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Ââåäåíèå
Àííîòàöèÿ

Óñðåäíåíèå îïåðàòîðà ñâ¼ðòî÷íîãî òèïà

â ïåðèîäè÷åñêîé ñðåäå

(Aε + I)−1 ∼?, ε→ 0, ãäå Aε � ïåðèîäè÷åñêèé

ñàìîñîïðÿæåííûé íåëîêàëüíûé îïåðàòîð ñâåðòî÷íîãî òèïà ñ

áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè (ïåðèîäè÷åñêèìè ñ

ðåøåòêîé ïåðèîäîâ (εZ)d).
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Ââåäåíèå. Îñíîâíîé îáúåêò èññëåäîâàíèÿ

Ðàññìîòðèì íåëîêàëüíûé îïåðàòîð ñâåðòî÷íîãî òèïà ñ
áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè:

Aεu(x) = ε−d−2

∫
Rd

a((x− y)/ε)µ(x/ε, y/ε)(u(x)− u(y)) dy,

ãäå u ∈ L2(Rd), ε > 0. Ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíòû
a(x) è µ(x, y) óäîâëåòâîðÿþò óñëîâèÿì

0 6 a(x) = a(−x), x ∈ Rd, ‖a‖L1 = 1,

∫
Rd

|x|4a(x) dx <∞; (1)

0 < µ− 6 µ(x+m, y + n) = µ(x, y) 6 µ+ <∞, m, n ∈ Zd,
µ(x, y) = µ(y, x). (2)

0 6 Aε = A∗ε � îãðàíè÷åí; minσ(Aε) = 0, Aε � ïåðèîäè÷åñêèé
ñ ðåøåòêîé ïåðèîäîâ (εZ)d).
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Ââåäåíèå
Èçâåñòíûå ðåçóëüòàòû (àïïðîêñèìàöèÿ ðåçîëüâåíòû)

Îïåðàòîð Aε èçó÷àëñÿ â ðàáîòàõ [Å.À.Æèæèíà,
À.Ë.Ïÿòíèöêèé, 2017�2020]. Â ÷àñòíîñòè, áûë ïîëó÷åí
ñòàðøèé ÷ëåí àïïðîêñèìàöèè ðåçîëüâåíòû (Aε + I)−1 â
ñèëüíîì ñìûñëå:

s- lim
ε→0

(Aε + I)−1 = (A0 + I)−1,

ãäå A0 = − div g0∇ � ïîäõîäÿùèé ýôôåêòèâíûé

ýëëèïòè÷åñêèé ÄÎ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.
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Ââåäåíèå
Èçâåñòíûå ðåçóëüòàòû (âñïîìîãàòåëüíàÿ çàäà÷à)

×òîáû ñôîðìóëèðîâàòü ðåçóëüòàò, ìû îïðåäåëèì
ýôôåêòèâíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

A0 := − div g0∇,
ãäå g0 � ïîñòîÿííàÿ ýôôåêòèâíàÿ ìàòðèöà îïðåäåëÿåòñÿ â
òåðìèíàõ ðåøåíèÿ ñëåäóþùåé âñïîìîãàòåëüíîé çàäà÷è.

Ïóñòü Ω := [0, 1)d � ÿ÷åéêà ðåøåòêè Zd. Ïóñòü
âåêòîð-ôóíêöèÿ v(x) = (v1(x), . . . , vd(x)) � Zd-ïåðèîäè÷åñêîå
ðåøåíèå çàäà÷è

∫
Rd a(x− y)µ(x, y)(v(x)− v(y)) dy =

=
∫
Rd a(x− y)µ(x, y)(x− y) dy, x ∈ Ω,∫

Ω
v(y) dy = 0.

