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Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

ìàòðè÷íîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

Â ïðîñòðàíñòâå L2n(0, 1) ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à Øòóð-

ìà � Ëèóâèëëÿ

l(y⃗) ≡ − d2

dx2
y⃗(x) + Q(x)y⃗(x) = λy⃗(x), 0 < x < 1 (1)

c ñàìîñîïðÿæåííûìè ãðàíè÷íûìè óñëîâèÿìè

y⃗(0)− hy⃗ ′(0) = 0, y⃗(1) + Hy⃗ ′(1) = 0, (2)

ãäå y⃗(x) ∈ En, Q(x) ∈ M2
n(0, 1) � ýðìèòîâà ìàòðèöà,h = h∗,

H = H∗ - n × n ìàòðèöû è λ - ñïåêòðàëüíûé ïàðàìåòð.



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

ìàòðè÷íîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

H = L2n(0, 1)�ãèëüáåðòîâî ïðîñòðàíñòâî êîìïëåêñíîçíà÷íûõ âåêòîð-
ôóíêöèé ñî ñêàëÿðíûì ïðîèçâåäåíèåì:

(y⃗ , v⃗) =

∫ 1

0

n∑
k=1

yk(x)v̄k(x)dx ,

M2
n(0, 1) - ãèëüáåðòîâî ïðîñòðàíñòâî âñåõ n×n ìàòðèö ñ ýëåìåíòàìè�

ôóíêöèÿìè èç L2(0, 1) ñ íîðìîé

∥Q∥2M2
n
=

∫ 1

0
tr (Q∗(x)Q(x)) dx .



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

ìàòðè÷íîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.
Äèôôåðåíöèàëüíîå âûðàæåíèå

l(y⃗) ≡ − d2

dx2
y⃗(x) + Q(x)y⃗(x) = λy⃗(x), 0 < x < 1

è ñàìîñîïðÿæåííûå ãðàíè÷íûå óñëîâèÿ

y⃗(0)− hy⃗ ′(0) = 0, y⃗(1) + Hy⃗ ′(1) = 0,

îïðåäåëÿþò ñàìîñîïðÿæåííûé äèôôåðåíöèàëüíûé îïåðàòîð L[Q]
c îáëàñòüþ îïðåäåëåíèÿ D(L[Q]).
Ñïåêòð îïåðàòîðà L[Q] äèñêðåòíûé è ñîñòîèò èç ïîñëåäîâàòåëü-
íîñòè ñîáñòâåííûõ çíà÷åíèé σ(L[Q]) := {λi (Q)}∞i=1, à ïîñêîëüêó
ïðè ýòîì Q(x), h, H -ýðìèòîâû ìàòðèöû:

λ1(Q) ≤ λ2(Q) ≤ . . . λp(Q) ≤ . . . . . . λn(Q) ≤ . . .

Ñîáñòâåííûå çíà÷åíèÿ, â îáùåì ñëó÷àå, ìîãóò èìåòü êðàòíîñòü

p, 1 ≤ p ≤ n



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

ìàòðè÷íîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

Â êà÷åñòâå ñïåêòðàëüíûõ äàííûõ ðàññìàòðèâàåòñÿ ïåðâîå ñîá-

ñòâåííîå çíà÷åíèå îïåðàòîðà L[Q], êîòîðîå ìîæíî îïðåäåëèòü

ñëåäóþùèì îáðàçîì:

λ1(Q) := inf
v⃗∈D(L[Q]), ∥v⃗∥=1

{
(v⃗ ′, v⃗ ′) + (Qv⃗ , v⃗)

}
(3)

Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à :

(P0): Äëÿ çàäàííîãî âåùåñòâåííîãî ÷èñëà λ∗
1 è ìàòðè÷íîãî ýð-

ìèòîâîãî ïîòåíöèàëà Q0(x) ∈ M2
n(0, 1), òðåáóåòñÿ íàéòè ïîòåí-

öèàë Q̂(x) ∈ M2
n(0, 1) òàêîé, ÷òî

∥Q0 − Q̂∥2M2
n(0,1)

= inf
Q∈M2

n(0,1)

{
∥Q0 − Q∥2M2

n(0,1)
: λ1(Q) = λ∗

1

}
.



