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Introduction

The theory of regular languages of �nite and in�nite words is an
important �eld in Computer Science. It has connections with both
theory (system veri�cations) and applications (computer
architecture, compilers).



Regular ω-languages

Consider a deterministic Muller automaton (DM)
M = (Q,A, δ, q0, F ), where F ⊆ P (Q).
For each x ∈ Aω denote the corresponding sequence of states by
y ∈ Qω. Let Inf(y) = {q ∈ Q | q is in�nitely often in y}
We say that an ω-word x is recognizable by M ⇐⇒ Inf(y) ∈ F

qb qa

ab

a

b

Example:
Take F = {{qa}}.
This automaton recognizes the
language (a ∪ b)∗aω.

De�nition
R is the class of DM-recognizable languages, called the ω-regular
languages.



The Wagner hierarchy

Wagner hierarchy is the most fundamental topological classi�cation
of regular -languages. It's levels are de�ned in terms of
ω-automata.

The set Aω carries the Cantor topology with the open
sets of the form XAω, where X ⊆ A∗.

De�nition
A language L1 ⊆ Aω is Wadge-reducible to L2 ⊆ Aω (L1 ⩽W L2),

if there exists a continuous function f such that

x ∈ L1 ⇐⇒ f(x) ∈ L2.

The Wagner hierarchy coincides with the structure of Wadge
degrees of regular ω-languages (R,⩽W ).
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Logic on words

Consider a signature σ = {⩽, Qa|a ∈ A}. An ω-word x can be
viewed as a structure of the signature σ x = {ω,⩽, Qa, ...}, where
⩽ is the order in the usual sense, Qa(i) ⇐⇒ x(i) = a.
We also consider some expansions of σ: τ = σ ∪ {s} and
σmod = ∪d<ω{P r

d }r<d ∪ σ, where
s(n) = n+ 1, P r

d (i) ⇐⇒ i mod d ≡ r.

De�nition
For a sentence ϕ let

Lϕ = {x ∈ Aω | x |= ϕ}



Relations between classes



Relations between classes

- апериодические (беззвёздные) языки



The quanti�er-alternation hierarchy

Consider the hierarchy {Σσ
n}n∈ω, induced by the

quanti�er-alternation hierarchy of sentences of signature σ.



The di�erence hierarchy
The quanti�er-alternation hierarchy {Σσ

n}n∈ω can be re�ned by the
di�erence hierarchy {Σσ

n(k)}n∈ω,k∈ω.
The class Σσ

n(k) consists of languages of the form
∪n∈ω(Bi \Bi+1), where Bi ∈ Σσ

n, Bi+1 ⊆ Bi and Bk = ∅.
The language on the left is in Σσ

n(4); the language on the right is in
Σσ
n(3).



Separated union



Separated union



A motivating example

Consider
Σσ
1 +Σσ

2 = {X△Y | X ∈ Σσ
1 , Y ∈ Σσ

2}.

Σσ
1 +Σσ

2 = Sep(Σσ
1 ,Π

σ
2 ,Σ

σ
2 ) = Sω+ω

The hierarchy {Σσ
n}n∈ω can be re�ned by the �ne hierarchy

{Sα}α<ε0 , where

ε0 = sup{ω, ωω, ωωω
, ...}.
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Biseparated union

x0

x1

y2 ∩ x̄0 ∩ x̄1x0 ∩ y0

x1 ∩ y1

Bisep(X,Y1, Y2, Y3) = {x0y0 ∪ x1y1 ∪ x̄0x̄1y2 | x0x1y0 = x0x1y1}.



The �ne hierarchy

Let B = (B,∪,∩, , 0, 1) be a Boolean algebra. By an ω-base in B
we mean any sequence L = {Ln}n<ω of sublattices of B such that
Ln ∪ Ľn ⊆ Ln+1, where Ľn = {ā | a ∈ Ln}.
The �ne hierarchy over L is the sequence {Sα}α<ϵ0 , where
Sα = S0

α and the classes Sn
α(n < ω) are de�ned by induction on α:

1. Sn
0 = {0};

2. Sn
γ = Sn+1

γ for γ > 0;

3. Sn
β+1 = Bisep(Ln, S

n
β , Š

n
β , S

n
0 ) for each β < ϵ0;

4. Sn
β+γ = Bisep(Ln, S

n
β , Š

n
β , S

n
γ ) for γ > 0 and β of the form

β = γ · β1 > 0.

The sequence {Sα}α<ε0 is called the �ne hierarchy over L.