(3)

Çàäà÷à (3) èìååò åäèíñòâåííîå Zd-ïåðèîäè÷åñêîå ðåøåíèå.
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Ââåäåíèå
Èçâåñòíûå ðåçóëüòàòû (ýôôåêòèâíàÿ ìàòðèöà)

Îïðåäåëèì ýôôåêòèâíóþ ìàòðèöó g0 = 1
2
{gij}i,j=1,...,d

ðàâåíñòâîì

gij =

∫
Ω

dx

∫
Rd

dy
(

(xi−yi)(xj−yj)−vj(x)(xi−yi)−vi(x)(xj−yj)
)
·

· a(x− y)µ(x, y), i, j = 1, . . . , d. (4)

Çäåñü âåêòîð v(x) = (v1(x), . . . , vd(x)) � Zd-ïåðèîäè÷åñêîå
ðåøåíèå çàäà÷è (3). Ìàòðèöà g0 îêàçûâàåòñÿ ïîëîæèòåëüíî
îïðåäåëåííîé. Ýôôåêòèâíûé îïåðàòîð A0 = − div g0∇
îïðåäåëåí íà ïðîñòðàíñòâå Ñîáîëåâà H2(Rd).
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Ââåäåíèå
Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1

Ïóñòü âûïîëíåíû óñëîâèÿ (1), (2). Òîãäà ñïðàâåäëèâà îöåíêà

‖(Aε + I)−1 − (A0 + I)−1‖L2(Rd)→L2(Rd) 6 Cε.

Çäåñü C = C(d, a, µ+, µ−); A0 = − div g0∇ è ìàòðèöà g0

îïðåäåëåíà ðàâåíñòâîì (4).

Çàìå÷àíèå

Aε � îãðàíè÷åííûé îïåðàòîð â L2(Rd); A0 � ýëëèïòè÷åñêèé

ÄÎ; îöåíêà òî÷íà ïî ïîðÿäêó ε; êîíñòàíòà C(d, a, µ+, µ−)
êîíòðîëèðóåòñÿ.
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Ââåäåíèå
Îñíîâíîé ðåçóëüòàò

Òåîðåìà 2

Ïóñòü âûïîëíåíû óñëîâèÿ (1), (2). Òîãäà ñïðàâåäëèâà îöåíêà

‖(Aε+I)−1−(A0+I)−1−ε(K(ε)+K∗(ε))‖L2(Rd)→L2(Rd) 6 Sε2, ε > 0;

K(ε) = −
d∑
j=1

vj(x/ε)∂j(A0 + I)−1Πε;

Πεu(x) = (2π)−d/2
∫

[−π/ε,π/ε)d
û(ξ)eixξ dξ,

S = S(d, a, µ+, µ−);

A0 = − div g0∇ è ìàòðèöà g0 îïðåäåëåíà ðàâåíñòâîì (4).
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Ââåäåíèå
Òåîðåòèêî-îïåðàòîðíûé ïîäõîä

Òåîðåòèêî-îïåðàòîðíûé ïîäõîä áûë ïðåäëîæåí â ðàáîòàõ
[Ì.Ø.Áèðìàí è Ò.À.Ñóñëèíà, 2001 � 2006], ãäå èçó÷àëèñü
ñàìîñîïðÿæåííûå ýëëèïòè÷åñêèå ïåðèîäè÷åñêèå ÄÎ âòîðîãî
ïîðÿäêà:
• ìàñøòàáíîå ïðåîáðàçîâàíèå;
• ðàçëîæåíèå â ïðÿìîé èíòåãðàë;
• âû÷èñëåíèå àïïðîêñèìàöèè (Aε + I)−1, ε→ 0, â òåðìèíàõ
ïîðîãîâûõ õàðàêòåðèñòèê ñïåêòðà.
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Ââåäåíèå. Òåîðåòèêî-îïåðàòîðíûé ïîäõîä

Ìàñøòàáíîå ïðåîáðàçîâàíèå

Ìàñøòàáíîå ïðåîáðàçîâàíèå � óíèòàðíîå ïðåîáðàçîâàíèå â
L2(Rd) âèäà:

Tεu(x) = εd/2u(εx), u ∈ L2(Rd).

