5/2.

Ìåòðèêà òðåóãîëüíîãî îòíîøåíèÿ

sG (x ,y) =
|x−y |

inf
z∈∂G

(|x− z |+ |z−y |)
, x ,y ∈ G .
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Ñëó÷àé n ≥ 1

Òåîðåìà 2

Ôóíêöèÿ ïàðû òî÷åê ÿâëÿåòñÿ ìåòðèêîé â G = Rn\{0} ïðè n ≥ 1.

Òåîðåìà 3

Â êàæäîé îáëàñòè G (Rn, n ≥ 1 ôóíêöèÿ ïàðû òî÷åê pG ÿâëÿåòñÿ

êâàçè-ìåòðèêîé ñ ïîñòîÿííîé ìåíüøåé èëè ðàâíîé
√
5/2.

Ëåììà 2

Åñëè îáëàñòü G (Rn, n ≥ 1, ñîäåðæèò øàð Bn(z0, r) è åñòü äâå òî÷êè u,
v ∈ ∂G òàêèå, ÷òî îòðåçîê [u,v ] � ýòî äèàìåòð Bn(z0, r), òîãäà c =

√
5/2 �

íàèëó÷øàÿ âîçìîæíàÿ ïîñòîÿííàÿ, äëÿ êîòîðîé âûïîëíÿåòñÿ íåðàâåíñòâî

pG (x ,y)≤ c(pG (x ,z)+pG (z ,y)), x ,y ,z ∈ G .
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Îáîáùåííàÿ ôóíêöèÿ ïàðû òî÷åê pα
G (x ,y)

Òåîðåìà 4

Äëÿ ïîñòîÿííîé α > 0 ôóíêöèÿ

pα

R+(x ,y) =
|x−y |√

(x−y)2+αxy
, x ,y > 0,

ÿâëÿåòñÿ ìåòðèêîé òîãäà è òîëüêî òîäà, êîãäà α ≤ 12.

Òåîðåìà 5

Äëÿ ïîñòîÿííîé α > 0, ôóíêöèÿ

pα

Rn\{0}(x ,y) =
|x−y |√

|x−y |2+α|x | |y |
, x ,y ∈ Rn\{0}, n ≥ 2,

ÿâëÿåòñÿ ìåòðèêîé òîãäà è òîëüêî òîãäà, êîãäà α ≤ 12.
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Îáîáùåííàÿ ôóíêöèÿ ïàðû òî÷åê pα
G (x ,y)

Òåîðåìà 6

Äëÿ ïîñòîÿííîé α > 0 ôóíêöèÿ

pα
Hn(x ,y) =

|x−y |√
|x−y |2+αxnyn

, x = (x1, ...,xn),y = (y1, ...,yn) ∈Hn, n ≥ 2,

(5)

ÿâëÿåòñÿ ìåòðèêîé òîãäà è òîëüêî òîãäà, êîãäà α ≤ 12.

Òåîðåìà 7

Ôóíêöèÿ

pα
Bn(x ,y) =

|x−y |√
|x−y |2+α(1−|x |)(1−|y |)

, x ,y ∈ Bn, n ≥ 1,

íå ÿâëÿåòñÿ ìåòðèêîé äëÿ ëþáîé ïîñòîÿííîé α > 0.
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Îòêðûòûå âîïðîñû

Ïðåäïîëîæåíèå 1

Äëÿ ïîñòîÿííîé α > 0, ôóíêöèÿ

pα

Rn\Bn(x ,y) =
|x−y |√

|x−y |2+α(|x |−1)(|y |−1)
, x ,y ∈ Rn\Bn

, n ≥ 2, (6)

ÿâëÿåòñÿ ìåòðèêîé òîãäà è òîëüêî òîãäà, êîãäà α ≤ 12.

Ïðåäïîëîæåíèå 2

Ôóíêöèÿ ïàðû òî÷åê pG ÿâëÿåòñÿ ìåòðèêîé â îáëàñòè G =R3\Z , ãäå Z � ýòî

îñü Oz .
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ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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