Topology on words

The set Aω carries the Cantor topology with the open sets of the
form XAω, where X ⊆ A∗.
Borel sets of Aω can be arranged in an hierarchy of length ω1,
called the Borel hierarchy {Σ0

α}α<ω1 .



The Borel hierarchy

открытые
множества

дополнения

дополнения

дополнения



The Borel hierarchy {Σ0
α}α<ω1 can be re�ned by the di�erence

hierarchy {Σ0
n(k)}n<ω,k<ω of length ω2 and the �ne hierarchy

{Σα}α<ε0 . This FH coincides with an important fragment of the
Wadge hierarchy.

In the case of the ω-regular languages the fragment {Σα}α<ωω

coincides with the Wagner hierarchy ([3]).
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Problem

Are there any relations between logical and topological
classi�cations of the regular ω-languages?



Previosly known results

Σσ
n ⊆ Σ0

n

L. Landweber [2] R ⊆ BC(Σ0
2)

V. Selivanov [1]
⋃

α<ωω Σα = BC(Σ0
2).

V. Selivanov [1] Sα ⊆ Σα for each α < ε0.

It follows that with the restriction to ω-regular languages it makes
sense to work only with the levels below ωω.
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Results

Theorem

1. For each α < ωω there exists a language Nα ⊆ Aω
α such that

Nα ∈ Sσ
α , but Nα /∈ Πα.

2. For each α < ωω there exists a language Nmod
α ⊆ {0, 1}ω such

that Nmod
α ∈ Smod

α , but Nmod
α /∈ Πα.

3. For each α < ωω there exists a language N τ
α ⊆ {0, 1}ω, such

that N τ
α ∈ Sτ

α, but N
τ
α /∈ Πα.

Corollary

The logical �ne hierarchy {Sσ
α}α<ωω does not collapse.



Thank you for your attention!
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Ââåäåíèå

Òåîðèÿ ðåãóëÿðíûõ ÿçûêîâ êîíå÷íûõ è áåñêîíå÷íûõ ñëîâ -
öåíòðàëüíûé ðàçäåë èíôîðìàòèêè. Îí ñâÿçàí è ñ
òåîðåòè÷åñêèìè âîïðîñàìè (íàïðèìåð, ñïåöèôèêàöèÿ è
âåðèôèêàöèÿ ñèñòåì), è ñ ïðèëîæåíèÿìè (àðõèòåêòóðà
êîìïüþòåðà, ïîñòðîåíèå êîìïèëÿòîðîâ).



Ðåãóëÿðíûå ω-ÿçûêè

Ðàñìîòðèì äåòåðìèíèðîâàííûé àâòîìàò Ìþëëåðà (ÄÌ)
M = (Q,A, δ, q0, F ), ãäå F ⊆ P (Q).
Ñîïîñòàâèì x ∈ Aω 7→ y ∈ Qω è îáîçíà÷èì
Inf(y) = {q ∈ Q | q âñòðå÷àåòñÿ áåñêîíå÷íî ÷àñòî â ñëîâå y}
block=�ll Îïðåäåëèì, ÷òî ω-ñëîâî x ðàñïîçíàåòñÿ
M ⇐⇒ Inf(y) ∈ F

qb qa

ab

a

b

Ïðèìåð:
Ïóñòü F = {{qa}}.
Ðàñïîçíàâàåìûé ÿçûê:
(a ∪ b)∗aω.

Îïðåäåëåíèå

R - êëàññ ÿçûêîâ, ðàñïîçíàâàåìûõ ÄÌ - ω-ðåãóëÿðíûå ÿçûêè.



Èåðàðõèÿ Âàãíåðà

Âàæíûì îáúåêòîì èññëåäîâàíèÿ òåîðèè àâòîìàòîâ íà ω-ñëîâàõ
ÿâëÿåòñÿ èåðàðõèÿ Âàãíåðà ([4]). Îíà èìååò ñëîæíîå
òåõíè÷åñêîå îïðåäåëåíèå â òåðìèíàõ àâòîìàòîâ.

Ââåäåì íà Aω êàíòîðîâñêóþ òîïîëîãèþ ñ îòêðûòûìè
ìíîæåñòâàìè âèäà XAω, ãäå X ⊆ A∗.

Îïðåäåëåíèå

ßçûê L1 ⊆ Aω ñâîäèòñÿ ê ÿçûêó L2 ⊆ Aω ïî Âýäæó

(L1 ⩽W L2), åñëè ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ f òàêàÿ,

÷òî

x ∈ L1 ⇐⇒ f(x) ∈ L2.