Aε = T ∗ε ε
−2ATε, A = Aε0 , ε0 = 1; A0 = T ∗ε ε

−2A0Tε

‖(Aε + I)−1 − (A0 + I)−1‖L2→L2 =

= ε2‖(A + ε2I)−1 − (A0 + ε2I)−1‖L2→L2
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Ââåäåíèå. Òåîðåòèêî-îïåðàòîðíûé ïîäõîä

Ðàçëîæåíèå â ïðÿìîé èíòåãðàë

Îïåðàòîð A � Zd-ïåðèîäè÷åñêèé; ñëåäîâàòåëüíî:

A =

∫
Ω̃

⊕A(ξ)dξ, Ω̃ = [−π, π)d, A(ξ) � îïåðàòîð â L2(Ω).

(A + ε2I)−1 ∼?, ε→ 0 ←→ (A(ξ) + ε2I)−1 ∼?, ε→ 0
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Ââåäåíèå. Òåîðåòèêî-îïåðàòîðíûé ïîäõîä

Èññëåäîâàíèå ïîðîãîâûõ õàðàêòåðèñòèê ñïåêòðà

Âû÷èñëåíèå àñèìïòîòèêè (A(ξ) + ε2I)−1 ∼?, ε→ 0, ÷åðåç
àñèìïòîòèêó A(ξ)F (ξ), ξ → 0, ãäå F (ξ) � ñïåêòðàëüíûé
ïðîåêòîð îïåðàòîðà A(ξ), îòâå÷àþùèé íåêîòîðîé îêðåñòíîñòè
íóëÿ.
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Íåëîêàëüíûé îïåðàòîð ñâåðòî÷íîãî òèïà

Íåëîêàëüíûé îïåðàòîð ñâåðòî÷íîãî òèïà â L2(Rd):

Au(x) =

∫
Rd

a(x− y)µ(x, y)(u(x)− u(y)) dy, u ∈ L2(Rd).

Óñëîâèÿ íà êîýôôèöèåíòû:

0 6 a(x) = a(−x), x ∈ Rd,∫
Rd

a(x) dx = 1,

∫
Rd

|x|4a(x) dx <∞.

0 < µ− 6 µ(x, y) 6 µ+ <∞, µ(x, y) = µ(y, x),

µ(x+m, y + n) = µ(x, y), m, n ∈ Zd.
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Íåëîêàëüíûé îïåðàòîð ñâåðòî÷íîãî òèïà
Ñàìîìîïðÿæåííîñòü è îãðàíè÷åííîñòü

Au(x) = p(x)u(x)− Bu(x), p(x) =

∫
Rd

a(x− y)µ(x, y) dy,

Bu(x) =

∫
Rd

a(x− y)µ(x, y)u(y) dy, u ∈ L2(Rd).

µ− 6 p(x) 6 µ+, ‖B‖L2→L2 6 µ+, p(x) = p(x), B = B∗.

Îïåðàòîð A = A∗ îãðàíè÷åí â L2(Rd).
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Íåëîêàëüíûé îïåðàòîð ñâåðòî÷íîãî òèïà
Êâàäðàòè÷íàÿ ôîðìà

(Au, u) =
1

2

∫
Rd

dx

∫
Rd

dy a(x−y)µ(x, y)|u(x)−u(y)|2, u ∈ L2(Rd).

A0u(x) =

∫
Rd

a(x− y)(u(x)− u(y)) dy, u ∈ L2(Rd) (µ ≡ 1);

0 6 µ−A0 6 A 6 µ+A0.

A0 = Φ∗[1− â(ξ)]Φ, â(ξ) =

∫
Rd

cos(ξx)a(x) dx

σ(A0) ⊃ [0, 1] =⇒ minσ(A0) = 0 =⇒ minσ(A) = 0.
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Íåëîêàëüíûé îïåðàòîð ñâåðòî÷íîãî òèïà
Ðàçëîæåíèå â ïðÿìîé èíòåãðàë

ASn = SnA, Snu(x) = u(x+ n), n ∈ Zd;

A =

∫
Ω̃

⊕A(ξ)dξ, 0 6 A(ξ) = A∗(ξ) � îãðàíè÷åííûé â L2(Ω).

