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Introduction

The theory of regular languages of finite and infinite words is an
important field in Computer Science. It has connections with both
theory (system verifications) and applications (computer
architecture, compilers).



Regular w-languages

Consider a deterministic Muller automaton (DM)

M =(Q,A,0,q0, F), where FF C P(Q).

For each 2 € A denote the corresponding sequence of states by
y € Q. Let Inf(y) = {q € Q| ¢ is infinitely often in y}

We say that an w-word z is recognizable by M <= Inf(y) € F

b a
Example:

Take F' = {{q.}}
—> @ This automaton recognizes the
language (a U b)*a®.

Definition
R is the class of DM-recognizable languages, called the w-regular
languages.



The Wagner hierarchy

Wagner hierarchy is the most fundamental topological classification
of regular -languages. It's levels are defined in terms of
w-automata.



The Wagner hierarchy

Wagner hierarchy is the most fundamental topological classification
of regular -languages. It's levels are defined in terms of
w-automata. The set A“ carries the Cantor topology with the open
sets of the form X A%, where X C A*.

Definition
A language L1 C A¥ is Wadge-reducible to Ly C A“ (L1 <w L2),
if there exists a continuous function f such that

x €L < f(x) € Lo.

The Wagner hierarchy coincides with the structure of Wadge
degrees of regular w-languages (R, <w).



Logic on words

Consider a signature 0 = {<, Qqla € A}. An w-word z can be
viewed as a structure of the signature 0 = {w, <, Qq, ...}, where
< is the order in the usual sense, Q,(i) <— z(i) = a.

We also consider some expansions of o: 7 = o U {s} and

Omod = Ud<w{ Py }r<d U, where

s(n)=n+1,Pj(i) <= imodd=r.

Definition

For a sentence ¢ let

Ly={ze A |z ¢)



Relations between classes
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Relations between classes
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The quantifier-alternation hierarchy

Consider the hierarchy {37},,c,,, induced by the
quantifier-alternation hierarchy of sentences of signature o.



The difference hierarchy
The quantifier-alternation hierarchy {¥9},c., can be refined by the
difference hierarchy {9 (k) }new kew-
The class X7 (k) consists of languages of the form
UnEw(Bi \ Bi+1), where B; € Zg, Bi+1 C B; and B, = 0.
The language on the left is in X7(4); the language on the right is in
¥2(3).

By




Separated union

Sep(A,B,C) = (ANB)U(ANC)



Separated union

Aely

C el

Sep(A, B,C) = (AN B) U (AN C)
Sep(I‘l,I‘g,I‘g) = {Sep(A,B,C) | Aecl,Bely,Ce Fg}



A motivating example

Consider
YT+ ={XAY | X € X7,Y € X9}



A motivating example

Consider
YT+ ={XAY | X € X7,Y € X9}
X7+ X9 = Sep(X7,117,39) = Sw+w

The hierarchy {9 },,c. can be refined by the fine hierarchy
{Sata<ey, where

w

g0 = sup{w,w”, w* ,...}.



Biseparated union

20 N Yo Y2 M To N T

\

r1 My

Bisep(X,Y1,Ys,Y3) = {xoyo Uz1y1 UZoZ1Y2 | Zox1Yo = ToT1Y1 }-



The fine hierarchy

Let B = (B,U,N,,0,1) be a Boolean algebra. By an w-base in B
we mean any sequence L = {L,, },<, of sublattices of B such that
L,UL, C Ly,.1, where Ln—{a\aELn}

The fine hierarchy over L is the sequence {S, }a<e,, Where

S, = S and the classes S”(n < w) are defined by induction on

1. S5 ={0};
2. 8 = SZYLH for v > 0;
3. 851 = Bisep(Ly, SE SE,SZ}) for each 8 < ¢g;
4. SEi, = Bisep(Ly, S5, Sg, S%) for v > 0 and 3 of the form
B=v-p1>0.
The sequence {Sq}a<e, is called the fine hierarchy over L.



Topology on words

The set A% carries the Cantor topology with the open sets of the
form X A%, where X C A*.

Borel sets of A can be arranged in an hierarchy of length wy,
called the Borel hierarchy {29} ,.u,.



The Borel hierarchy
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The Borel hierarchy {39} ,<., can be refined by the difference
hierarchy {29 (k) }n<w k<w Of length w? and the fine hierarchy

{24 }a<e- This FH coincides with an important fragment of the
Wadge hierarchy.



The Borel hierarchy {39} ,<., can be refined by the difference
hierarchy {29 (k) }n<w k<w Of length w? and the fine hierarchy
{34 }a<e,- This FH coincides with an important fragment of the
Wadge hierarchy.

In the case of the w-regular languages the fragment {3, }o<ww
coincides with the Wagner hierarchy ([3]).



Problem

Are there any relations between logical and topological
classifications of the regular w-languages?



