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PROBLEM FORMULAT ION



J =
�

ψ ∈ L2(R3;C3) : divψ = 0
	



The Maxwell Operator

Mϵ(ε,µ0) =
�

0  rot(µ0)−1

− rot(ε(, /ϵ))−1 0

�

in J ⊕ J

domMϵ(ε,µ0)=
�

ε(, /ϵ)−1, (µ0)−1z∈H(rot)
	

ε ∈ C0,1(R̄3; L∞(T3)), µ0 = const,
0 < c ⩽ ε(, y), µ0

⩽ C,



(Mϵ(ε,µ0) − )
�

ϵ

zϵ

�

=
�

q
r

�

ϵ, zϵ, ϵ, ϵ
w-L2

0, z0, 0, 0



(Mϵ(ε,µ0) − )
�

ϵ

zϵ

�

=
�

0
r

�

ϵ, zϵ, ϵ, ϵ
w-L2

0, z0, 0, 0









































rot(µ0)−1zϵ − ϵ = 0,

rotε(, /ϵ)−1ϵ + zϵ = r,

divϵ = 0,
div zϵ = 0;

ε(, /ϵ)ϵ =ϵ,

µ0ϵ = zϵ.

ϵ, zϵ, ϵ, ϵ
w-L2
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The Effective Maxwell Operator

M0(ε0,µ0) =
�

0  rot(µ0)−1

− rotε0()−1 0

�

in J ⊕ J

ε0() =
∫

T3
ε(, y)(∇yM(, y) + )dy




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− divε(, ·)(∇yM(, ·) + ) = 0 on T3

∫

T3
M(, y)dy = 0



M0(ε0,µ0) =
�

0  rot(µ0)−1

− rotε0()−1 0

�

in J ⊕ J
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MAIN RESULTS



Theorem 1

∥zϵ − z0∥L2 ⩽ Cϵ∥r∥L2 ,

∥ϵ − 0∥L2 ⩽ Cϵ∥r∥L2 .



Theorem 2

∥zϵ − z0 − ϵSϵΨ0∥H1 ⩽ Cϵ∥r∥L2 ,

∥ϵ − 0 − ϵ(µ0)−1SϵΨ0∥H1 ⩽ Cϵ∥r∥L2 .

Ψ(, y) = roty p(, y) : R3 × R3 →R3×3,

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rot(µ0)−1 rotp(, ·)

= ε(, ·)(∇M(, ·) + )ε0()−1 −  on T3

divp(, ·) = 0 on T3,

∫

T3
p(, y)dy = 0



Theorem 3

∥ϵ − 0 − Sϵ(∇yM)0∥L2 ⩽ Cϵ∥r∥L2 ,

∥ϵ − 0 − Sϵϒ0∥L2 ⩽ Cϵ∥r∥L2 .

ϒ(, y) = ε(, y)(∇yM(, y) + )ε0()−1 − 



Previous Results

Classic results: w-approx.
[BeLePap], [BaPa], [ZhKO]

U-approx., in R3

[BSu03,05,06]; [Su04] , [BSu07], [Su07]

U-approx., in domains
[Su18], [Su19]

U-approx., non-stationary M. equation
[DoSu2021]



SCHEME OF THE PROOF



A Model Operator











rot(µ0)−1zϵ − ϵ = 0,

rotε(, /ϵ)−1ϵ + zϵ = r,

div zϵ = 0.



A Model Operator

�

rotε(, /ϵ)−1 rot(µ0)−1zϵ + zϵ = r,

div zϵ = 0.



A Model Operator

(Lϵ + )((µ0)−1/2zϵ) = (µ0)−1/2r

Lϵ = (µ0)−1/2 rotε(, /ϵ)−1 rot(µ0)−1/2

− (µ0)1/2∇div(µ0)1/2

= b(D)∗g(, /ϵ)b(D)



Uniform approximations for Lϵ

(Lϵ + )−1 = (L0 + )−1 + O(ϵ)

b(D)(Lϵ + )−1 = b(D)(L0 + )−1

+ ϵb(D)SϵΛb(D)(L0 + )−1 + O(ϵ)

gϵb(D)(Lϵ + )−1 = Sϵg(b(D)Λ + )b(D)(L0 + )−1

+ O(ϵ)



The Weyl Decomposition

The Weyl decomposition

L2(R3;C3) =
�

div(µ0)1/2φ = 0
	

⊕
�

(µ0)1/2∇ψ
	

reduces both (Lϵ + )−1 and (L0 + )−1.
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