A(ξ)u(x) = p(x)u(x)− B(ξ)u(x), p(x) =

∫
Rd

a(x− y)µ(x, y) dy,

B(ξ)u(x) =

∫
Ω

ã(ξ, x−y)µ(x, y)u(y) dy, ã(ξ, z) =
∑
n∈Zd

a(z+n)e−i(ξ,z+n).

B ∈ S∞, 0 < µ− 6 p(x) 6 µ+.

σ(A(ξ)) ∩ (−∞, µ−) ⊂ σdiscr(A(ξ)), ξ ∈ Ω̃.
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Ñâîéñòâà îïåðàòîðà A(ξ)
Êâàäðàòè÷íàÿ ôîðìà

(A(ξ)u, u) =
1

2

∫
Ω

dx

∫
Rd

dy a(x− y)µ(x, y)|eiξxu(x)− eiξyu(y)|2,

u ∈ L2(Ω), ξ ∈ Ω̃;

0 6 µ−A0(ξ) 6 A(ξ) 6 µ+A0(ξ);

A0(ξ)u(x) = p(x)u(x)−B0(ξ)u(x), B0(ξ)u(x) =

∫
Ω

ã(ξ, x−y)u(y) dy.
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Ñâîéñòâà îïåðàòîðà A(ξ)
Àíàëèç îïåðàòîðà A0(ξ)

Îïåðàòîð A0(ξ) äèàãîíàëèçóåòñÿ äèñêðåòíûì ïðåîáðàçîâàíèåì
Ôóðüå F : L2(Ω)→ `2(Zd):

Fu(n) =

∫
Ω

u(x)e−2πinx dx, n ∈ Zd, u ∈ L2(Ω);

A0(ξ) = F ∗[â(0)− â(2πn+ ξ)]F.

Îïåðàòîð A0(ξ) óíèòàðíî ýêâèâàëåíòåí îïåðàòîðó óìíîæåíèÿ
íà ñèìâîë {An(ξ)}n∈Zd â `2(Zd),

An(ξ) =

∫
Rd

(1− cos(z(ξ + 2πn)))a(z) dz, ξ ∈ Ω̃, n ∈ Zd.
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Ñâîéñòâà îïåðàòîðà A(ξ)
Àíàëèç îïåðàòîðà A0(ξ)

Èç ñîîòíîøåíèé

An(ξ) > C1|ξ|2, ξ ∈ Ω̃, n ∈ Zd;

An(ξ) > C2, ξ ∈ Ω̃, n ∈ Zd \ {0};

A0(0) = 0,

âûòåêàþò ñâîéñòâà

A0(ξ) > C1|ξ|2I, ξ ∈ Ω̃,

KerA0(0) = L{1Ω},

(A0(ξ)u, u) > C2‖u‖2, u ∈ L2(Ω)	 L{1Ω}, ξ ∈ Ω̃.
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Ñâîéñòâà îïåðàòîðà A(ξ)
Â ñèëó äâóñòîðîííèõ îöåíîê µ−A0(ξ) 6 A(ξ) 6 µ+A0(ξ),
ñïðàâåäëèâû ñâîéñòâà

A(ξ) > µ−C1|ξ|2I, ξ ∈ Ω̃,

KerA(0) = L{1Ω},

(A(ξ)u, u) > µ−C2‖u‖2, u ∈ L2(Ω)	 L{1Ω}, ξ ∈ Ω̃.

Òàêèì îáðàçîì: 1) íèæíèé êðàé ñïåêòðà îïåðàòîðà A(0) �
îäíîêðàòíîå ñîáñòâåííîå çíà÷åíèå λ0 = 0; 2) ðàññòîÿíèå d0 îò
òî÷êè λ0 äî îñòàëüíîãî ñïåêòðà îïåðàòîðà A(0) íå ìåíåå µ−C2;
3) ïðè ìàëûõ ξ ñïåêòð îïåðàòîðà A(ξ) íà îòðåçêå [0, d0/3]
ñîñòîèò èç îäíîêðàòíîãî ñîáñòâåííîãî çíà÷åíèÿ, à ñïåêòð
îïåðàòîðà A(ξ) íà èíòåðâàëå (d0/3, 2d0/3) ïóñò.
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Àñèìïòîòèêà îïåðàòîðà A(ξ)F (ξ), ξ → 0