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

ìàòðè÷íîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

ÎÎÑÇ (P0):

1) ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ;

2) óðàâíåíèå äëÿ îïòèìàëüíîãî ïîòåíöèàëà Q̂ ñ ó÷åòîì êðàòíî-

ñòè ñîáñòâåííîãî çíà÷åíèÿ λ1(Q̂).
3) ïîñòàíîâêà ÎÎÑÇ ñ ïðîñòûì ñîáñòâåííûì çíà÷åíèåì λ1(Q̂);
4) ÎÎÑÇ ñ ïðîñòûì ñîáñòâåííûì çíà÷åíèåì è ñèñòåìà ÍÓØ;

5) ñâÿçü (P0) ñ ÎÎÑÇ äëÿ ñêàëÿðíîãî îïåðàòîðàØòóðìà-Ëèóâèëëÿ.



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ... .

Ôóíêöèîíàë λ1(Q) â îáùåì ñëó÷àå íå äèôôåðåíöèðóåìûé, íî

âûïóêëûé.

Çàäà÷à (P0) <=> çàäà÷à ìèíèìèçàöèè ôóíêöèîíàëà ðàññòîÿ-

íèÿ ∥Q0 − Q̂∥2M2
n(0,1)

íà âûïóêëîì ìíîæåñòâå

M(λ) := {Q ∈ M2
n(0, 1) : λ ≤ λ1(Q)} (4)

Ñóùåñòâîâàíèå è åäèíñòâåííîñòü:

Òåîðåìà 1. Ïóñòü λ1(Q0) ≤ λ∗
1. Òîãäà îïòèìèçàöèîííàÿ îáðàò-

íàÿ ñïåêòðàëüíàÿ çàäà÷à (P0) èìååò åäèíñòâåííîå ðåøåíèå.

Ç à ì å ÷ à í è å. Óñëîâèå λ1(Q0) ≤ λ∗
1 ÿâëÿåòñÿ ñóùåñòâåííûì:

ïðè ñóùåñòâîâàíèè ðåøåíèÿ íåò åäèíñòâåííîñòè.



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

ìàòðè÷íîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.
Ïóñòü Q̂ ∈ ∂M(λ∗

1) -ðåøåíèå çàäà÷è (P0), òîãäà λ1(Q̂) = λ∗
1 -

ïåðâîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà L[Q̂], òî åñòü

− d2

dx2
u⃗(x) + Q̂(x)u⃗(x) = λ∗

1u⃗(x),

u⃗(0)− hu⃗′(0) = 0, u⃗(1) + Hu⃗′(1) = 0.

Çàìåòèì, ÷òî â îáùåì ñëó÷àå ïåðâîå ñîáñòâåííîå çà÷åíèå λ1(Q̂)
ìîæåò îêàçàòüñÿ êðàòíûì.

Êàê óñòðîåí îïòèìàëüíûé ïîòåíöèàë Q̂ ∈ ∂M(λ∗
1)?

Ðåøåíèå çàäà÷è (P0) äëÿ ñêàëÿðíîãî îïåðàòîðàØòóðìà-Ëèóâèëëÿ

ïðåäñòàâèì â âèäå

q̂(x) = q0(x) + αû2(x)1

1Y.Sh. Ilyasov, N.F. Valeev, On nonlinear boundary value problem corresponding

to N - dimensional inverse spectral problem, J. Di�. Eq., 266 (2019), No. 8



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

âåêòîðíîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

Òåîðåìà 2. Ïóñòü λ1(Q0) ≤ λ∗
1 è Q̂ ∈ ∂M(λ∗

1) -ðåøåíèå çàäà÷è
(P0). Åñëè λ1(Q̂) ñîáñòâåííîå çíà÷åíèå êðàòíîñòè p, òîãäà ñïðà-
âåäëèâî ïðåäñòàâëåíèå

Q̂(x) = Q0(x) +

p∑
k,j=1

αk,j u⃗k(x)⊗ u⃗j(x), (5)

ãäå {u⃗k(x)}pk=1- îðòîíîðìèðîâàííàÿ ñèñòåìà ñîáñòâåííûõ ôóíê-

öèé îïåðàòîðà L[Q̂], ñîîòâåòñòâóþùàÿ ïåðâîìó ñîáñòâåííîìó çíà-
÷åíèþ ðàâíîìó λ∗

1, A = (αk,j)
p
k,j=1- íåâûðîæäåííàÿ ýðìèòîâà

ìàòðèöà.