Èåðàðõèÿ Âàãíåðà ñîâïàäàåò ñî ñòðóêòóðîé ñòåïåíåé Âýäæà
ðåãóëÿðíûõ ω-ÿçûêîâ (R,⩽W ).
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Ëîãè÷åñêèé ïîäõîä

Ðàññìîòðèì ñèãíàòóðó σ = {⩽, Qa|a ∈ A}. ω-ñëîâî x ìîæíî
ðàññìàòðèâàòü êàê ñòðóêòóðó ñèãíàòóðû σ x = {ω,⩽, Qa, ...},
ãäå ⩽ - ïîðÿäîê â îáû÷íîì ñìûñëå, Qa(i) ⇐⇒ x(i) = a.
Òàêæå ìîæíî ðàññìàòðèâàòü ñèãíàòóðû τ = σ ∪ {s} è
σmod = ∪d<ω{P r

d }r<d ∪ σ, ãäå
s(n) = n+ 1, P r

d (i) ⇐⇒ i mod d ≡ r.

Îïðåäåëåíèå

ßçûê, àêñèîìàòèçèðóåìûé ïðåäëîæåíèåì ϕ -

Lϕ = {x ∈ Aω | x |= ϕ}



Ñîîòíîøåíèÿ ìåæäó êëàññàìè



Ñîîòíîøåíèÿ ìåæäó êëàññàìè

- апериодические (беззвёздные) языки



Êâàíòîðíàÿ èåðàðõèÿ

Ðàññìîòðèì èåðàðõèþ {Σσ
n}n∈ω, èíäóöèðóåìóþ èåðàðõèåé

ïðåäëîæåíèé ñèãíàòóðû σ ïî ÷èñëó ïåðåìåí êâàíòîðîâ â
ïðåäâàðåííîé íîðìàëüíîé ôîðìå.



Ðàçíîñòíàÿ èåðàðõèÿ
Êâàíòîðíîé èåðàðõèè {Σσ

n}n∈ω ìîæíî ñîïîñòàâèòü ðàçíîñòíóþ
èåðàðõèþ {Σσ

n(k)}n∈ω,k∈ω.
Êëàññ Σσ

n(k) ñîñòîèò èç ÿçûêîâ âèäà ∪n∈ω(Bi \Bi+1), ãäå
Bi ∈ Σσ

n, Bi+1 ⊆ Bi è Bk = ∅.
Ñëåâà - ïðèìåð ÿçûêà èç êëàññà Σσ

n(4), ñïðàâà - èç Σσ
n(3).



Îïåðàöèÿ Sep



Îïåðàöèÿ Sep



Ìîòèâèðóþùèé ïðèìåð

Ðàññìîòðèì
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2 = {X△Y | X ∈ Σσ
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n}n∈ω ñîïîñòàâèì òîíêóþ èåðàðõèþ {Sα}α<ε0 , ãäå

ε0 = sup{ω, ωω, ωωω
, ...}.
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Îïåðàöèÿ Bisep

x0

x1

y2 ∩ x̄0 ∩ x̄1x0 ∩ y0

x1 ∩ y1

Bisep(X,Y1, Y2, Y3) = {x0y0 ∪ x1y1 ∪ x̄0x̄1y2 | x0x1y0 = x0x1y1}.



Òîíêàÿ èåðàðõèÿ

Ðàññìîòðèì áóëåâó àëãåáðó B = (B,∪,∩, , 0, 1). ω-áàçîé â B
áóäåì íàçûâàòü ëþáóþ ïîñëåäîâàòåëüíîñòü L = {Ln}n<ω

ïîäðåø¼òîê B òàêèõ, ÷òî Ln ∪ Ľn ⊆ Ln+1, ãäå
Ľn = {ā | a ∈ Ln}.
Îïðåäåëèì ïîñëåäîâàòåëüíîñòü {Sα}α<ϵ0 , ãäå Sα = S0

α, à
êëàññû Sn

α(n < ω) îïðåäåëÿþòñÿ èíäóêöèåé ïî α:

1. Sn
0 = {0};

2. Sn
γ = Sn+1

γ äëÿ γ > 0;

3. Sn
β+1 = Bisep(Ln, S

n
β , Š

n
β , S

n
0 ) äëÿ âñåõ β < ϵ0;

4. Sn
β+γ = Bisep(Ln, S

n
β , Š

n
β , S

n
γ ) äëÿ γ > 0 è β âèäà

β = γ · β1 > 0

Ïîñëåäîâàòåëüíîñòü {Sα}α<ε0 íàçûâàåòñÿ òîíêîé èåðàðõèåé
íàä L.