Ïîëîæèì F (ξ) = EA(ξ)[0, d0/3] ïðè ìàëûõ ξ.
Îïåðàòîð-ôóíêöèÿ A(ξ) ãëàäêàÿ êëàññà C4.
Îïåðàòîð-ôóíêöèè A(ξ) è A(ξ)F (ξ) äîïóñêàþò ïðåäñòàâëåíèÿ

F (ξ) = − 1

2πi

∮
Γ

(A(ξ)− ζI)−1dζ, (5)

A(ξ)F (ξ) = − 1

2πi

∮
Γ

(A(ξ)− ζI)−1ζdζ. (6)

Çäåñü êîíòóð Γ ïðîõîäèò ÷åðåç ñåðåäèíó èíòåðâàëà
(d0/3, 2d0/3) è ýêâèäèñòàíòíî îõâàòûâàåò îòðåçîê [0, d0/3]. Â
ñèëó (5) è (6) îïåðàòîð-ôóíêöèè F (ξ) è A(ξ)F (ξ) � ãëàäêèå
êëàññà C4.
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Àñèìïòîòèêà îïåðàòîðà A(ξ)F (ξ), ξ → 0

Òàêèì îáðàçîì, ñïðàâåäëèâî ðàçëîæåíèå

A(ξ)F (ξ) = G0 +
d∑
i=1

Giξi +
1

2

d∑
i,j=1

Gijξiξj+

+
1

6

d∑
i,j,k=1

Gijkξiξjξk +O(|ξ|4), ξ → 0.

Íàì îñòàåòñÿ ëèøü íàéòè êîýôôèöèåíòû ýòîãî ðàçëîæåíèÿ.
×òî èçâåñòíî:

G0 = A(0)F (0) = 0;

(A(ξ)F (ξ)u, u) > 0 =⇒ Gi = 0, i = 1, . . . , d.

Îñòàåòñÿ âû÷èñëèòü êîýôôèöèåíòû Gij, Gijk, i, j, k = 1, . . . , d.
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Àñèìïòîòèêà îïåðàòîðà A(ξ)F (ξ), ξ → 0

Èòàê, ñïðàâåäëèâî ðàçëîæåíèå

A(ξ)F (ξ) =
1

2

d∑
i,j=1

Gijξiξj +
1

6

d∑
i,j,k=1

Gijkξiξjξk +O(|ξ|4), ξ → 0.

Íàì èçâåñòíî ðàçëîæåíèå

A(ξ) = A(0) +
d∑
i=1

∂iA(0)ξi +
1

2

d∑
i,j=1

∂i∂jA(0)ξiξj+

+
1

6

d∑
i,j,k=1

∂i∂j∂kA(0)ξiξjξk +O(|ξ|4), ξ → 0.

Äàëåå, îáîçíà÷èì P := F (0) � îðòîãîíàëüíûé ïðîåêòîð íà
KerA(0) = L{1Ω}, P⊥ := I − P .
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Ïåðâûé ñïîñîá âû÷èñëåíèÿ Gij

Ïðè ìàëûõ ξ îïðåäåëèì ϕ(ξ) = F (ξ)1Ω � íåíóëåâîé
ñîáñòâåííûé âåêòîð, îòâå÷àþùèé íèæíåìó ñîáñòâåííîìó
çíà÷åíèþ λ(ξ) îïåðàòîðà A(ξ); e(ξ) = ϕ(ξ)/‖ϕ(ξ)‖ �
íîðìèðîâàííûé ñîáñòâåííûé âåêòîð, îòâå÷àþùèé íèæíåìó
ñîáñòâåííîìó çíà÷åíèþ îïåðàòîðà A(ξ).
Î÷åâèäíî ðàâåíñòâî λ(ξ) = (A(ξ)e(ξ), e(ξ)). Òàêèì îáðàçîì,
âåêòîð-ôóíêöèÿ e(ξ) è ôóíêöèÿ λ(ξ) � ãëàäêèå êëàññà C4:

e(ξ) = 1Ω +
d∑
i=1

eiξi +
1

2

d∑
i,j=1

eijξiξj +O(|ξ|3), ξ → 0; (7)

λ(ξ) = 0 +
d∑
i=1

λiξi +
1

2

d∑
i,j=1

λijξiξj +O(|ξ|3), ξ → 0. (8)

λ(ξ) > 0 =⇒ λi = 0, i = 1, . . . , d.