Çäåñü ñèìâîë ⊗ -îáîçíà÷àåò òåíçîðíîå ïðîèçâåäåíèå â n-ìåðíîì
âåêòîðíîì ïðîñòàíñòâå En.



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ...

Òàêèì îáðàçîì, îðòîíîðìèðîâàííàÿ ñèñòåìà ñîáñòâåííûõ ôóíê-

öèé {u⃗k(x)}pk=1 îïåðàòîðà L[Q̂], ñîîòâåòñòâóþùàÿ ïåðâîìó ñîá-

ñòâåííîìó çíà÷åíèþ ðàâíîìó λ∗
1, óäîâëåòâîðÿåò ñèñòåìå óðàâíå-

íèé

− d2

dx2
u⃗m(x)+

Q0(x) +

p∑
k,j=1

αk,j u⃗k(x)⊗ u⃗j(x)

 u⃗m(x) = λ∗
1u⃗m(x),

u⃗m(0)− hu⃗′m(0) = 0, u⃗m(1) + Hu⃗′m(1) = 0,m = 1, .., p ≤ n (6)

�������������������
×åìó ðàâíà êðàòíîñòü p ñîáñòâåííîãî çíà÷åíèÿ λ1(Q̂) = λ∗

1
? Çàâèñè-

ìîñòü êðàòíîñòè p îò λ∗
1
è Q0(x)



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ...

Òåîðåìà 2.1 Ïóñòü λ1(Q0) ≤ λ∗
1 è Q̂ ∈ ∂M(λ∗

1) -ðåøåíèå çàäà÷è
(P0). Åñëè λ1(Q̂) ñîáñòâåííîå çíà÷åíèå êðàòíîñòè p, òîãäà ñïðà-
âåäëèâî ïðåäñòàâëåíèå

Q̂(x) = Q0(x) + U(x)AU∗(x), (7)

ãäå A = (αk,j)
p
k,j=1- íåâûðîæäåííàÿ ýðìèòîâà ìàòðèöà, U(x)-

ìàòðè÷íàÿ ôóíêöèÿ ðàíãà p òàêàÿ, ÷òî

− d2

dx2
U(x) + [Q0(x) + U(x)AU∗(x)]U(x) = λ∗

1U(x),

U(0)− hU ′(0) = 0, U(1) + HU ′(1) = 0



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ...
Îïðåäåëèì íîâîå ïðîñòðàíñòâî D0 = D(L[Q])/V íà êîòîðîì

ôóíêöèîíàë

λ1(Q) := inf
v⃗∈D0, ∥v⃗∥=1

{
(v⃗ ′, v⃗ ′) + (Qv⃗ , v⃗)

}
(8)

ÿâëÿåòñÿ ïðîñòûì ñîáñòâåííûì çíà÷åíèåì ñîîòâåòñòâóþùåãî îïå-

ðàòîðà.

(PV ): Äëÿ çàäàííîãî âåùåñòâåííîãî ÷èñëà λ∗
1 è ìàòðè÷íîãî ýð-

ìèòîâîãî ïîòåíöèàëà Q0(x) ∈ M2
n(0, 1), òðåáóåòñÿ íàéòè ïîòåí-

öèàë Q̂(x) ∈ M2
n(0, 1) òàêîé, ÷òî

∥Q0 − Q̂∥2L2 = inf
Q∈M2

n(0,1)

{
∥Q0 − Q∥2M2

n(0,1)
: λ1(Q̂) = λ∗

1

}
.

Ç à ì å ÷ à í è å. Ïîäïðîñòðàíñòâî D0, ïðèìåð: ïóñòü e⃗j -

îðòîíîðìèðîâàííûé áàçèñ En, äîïîëíèòåëüíî ê ãð. óñëîâèÿì

îïåðàòîðà L[Q] ïîëîæèì(
u⃗′(0), e⃗j

)
En = 0, j = 1, 2, ..., n − 1



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ... .