Òîïîëîãè÷åñêèé ïîäõîä

Ââåäåì íà Aω êàíòîðîâñêóþ òîïîëîãèþ ñ îòêðûòûìè
ìíîæåñòâàìè âèäà XAω, ãäå X ⊆ A∗.
Ðàññìîòðèì áîðåëåâñêóþ èåðàðõèþ {Σ0

α}α<ω1 òèïà ω1.



Áîðåëåâñêàÿ èåðàðõèÿ

открытые
множества

дополнения

дополнения

дополнения



Áîðåëåâñêîé èåðàðõèè {Σ0
α}α<ω1 ìîæíî ñîïîñòàâèòü

ðàçíîñòíóþ èåðàðõèþ {Σ0
n(k)}n<ω,k<ω òèïà ω2 è òîíêóþ

èåðàðõèþ {Σα}α<ε0 , ñîâïàäàþùóþ ñ âàæíûì ôðàãìåíòîì
èåðàðõèè Âýäæà.

Â ñëó÷àå ω-ðåãóëÿðíûõ ÿçûêîâ íà÷àëüíûé ôðàãìåíò òîíêîé
èåðàðõèè {Σα}α<ωω ñîâïàäàåò ñ èåðàðõèåé Âàãíåðà ([3]).



Áîðåëåâñêîé èåðàðõèè {Σ0
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èåðàðõèþ {Σα}α<ε0 , ñîâïàäàþùóþ ñ âàæíûì ôðàãìåíòîì
èåðàðõèè Âýäæà.
Â ñëó÷àå ω-ðåãóëÿðíûõ ÿçûêîâ íà÷àëüíûé ôðàãìåíò òîíêîé
èåðàðõèè {Σα}α<ωω ñîâïàäàåò ñ èåðàðõèåé Âàãíåðà ([3]).



Çàäà÷à

Ñóùåñòâóþò ëè êàêèå-òî ñîîòíîøåíèÿ ìåæäó ëîãè÷åñêîé è
òîïîëîãè÷åñêîé êëàññèôèêàöèåé ðåãóëÿðíûõ ω-ÿçûêîâ, è, åñëè
ñóùåñòâóþò, òî êàêèå?



Èçâåñòíûå ðàíåå ðåçóëüòàòû

Σσ
n ⊆ Σ0

n

Ë.Õ. Ëàíäâåáåð [2] R ⊆ BC(Σ0
2)

Â.Ë. Ñåëèâàíîâ [1]
⋃

α<ωω Σα = BC(Σ0
2).

Â.Ë. Ñåëèâàíîâ [1] Sα ⊆ Σα äëÿ âñåõ α < ε0.

Ñëåäîâàòåëüíî, â ñëó÷àå ω-ðåãóëÿðíûõ ÿçûêîâ äëÿ îáåèõ
òîíêèõ èåðàðõèé èìååò ñìûñë ðàññìàòðèâàòü òîëüêî óðîâíè,
ìåíüøèå ωω.
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Ñëåäîâàòåëüíî, â ñëó÷àå ω-ðåãóëÿðíûõ ÿçûêîâ äëÿ îáåèõ
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Ðåçóëüòàòû

Òåîðåìà

1. Äëÿ ëþáîãî α < ωω âåðíî, ÷òî ñóùåñòâóåò ÿçûê Nα ⊆ Aω
α,

ïðèíàäëåæàùèé êëàññó Sσ
α , íî íå ïðèíàäëåæàùèé êëàññó

Πα.

2. Äëÿ ëþáîãî α < ωω âåðíî, ÷òî ñóùåñòâóåò ÿçûê

Nmod
α ⊆ {0, 1}ω, ïðèíàäëåæàùèé êëàññó Smod

α , íî íå

ïðèíàäëåæàùèé êëàññó Πα.

3. Äëÿ ëþáîãî α < ωω âåðíî, ÷òî ñóùåñòâóåò ÿçûê

N τ
α ⊆ {0, 1}ω, ïðèíàäëåæàùèé êëàññó Sτ

α, íî íå

ïðèíàäëåæàùèé êëàññó Πα.

Ñëåäñòâèå

Ëîãè÷åñêàÿ òîíêàÿ èåðàðõèÿ {Sσ
α}α<ωω íå ñõëîïûâàåòñÿ.



Ñïàñèáî çà âíèìàíèå!
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