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ly = λy

Y ′ = A(x , λ)Y

Y = T1U, U = T2Z , ...

Y ′ = (Λ + D)Y



iy ′′′ + q(x)y = iλy , (1)

q(x) = q′′′3 (x), q1(x) = q′′3 (x), q2(x) = q′3(x), q3(x) ∈ L1loc [x0; +∞).

z1 = y , z2 = y ′, z3 = y ′′ − iq1(x)y

d

dx
z⃗(x , λ) = A0(x , λ)z⃗(x , λ), A0 = L0 + iq1(x) · D, (2)

L0 =

0 1 0
0 0 1
λ 0 0

 , D =

0 0 0
1 0 0
0 −1 0





z⃗(x , λ) = e iq2(x)D u⃗(x , λ)

u⃗′(x , λ) = e−iq2(x)DL0e
iq2(x)D u⃗(x , λ), (3)

e−q2(x)DL0e
q2(x)D = L0 − iq2(x)[L0,D]+

+
1

2!
q22(x)[[L0,D],D]− 1

3!
iq32(x)[[[L0,D],D],D] + ...



u⃗(x , λ) = e iq3(x)L01 v⃗(x , λ).

v⃗ ′(x , λ) =

[
e−iq3L01

(
L0 −

1

2!
q22L02 +

1

3!
iq32)L03

)
e iq3D

]
v⃗ , (4)

d

dx
v⃗(x , λ) =

 0 a 0
1.5q22a

−1 0 a−1

λ− iq32 1.5q22a 0

 v⃗(x , λ), a(x) = e3iq3(x)

(5)



l(y) =
i

2

{(
p(x)y ′′′

)′′
+
(
p(x)y ′′

)′′′}
+ q(x)y = iλy , (6)

p(x) ∈ ACloc [x0; +∞), q(x) = q′′′3 (x), q3(x) ∈ L1loc [x0; +∞)

q(x) = q′′′3 (x), q1(x) = q′′3 (x), q2(x) = q′3(x)
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y ′′ + (1 + q(x))y = 0, x0 < x < ∞ (7)

q(x) = xαe irx
β
+ xαe−ixβ , α < 0, 1 < β

q(x) = 2axαcos(xβ), α < 0, 1 < β.

β > α/2 + 1



σ∗(x) =
n∑

k=1

gk(x)e
ipk (x),

gk(x) =

mk∑
j=0

gk,jx
αk,j , gk,j ∈ C, αk,j ∈ R,

0 > αk,0 > αk,1 > ... > αk,mk−1 > αk,mk
≥ −1;

pk(x) =

nk∑
j=0

pk,jx
βk,j , pk,j , βk,j ∈ R,

βk,0 > βk,1 > ... > βk,mk−1 > βk,nk , 1 < βk,0,

σ∗(x) ∈ W0 ïðîñòðàíñòâî áûñòðî îñöèëëèðóþùèõ

êâàçèïîëèíîìîâ.

deg(σ∗(x)) = max
k

{αk,0}.

σ(x) = σ∗(x) + f (x), σ∗(x) ∈ W0, f (x) ∈ L(x0; +∞),

σ(x) ∈ W
.

Ñòåïåíüþ σ(x) ∈ W áóäåì íàçûâàòü ñòåïåíü ñîîòâåòñòâóþùåãî

σ∗ ∈ W0: deg(σ) = deg(σ∗).



Îáîçíà÷èì V0 ìíîæåñòâî ïîëèíîìîâ

V0 : g∗(x) =
m∑
j=0

gjx
αj , gj ∈ C, αj ∈ R, 0 > α0 > α1 > ... > αm ≥ −1.

V : g(x) = g∗(x) + f (x), g∗(x) ∈ V0, f (x) ∈ L(x0; +∞),

deg(g) = deg(g∗) = α0

1. W ∪ V - àëãåáðà.

2. Åñëè σ(x) ∈ W0, òî
∫∞
x σ(s)ds ∈ W



Òåîðåìà. Ïóñòü q(x) ∈ W0 äëÿ ëþáîãî íàáîðà ÷èñåë

{c1, ..., cn}, ãäå cj ∈ {0} ∪ N âûïîëíåíî óñëîâèå:

n∑
k=1

ckpk,0 ̸= 0. (8)

Òîãäà äëÿ ðåøåíèé óðàâíåíèÿ (7) ïðè x → +∞ ñïðàâåäëèâû

àñèìïòîòè÷åñêèå ñîîòíîøåíèÿ:

y(x) = e±ix(1 + o(1)).

Çàìåòèì, ÷òî ôóíêöèÿ q(x) = xαe irx
β
+ xαe−ixβ , α < 0, 1 < β

óäîâëåòâîðÿåò óñëîâèþ òåîðåìû ïðè èððàöèîíàëüíûõ r , à ïðè
ðàöèîíàëüíûõ r íå óäîâëåòâîðÿåò.