Ôóíêöèîíàë λ1(Q) := inf v⃗∈D0, ∥v⃗∥=1

{
(v⃗ ′, v⃗ ′) + (Qv⃗ , v⃗)

}
- âûïóê-

ëûé. Äëÿ çàäà÷è (PV ) ñïðàâåäëèâà òåîðåìà ñóùåñòâîâàíèÿ è

åäèíñòâåííîñòè.

Òåîðåìà 3. Ïóñòü λ1(Q0) ≤ λ∗
1. Òîãäà îïòèìèçàöèîííàÿ îáðàò-

íàÿ ñïåêòðàëüíàÿ çàäà÷à (PV ) èìååò åäèíñòâåííîå ðåøåíèå.

Âñëåäñòâèå äîïîëíèòåëüíîãî óñëîâèÿ íà îáëàñòü îïðåäåëåíèÿ

îïåðàòîðà L[Q] ðåøåíèå çàäà÷è (PV ) èìååò áîëåå ïðîñòóþ ñòðóê-

òóðó.

Òåîðåìà 4. Ïóñòü λ1(Q0) ≤ λ∗
1 è Q̂ ∈ ∂M(λ∗

1) -ðåøåíèå çàäà÷è
(PV ). Òîãäà λ1(Q̂) ïðîñòîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà L[Q̂]
è ñïðàâåäëèâî ïðåäñòàâëåíèå

Q̂(x) = Q0(x) + αu⃗(x)⊗ u⃗(x), (9)

ãäå u⃗(x)- ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà L[Q̂], ñîîòâåòñòâóþ-
ùàÿ ïåðâîìó ñîáñòâåííîìó çíà÷åíèþ ðàâíîìó λ∗

1.



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ...

Ñîáñòâåííîå çíà÷åíèå λ1(Q̂) ìîæåò îêàçàòüñÿ ïðîñòûì è áåç

ñóæåíèÿ îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L[Q]. È â ýòîì ñëó÷àå

ôîðìóëà äëÿ îïòèìàëüíîãî ïîòåíöèàëà áóäåò èìåòü âèä

Q̂(x) = Q0(x) + αu⃗(x)⊗ u⃗(x), (10)

ãäå u⃗(x) ñîîòâåòñòâóþùàÿ ñîáñòâåííàÿ ôóíêöèÿ.

Â îáîèõ ñëó÷àÿõ ñïðàâåäëèâî îáðàòíîå ê Òåîðåìå 4 óòâåðæäåíèå.

Òåîðåìà 5. Ïóñòü êðàåâàÿ çàäà÷à

− d2

dx2
v⃗ + (Q0(x) + βv⃗ ⊗ v⃗)v⃗ = λ∗

1v⃗ , v⃗(0) = v⃗(1) = 0, (11)

èìååò ðåøåíèå v⃗(x) òàêîå, ÷òî λ∗
1 ÿâëÿåòñÿ ïåðâûì ïðîñòûì ñîá-

ñòâåííûì çíà÷åíèåì îïåðàòîðà L[Q0(x)+βv⃗⊗ v⃗ ]. Òîãäà ìàòðè÷-
íûé ïîòåíöèàë Q̂(x) = Q0(x)+βv⃗⊗v⃗ ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

(PV )



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à... .

Ñèñòåìà ÍÓØ. Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çà-

äà÷à (PV ) òåñíî ñâÿçàíà ñ ñèñòåìîé íåëèíåéíûõ óðàâíåíèéØðå-

äèíãåðà. Â êà÷åñòâå ïðèìåðà ðàññìîòðèì çàäà÷ó (PV ) â ïðî-

ñòðàíñòâå H = L22(0, 1) äëÿ ìàòðè÷íîãî ïîòåíöèàëà

Q0(x) =

[
q11(x) q12(x)
q12(x) q22(x)

]
.