Previosly known results
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L. Landweber [2] R C BC(X9)

V. Selivanov [1] Uy<ye Za = BC(Y).
V. Selivanov [1] S, € 3, for each o < €.



Previosly known results

5e C 30

L. Landweber [2] R C BC(X9)

V. Selivanov [1] U, Za = BC(ZY).
V. Selivanov [1] S, € 3, for each o < €.

It follows that with the restriction to w-regular languages it makes
sense to work only with the levels below w®.



Results

Theorem

1. For each a < w¥ there exists a language N, C A% such that
N, € 83, but N, ¢ I1,,.

2. For each a: < w® there exists a language N™°% C {0,1}* such
that N7od ¢ Smod | pyt Nmod ¢ TT,.

3. For each aw < w¥ there exists a language N7 C {0,1}%, such
that N, € S, but N ¢ I1,,.

Corollary
The logical fine hierarchy {SJ } <.~ does not collapse.



Thank you for your attention!
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Beenexne

Teopus perynsipHbix SI3bIKOB KOHEYHbIX N HECKOHEYHbBIX CIOB -
LeHTpasbHbIli pazgen nHdopmatuku. OH CBA3aH 1 C
TeopeTmyeckuMun Bonpocamu (Hanpumep, cneuundukalns u
BepMNKALMS CUCTEM), U C NPUIOKEHMAMN (apXUTEKTYpa
KOMMbIOTEPA, NOCTPOEHNE KOMMUASITOPOB).



PerynsapHble w-a3biku

PacmoTtpum getepmuHupoBaHHbiii asTomaT Mionnepa (AM)
M= (Q,A,0,q0,F), rae FF C P(Q).

Conoctaeum z € A — y € Q¥ n obosHa4um

Inf(y) = {q € Q | ¢ BcTpevaeTtca beckoHe4Ho YacTo B croBe y}
block=fill Onpegenum, 4T0 W-CNOBO T pacnosHaeTcs

M = Inf(y) € F

b a
a [Mpumep:
Mycts F = {{q.}}
_> @ PacnosHaBaembiii A3bIK:
(aUb)*a®.
b
Onpepenexne

R - knacc s3bikos, pacrno3nasaemsix [AM - w-perynspHeie s3biku.



Nepapxnsa Baruepa

BaxHbiM 06beKTOM MCCneqoBaHmns TeOpUm aBTOMaTOB Ha wW-COBax
sensietcst nepapxusi Barnepa ([4]). OHa nmeet cnoxtoe
TEXHUYECKOE OMpegeseHne B TepMnHax aBToMaTos.



Nepapxnsa Baruepa

BaxkHbiM 0BbeKTOM MCCNefoBaHNSA TEOpUM aBTOMATOB Ha W-CAOBaxX
sensietcst nepapxusi Barnepa ([4]). OHa nmeet cnoxtoe
TEXHUYECKOE OMpPEefesIEHNE B TEPMUHAX aBTOMATOB.

Beegem Ha A“ KaHTOPOBCKYH) TOMOMOTUIO C OTKPbITHIMU
MHoxecTBamn Buga X A%, rope X C A*.

Onpegenerne
Aszeik L1 C A¥ cBogutcsa k a3eiky Lo C A¥ no Bagxy
(L1 <w Ls), ecnn cywectsyer HenpepsisHas pyHkuymns f Takas,
yTOo
rel] <— f(a;) € Lo.

Nepapxusi BarHepa coenagaet co cTpykTypoii cTeneneii Bagxa
perynsipHeix w-s3b1koB (R, <yy).



Jlornyecknii noaxopq,

PaccmoTpum curnatypy 0 = {<, Qula € A}. w-cnoBo & MOXHO
paccMaTpuBaTh Kak CTPYKTypy curHaTypsl 0 € = {w, <, Qq, ...},
rae < - nopsifok B obbidHOM cmbiche, Q4 (1) <= z(i) = a.
Takoke MOXXHO paccmaTpuBaTb curHatypbel 7 = o U {s} u

Omod = Ud<w{P£}T<d Uo, roe

s(n)=n+1,Pj(i) <= imodd=r.

Onpegenexne

S3biK, aKCUOMaTU3NPYEMBINT MPEANOKEHNEM O -

Ly ={z e A |z = ¢}



CooTHoweHus MexXxay KinaCCamMu
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CooTHoweHus MexXxay KinaCCamMu
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KBaHTOpHas unepapxus

Paccmotpum nepapxuto {9}, e, MHAYLMPYEMYIO Mepapxueii
NPEANOXKEH NI CUFHATYPbI 0 MO YNCAY NEPEMEH KBAHTOPOB B
npeABapeHHol HopManbHO dopme.



PasHocTHasa nepapxus
KeanTopHoii nepapxumn {37}, MOXKHO CONOCTaBNTbL Pa3HOCTHYHO
nepapxuio {39 (k) }new kew-
Knacc X9 (k) coctonT u3 s3b1koB BuAa Uncy (B; \ Bit1), rae
B; € Eg, Biy1 € Byn By = Q.
Cnesa - npumep si3bika 13 knacca 27(4), cnpasa - ns 27(3).