Ñõåìà äîêàçàòåëüñòâà.

z⃗(x , λ) = (z1, z2) : z1 = y , z2 = y ′

d

dx
z⃗ =

(
0 1

−1− q(x) 0

)
z⃗ , (9)

z⃗(x) =

(
i −i
1 1

)
u⃗(x)

d

dx
u⃗ =

(
−i 0
0 i

)
u⃗ +

iq

2

(
−1 1
−1 1

)
u⃗. (10)



L0 =

(
−i 0
0 i

)
, L1 =

(
0 1
−1 0

)
, L2 =

(
0 i
i 0

)
.

tr(Lk) = 0,
1

2
[L0, L1] = −L2,

1

2
[L0, L2] = L1,

1

2
[L1, L2] = L0,

[A,B] = AB − BA

ρ1(x) = q(x)/2, σ1(x) = iq(x)/2, u⃗1 = u⃗

d

dx
u⃗1 = (1 + ρ1(x))L0u⃗1 + σ1(x)L1u⃗1. (11)



1 + ρk+1(x) = (1 + ρ∗k(x)) cos

(
2

∫ +∞

x
σ∗
k(ξ)dξ

)
,

σk+1(x) = (1 + ρ∗k(x)) sin

(
2

∫ +∞

x
σ∗
k(ξ)dξ

)
. (12)

Çàìåòèì, ÷òî åñëè σ∗
k(x) ∈ W0, òî∫ +∞

x
σ∗
k(ξ)dξ ∈ W, deg(σ∗

k) > deg

(∫ +∞

x
σ∗
k(ξ)dξ

)
.

Èç óñëîâèÿ (8) òåîðåìû 1 âûòåêàåò, ÷òî ρk+1(x), σk+1(x) ∈ W.

ρk+1(x) = ρ∗k+1(x) + fk+1(x), σk+1(x) = σ∗
k+1(x) + hk+1(x),

ãäå ρ∗k+1(x), σ
∗
k+1(x) ∈ W0, fk+1(x), hk+1(x) ∈ L(x0; +∞).



Tk+1(x) = exp

(∫ +∞

x
σ∗
k(ξ)dξLk

)
, u⃗k+1 = Tk u⃗k , (13)

ãäå Lk = L1 ïðè íå÷åòíûõ k è Lk = L2 - ïðè ÷åòíûõ k . Îòìåòèì,
÷òî èç σ∗

k ∈ W0 ñëåäóåò îãðàíè÷åííîñòü ìàòðèöû Tk(x).

d

dx
u⃗k+1 = (1 + ρ∗k+1)L0u⃗k+1 + σ∗

k+1Lk+1u⃗k+1 + Dk+1u⃗k+1, (14)

Dk+1 = T−1
k+1DkTk+1 + (ρk+1 − ρ∗k+1)L0 + (σk+1 − σ∗

k+1)Lk .

Dk(x) ∈ L(x0; +∞).



C ïîìîùüþ èòåðàöèé (13) ñèñòåìó óðàâíåíèé (11) ìîæíî

ñâåñòè ê ýêâèâàëåíòíîé L-äèàãîíàëüíîé ñèñòåìå.

Äëÿ σ(x) ∈ W0, îáîçíà÷èì

γ(σ) = min
k

deg

(
d

dx
pk(x)

)
− 1.

Èç îïðåäåëåíèÿ ïðîñòðàíñòâ W0 è W ñëåäóåò, ÷òî γ > 0.

deg(σk+1(x)) = deg

(∫ +∞

x
σ∗
k(ξ)dξ

)
≤ deg(σ∗

k)− γ(σ1) ≤ ...

... ≤ deg(σ∗
1)− kγ(σ1).



Ç à ì å ÷ à í è å. Èç äîêàçàííîé òåîðåìû ñëåäóåò, ÷òî

âîçìóùåíèå q(x) èç ðàññìàòðèâàåìîãî ïðîñòðàíñòâà áûñòðî

îñöèëëèðóþùèõ êâàçèïîëèíîìîâ W, ïðè âûïîëíåíèè óñëîâèÿ

(8) íå âëèÿåò íà ãëàâíóþ ÷àñòü àñèìïòîòèêè ðåøåíèé

óðàâíåíèÿ (7).

Óñëîâèå (8) òåîðåìû íàêëàäûâàåò îãðàíè÷åíèÿ íà

àëãåáðàè÷åñêóþ ñòðóêòóðó âîçìóùåíèÿ q(x).

q(x) = xαe irx
β
+ xαe−ixβ α < 0, 1 < β

óäîâëåòâîðÿåò óñëîâèþ òåîðåìû ïðè èððàöèîíàëüíûõ r , à ïðè
ðàöèîíàëüíûõ r íå óäîâëåòâîðÿåò.



Ê î í ò ð ï ð è ì å ð

q(x) = 2axαcos(xβ), α < 0, β > 1,

q(x) = 2ag1(x)e
ip1(x) + ag2(x)e

−ip2(x),

g1(x) = g2(x) = xα, p1(x) = −p2(x) = xβ.

Äëÿ ïîòåíöèàëà q(x) óñëîâèå òåîðåìû íå âûïîëíÿåòñÿ.

Â ñàìîì äåëå, ïðè c1 = c2 = 1, ïîëó÷èì c1p1(x) + c2p2(x) ≡ 0.

y1,2(x) = e
±ix± a2

β2(2(α−β+1)+1)
x2(α−β+1)+1+r1,2(x)

(1 + o(1)),

ãäå r1,2(x) ïîëèíîìû òàêèå, ÷òî r1,2(x) = o(x2(α−β+1)+1).
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Ñïàñèáî çà âíèìàíèå !