Ñîãëàñíî òåîðåìå 1 çàäà÷à (PV ) èìååò åäèíñòâåííîå ðåøåíèå

Q̂. Ïðè ýòîì, ïîñêîëüêó ïåðâîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà

L[Q̂] ïðîñòîå, òî Q̂(x) = Q0(x) + αu⃗ ⊗ u⃗,∥u⃗∥ = 1 è

L[Q̂]u⃗ = −u⃗′′+(Q0(x)+αu⃗⊗ u⃗)u⃗ = λ∗
1u⃗, u⃗(0) = u⃗(1) = 0, (12)

ãäå λ∗
1-ïåðâîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà L[Q̂].



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ... .

Êðàåâóþ çàäà÷ó (12) ìîæíî ïðåîáðàçîâàòü ê èçâåñòíîé â ìàòå-

ìàòè÷åñêîé ôèçèêå ñèñòåìå íåëèíåéíûõ óðàâíåíèé Øðåäèíãåðà

âèäà∗ :{
−u′′1 (x) +

[
q11(x) + α(u21(x) + u22(x))

]
u1(x) + q12(x)u2(x) = λ∗

1u1(x)

−u′′2 (x) +
[
q22(x) + α(u21(x) + u22(x))

]
u2(x) + q12(x)u1(x) = λ∗

1u2(x),

u⃗m(0)− hu⃗′m(0) = 0, u⃗m(1) + Hu⃗′m(1) = 0,m = 1, 2.

Çäåñü α > 0, ∥uk∥L2 > 0 è
∫ 1
0 (u

2
1(x) + u22(x))dx = 1.

Òàêèì îáðàçîì, ñèñòåìà íåëèíåéíûõ óðàâíåíèé Øðåäèíãåðà è

çàäà÷à îïòèìèçàöèè (PV ) ýêâèâàëåíòíû.
========================================================================
Ìîäåëü èç îïòèêè *Y. S. Kivshar, G. P. Agrawal, Optical solitons: from
�bers to photonic crystals. Academic press, 2003.



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à... .

Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à (îïåðàòîð Øòóðìà-Ëèóâèëëÿ)

L(q)u = −u′′ + q(x)u, 0 < x < 1

ñ êðàåâûìè óñëîâèÿìè Äèðèõëå y(0) = y(1) = 0,
(P1) Ïóñòü çàäàíû λ∗

1 < λ∗
2 < ... < λ∗

m ∈ R- ñïåêòðàëüíûå

äàííûå çàäà÷è, âåùåñòâåííàÿ ôóíêöèÿ q0 ∈ L2(0, 1). Òðåáóåòñÿ
íàéòè âåùåñòâåííûé ïîòåíöèàë q̂ ∈ L2(0, 1) òàêîé, ÷òî:

λk(q̂) = λ∗
k , k = 1, 2, ..,m; (13)

è ||q0 − q̂||L2 =

= min{||q0 − q||L2 : λ∗
k = λk(q), k = 1, 2, ..,m; q ∈ L2(0, 1)}.

(14)
Yavdat Ilyasov and Nur Valeev, Recovery of the nearest potential �eld from
the m observed eigenvalues, Physica D: Nonlinear Phenomena, Volume
426, 2021



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ... .

Ðàññìàòðèâàåìàÿ ÎÎÑÇ (P1) ñâÿçàíà ñ íàõîæäåíèåì ðåøåíèÿ

ñëåäóþùåé ñèñòåìû íåëèíåéíûõ óðàâíåíèé (ÑÍÓØ)
−u′′1 + (q0 +

∑m
k=1 σku

2
k)u1 = λ∗

1u1,
...

−u′′m + (q0 +
∑m

k=1 σku
2
k)um = λ∗

mum,

(15)

c ãðàíè÷íûìè óñëîâèÿìè

ui (0) = ui (l) = 0, i = 1, 2, ...,m. (16)

Çäåñü σi ∈ {0,+1,−1}, i = 1, . . . ,m.
========================================================================
Ìîäåëü èç îïòèêè *Y. S. Kivshar, G. P. Agrawal, Optical solitons: from
�bers to photonic crystals. Academic press, 2003.