Â.À.Ñëîóù (ÑÏáÃÓ) Óñðåäíåíèå ÍÎÑÒ Ìîñêâà, 2022 24 / 28



Ïåðâûé ñïîñîá âû÷èñëåíèÿ Gij

Òàêèì îáðàçîì,

A(ξ)F (ξ) = λ(ξ)(·, e(ξ))e(ξ) =
1

2

d∑
i,j=1

λi,j(·,1Ω)1Ω+O(|ξ|3), ξ → 0.

Ñëåäîâàòåëüíî, âåðíû ðàâåíñòâà Gij = 1
2
λij(·,1Ω)1Ω,

i, j = 1, . . . , d. Êîýôôèöèåíòû λij âû÷èñëÿþòñÿ ïîäñòàíîâêîé
ðàçëîæåíèé (7) è (8) â óðàâíåíèÿ

A(ξ)e(ξ) = λ(ξ)e(ξ), (e(ξ), e(ξ)) = 1.

Ïîëó÷àåòñÿ gij = λij,

Gij = P∂i∂jA(0)P − P∂iA(0)P⊥A(0)−1P⊥∂jA(0)P−
− P∂jA(0)P⊥A(0)−1P⊥∂iA(0)P.
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Âòîðîé ñïîñîá âû÷èñëåíèÿ Gij

(A(ξ)− ζI)−1 =: R(ξ, ζ), R0(ζ) := R(0, ζ);

∆A(ξ) = A(ξ)−A(0) =
d∑
i=1

∂iA(0)ξi+
1

2

d∑
i,j=1

∂i∂jA(0)ξiξj+O(|ξ|3);

R(ξ, ζ) = R0(ζ)−R0(ζ)∆AR0(ζ) +R0(ζ)∆AR0(ζ)∆AR0(ζ)−
−R(ξ, ζ)∆AR0(ζ)∆AR0(ζ)∆AR0(ζ);

A(ξ)F (ξ) = − 1

2πi

∮
Γ

R(ξ, ζ)ζdζ.

Â.À.Ñëîóù (ÑÏáÃÓ) Óñðåäíåíèå ÍÎÑÒ Ìîñêâà, 2022 26 / 28



Âòîðîé ñïîñîá âû÷èñëåíèÿ Gij

G0 =
−1

2πi

∮
Γ

R0(ζ)ζ dζ;

Gi =
1

2πi

∮
Γ

R0(ζ)∂iA(0, a, µ)R0(ζ)ζ dζ, i = 1, . . . , d;

Gij =
1

2πi

∮
Γ

R0(ζ)∂i∂jA(0, a, µ)R0(ζ)ζ dζ−

− 1

2πi

∮
Γ

R0(ζ)
(
∂iA(0, a, µ)R0(ζ)∂jA(0, a, µ)+

+ ∂jA(0, a, µ)R0(ζ)∂iA(0, a, µ)
)
R0(ζ)ζ dζ,

i, j = 1, . . . , d.
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Âòîðîé ñïîñîá âû÷èñëåíèÿ Gij

R0(ζ) = R0(ζ)P +R0(ζ)P⊥ = −1

ζ
P +R0(ζ)P⊥, ζ ∈ Γ.

Gi =
−1

2πi

∮
Γ

(
−1

ζ
P +R⊥0 (ζ)

)
∂iA(0, a, µ)

(
−1

ζ
P +R⊥0 (ζ)

)
ζ dζ =

=
−1

2πi

∮
Γ

(
−1

ζ
P
)
∂iA(0, a, µ)

(
−1

ζ
P
)
ζ dζ = −P∂iA(0, a, µ)P,

i = 1, . . . , d.
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