C:(Bl\BQ)UBg

O = (Bl \BQ) U (Bg\B4)



Onepauus Sep

Sep(A,B,C) = (ANB)U(ANC)



Onepauus Sep

Sep(A, B,C) = (AN B) U (AN C)
Sep(I‘l,I‘g,I‘g) = {Sep(A,B,C) | Aecl,Bely,Ce Fg}



MoTueupytowuii npumep

Paccmotpum

N7 459 ={XAY | X €%,V € 53}



MoTueupytowuii npumep

Paccmotpum
Y7 +3 ={XAY | X €X],Y € ¥3}.

27 4 % = Sep(7,13,55) = St
Nepapxun {27 },c., conoctaBum ToHkyto nepapxunto {Sg }a<e,, rae

g0 = sup{w,w”,w*" ...},



Onepauus Bisep

20 N Yo Y2 M To N T

\

r1 My

Bisep(X,Y1,Ys,Y3) = {xoyo Uz1y1 UZoZ1Y2 | Zox1Yo = ToT1Y1 }-



ToHkasa nepapxus

PaccmoTpum bynesy anrebpy B = (B,U,N,—,0,1). w-basoii 8 B
Bynem HasbiBaTh Ntobyto nocneposatensHocTs L = { Ly, }n<w
noapewétok B Takux, yto L, U L, C L,1, rae
L,={a|ae€ Ly}
Onpegenum nocneaosatenbHoCTb {Sa fa<ey, rae So = SY, a
knaccel S;(n < w) onpeAensitoTCA MHAYKLUNeR no «:

1. Sg ={0};

2. 8 = SIYLH ans v > 0;
3. 5% = Bisep(Ly, S5, S’g,S{}) ans ecex 3 < ep;
4

S, = Bisep(Ln,Sg,Sg, SY) ans vy > 0w B supa
B=v-p1>0
MocnepoatensHocTb { Sy fa<e, Ha3bIBAETCS TOHKON Mepapxueil
Hag L.



Tononornyeckunii NoAxoA

Beeagem Ha A“ KaHTOPOBCKYIO TOMOMOMNIO C OTKPbLITBIMN
mHoxecTeamu Buga X A¥, rge X C A*.
PaccmoTpum Bopenesckyto nepapxuto {30}, TMNa wi.



Bopenesckas nepapxus
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Bopenesckoii nepapxum {9} ,<,, MOXKHO conocTauTb
pastocTHyto nepapxuio {0 (k) } <y k<o TMNA W? 1 ToHKyIO
nepapxuto {X, ta<e,, COBMAAAOLLYIO C BaXKHbIM DparMeHToMm

nepapxun Bagxa.



Bopenesckoii nepapxum {9} ,<,, MOXKHO conocTauTb
pastocTHyto nepapxuio {0 (k) } <y k<o TMNA W? 1 ToHKyIO
nepapxuto {X, ta<e,, COBMAAAOLLYIO C BaXKHbIM DparMeHToMm
nepapxun Bagxa.

B cnyuyae w-perynsipHbix A3bIkoB HayanbHbIl parMeHT TOHKOM

nepapxumn {X, o< coBnagaer c nepapxueii Barnepa ([3]).



3agava

CyLLecTBYIOT N KaKNe-TO COOTHOLLEHUSI MEXAY NOrNYECKOii 1
TONONOrMYECKON KnaccudmKaumeid perynsipHbIX w-sa3bIKOB, 1, ecau
CYLWECTBYIOT, TO Kakne?



13BecTHbIE paHee pe3ynbTaThbl

yecxl

N1.X. Nangeebep [2] R € BC(X9)

B.J1. Cenmnsanos [1] U >, = BC(XY).
B.J1. Cenueanos [1] S, C X, ans Beex a < £o.

a<w¥



13BecTHbIE paHee pe3ynbTaThbl

yecxl

N1.X. Nangeebep [2] R € BC(X9)

B.J1. Cenusaroe [1] |, o Ta = BO(X9).
B.J1. Cenueanos [1] S, C X, ans Beex a < £o.

CnepoeaTenbHO, B Cly4ae wW-peryasipHbiX A3blkOB Anst obenx
TOHKUX Mepapxuli MMeeT CMbICA PacCMaTPUBATb TONLKO YPOBHU,
MeHbLune wv.



PesynbTtaTth

Teopema

1. Ans nwoboro o < w*“ BepHo, uTO CcyiyecTsyet a3bik N, C A%,
npuHagnexawmnii knaccy S, HO He NPUHAANEXALUNI KAACCy
II,..

2. [ns nwoboro o < w® BEpHO, HTO CYLLECTBYET S3bIK
Nmod C £ 1%, NHAANEXKALNIA K1acC Smod 1o pe

(03 ? -y (03
npuHaanexawmii knaccy I1,,.

3. [ns nwoboro o < w” BEpHO, YTO CYLLECTBYET S3bIK
N7 C {0,1}¥, npunagnexawmii knaccy S', HO He

(03 ? -y [0
npuHagnexawmii knaccy I1,,.

Cneacteue

Jloruqeckasi Tonkas nepapxusi {S3 }o<ww HE CXIOMbIBAETCS.



Cnacubo 3a BHUMaHMe!
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