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ... .
Òåîðåìà. (Âàëååâ è Èëüÿñîâ) Ïóñòü çàäàíà ôóíêöèÿ ïîòåíöèàëà

q0 ∈ L2(0, 1) è ïðîèçâîëüíûé óïîðÿäî÷åííûé íàáîð ÷èñåë λ∗
1 <

λ∗
2 < ... < λ∗

m ∈ R- ñïåêòðàëüíûå äàííûå çàäà÷è. Òîãäà ñóùå-

ñòâóåò ðåøåíèå q̂ ∈ L2 ÎÎÑÇ (P1) è îäíîçíà÷íî îïðåäåëåííûå

êîíñòàíòû σ1, ..., σm ∈ {0,+1,−1} òàêîå, ÷òî ñèñòåìà (15) - (16)

èìååò íåíóëåâîå ñëàáîå ðåøåíèå (û1, ..., ûm) ∈ (C 3/2[−l , l ])m, êî-
òîðûå óäîâëåòâîðÿþò

q̂(x) = q0(x)−
m∑

k=1

σk û
2
k(x). (17)

Åñëè ïðè ýòîè λ∗
k ̸= λk(q0) äëÿ íåêîòîðîãî k ∈ {1, . . .m}, òîãäà∑m

k=1 |σk | ≠ 0.

============================================================================

×åìó ðàâíû êîíñòàíòû σ1, ..., σm ∈ {0,+1,−1} ?
Yavdat Ilyasov and Nur Valeev, Recovery of the nearest potential �eld from
the m observed eigenvalues, Physica D: Nonlinear Phenomena, Volume
426, 2021



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ... .
ÎÎÑÇ äëÿ ñêàëÿðíîãî Ø.-Ë.

Ïóñòü çàäàíû ÷èñëà µ1 < µ2 < .. < µm è äèàãîíàëüíûé ìàòðè÷-

íûé ïîòåíöèàë

Q0(x) =


q0(x)− µ1 0 . .0 0

0 q0(x)− µ2 . .0 0

. . . . .
0 0 . 0 q0(x)− µm

 .

Ïåðâîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà L[Q0] îáîçíà÷èì λ1(Q0).
Äëÿ îïåðàòîðà L[Q], Q ∈ Mn(0, 1), ðàññìîòðèì çàäà÷ó (PV ):

Q̂ = arg min
λ1(Q)=λ∗

1

∥Q − Q0∥2Mn(0,1)
, λ1(Q0) + µm − µ1 < λ∗

1.

Ñîãëàñíî òåîðåìàì 3 è 4 çàäà÷à (PV ) èìååò åäèíñòâåííîå ðåøå-

íèå Q̂ òàêîå, ÷òî Q̂(x) = Q0(x) + αu⃗ ⊗ u⃗,∥u⃗∥ = 1 è

L[Q̂]u⃗ = − d2

dx2
u⃗ + (Q0(x) + αu⃗ ⊗ u⃗)u⃗ = λ∗

1u⃗, u⃗(0) = u⃗(1) = 0,

(18)

ãäå λ∗
1-ïåðâîå ñîáñòâåííîå çíà÷åíèå îïåðàòîðà L[Q̂].



Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à ... .
Òåïåðü ëåãêî ïðîâåðèòü, ÷òî (18) ìîæíî ïðåîáðàçîâàòü ê ñèñòåìå

óðàâíåíèé âèäà :

− d2

dx2
uk(x) +

q0(x) + α

m∑
j=1

u2j (x)

 uk(x) = (λ∗
1 + µk)uk(x),

(19)

uk(0) = uk(1) = 0, k = 1, ..,m.

(P1) Ïóñòü çàäàíû λ∗
1 < λ∗

2 < ... < λ∗
m ∈ R- ñïåêòðàëüíûå

äàííûå çàäà÷è, âåùåñòâåííàÿ ôóíêöèÿ q0 ∈ L2(0, 1). Òðåáóåòñÿ
íàéòè âåùåñòâåííûé ïîòåíöèàë q̂ ∈ L2(0, 1) òàêîé, ÷òî:

λk(q̂) = λ∗
k , k = 1, 2, ..,m; (20)

è ||q0 − q̂||L2 =

= min{||q0 − q||L2 : λ∗
k = λk(q), k = 1, 2, ..,m; q ∈ L2(0, 1)}.

(21)
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