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Magnetic Schrdédinger operator
@ The d-dimensional space R? with Riemannian metric
g= Z i (x) dx;dxi.
J,k=1

@ The magnetic potential A = Z/ 1 Aj(x)dx;.

@ The electric potential V € C>*(RY).
@ The magnetic Schrédinger operator

1 & 1 9
= 2 Jamaw (o~ PA0)

. Egd‘k(x) det () ({ij ~pa0) | + Vo, o1,

where (g/(x)) is the inverse matrix of g(x) = (gi(X)), det g(x) is
the determinant of g(x).
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Magnetic Schrdédinger operator

If g is the standard Euclidean metric

d
g=>y o,
j=1
then
H, _1 3 i—/A-(x) 2JrV(x)
b — pj71 an PA;

Yuri A. Kordyukov (Ufa, Russia) Magnetic semiclassical asymptotics November 8, 2022 3/24



Assumptions

The magnetic Schrédinger operator

< "0 VAt (51— A0 | + Vi, P,

0x;

Foranyj,k =1,...,d, we have gy € Ci°(R?), that is, for any a € Z4,

sup [0”gj(x)| < oc.
XERA

Moreover, g(x) = (gjk(x)) is positive definite uniformly on x RY:

inf g(x) > ¢go > 0.
xeRd
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Assumptions

The magnetic Schrédinger operator
d
1 1 0
Hy=—— —_— — IpAi(x
p=—p 2 s (5~ A0 >

<o Govaegta (5 — oA )| + Vi, 1,

j
For the magnetic field B defined by

0A 0A;
j<k

we have By € C°(RY). Finally, V € C*(RY).
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Spectral problem

@ The magnetic Schrédinger operator Hp is a uniformly elliptic
second order differential operator.

e Itis essentially self-adjoint in the Hilbert space L2(RY, dvg) with
initial domain C3°(RY), where dvy = +/det g(x)dx is the
Riemannian volume form.

@ Such operators have been introduced and studied by J.-P.
Demailly 1985 in connection with the holomorphic Morse
inequalities for the Dolbeault cohomology associated with high
tensor powers of a holomorphic Hermitian line bundle over a
compact complex manifold.

@ We will study spectral properties of H, in the semiclassical limit
p — oo. First, in the case, when B is of maximal rank (d = 2n), we
give a rough asymptotic description of the spectrum of H, as p
goes to oo.
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Model operator

For any x; € R9. the model operator #(*) is the magnetic Schrodinger
operator on C®(T,,RY) = C>*(RY)

-3 ) ( 1))

J,k=1

o
X <6vk - /Ak,xo(v)) +V(x), veR?

with the magnetic potential

ZA/ % (V)dv; = Z Bjk(xo)(vjavk — vkadvj),
j<k

and constant magnetlc field

dAx, = > Bi(Xo)dv; A dvk = By,.
J<k
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Spectrum of the model operator

o Let By, be a skew-symmetric operator in Ty, R = R? such that
BXO(Uﬂ V) = gXo(BXo u, V)7 uve TxoRd~

Since By, is skew-symmetric of rank 2n, zero is an eigenvalue of
multiplicity d — 2n and its non-zero eigenvalues have the form

+iaj(xo),j=1,...,n, ajx) >0,

@ Denote

Me(X0) =D (2K + 1aj(x0) + V(x0), k= (ki, -~ kn) € ZT.
j=1
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Spectrum of the model operator

@ In the maximal rank case d = 2n, the spectrum of H(X) consists
of eigenvalues of infinite multiplicity (Landau levels)

o(H™)) = {A(x0) : kez}.

In particular, the lowest eigenvalue of H (%) is

No(x0) = Y a(X0) + V(xo)-
=

@ In the case d > 2n, the spectrum is the half-line

o (1)) = [Ag(Xo), +00),
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Description of the spectrum

Theorem (Yu.K. 2020)

Assume that B is of maximal rank (d = 2n). Then, for any K > 0, there
exists ¢ > 0 such that for any p € N the spectrum of Hy in [0, K] is
contained in the cp~—'/4-neighborhood of

= U Zx :{/\k Xo) : kezi,xoeRd}.

Xo cRd

L. Charles (2021): in the compact case cp~'/2 instead of cp~1/4.

Band structure

For any k € 7, we have the band [ax, 8k] = {Ak(X0) : Xo € RY},
and X is a closed subset of R:

== low 5l

keZ!]

= = = = =
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Functions of the operator

@ Forany ¢ € S(R), ¢(Hp) is a smoothing operator in L2(RY, dv,).

® K1, € C*(R? x R?) the Schwartz kernel of o (Hp) with respect
to the Riemannian volume form dvy:

PHIUO) = [ Ko (0 X)X, u € LR, divy)
Rd
@ Foranye >0and k € Z,,
|Ko(h) (6 X)| e = O(P™), Ix = X| > &.

@ For the proof, we use the finite propagation speed property of
solutions of hyperbolic equations.
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Full off-diagonal asymptotics

Theorem (Yu.K. 2022)
The following asymptotic expansion holds frue as p — oo:

pEK (H )Xo+ Vv, xo + V')

NZFrxo (Vpv, \FV)FJXO%( V)kx,

r=0

r

(V)p72, xoeR? v, v eRY

nl=

Here ry, is @ smooth function on T, RY = R defined by

Fixp (V) = \/detg(xo + v), v eRY.

Full off-diagonal expansions for the (generalized) Bergman kernels
Dai-Liu-Ma04,Ma-Marinescu07,Yu.K.18, ..., goes back to
Bismut-Lebeau localization technique in index theory.
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Full off-diagonal asymptotics

Theorem (Yu.K. 2022)

For any j,m,m" € N, there exists M € N such that, for any N € N, there
exists C > 0 such that forany p > 1, xo € R? and v, v’ € T, ,RY

y

sup
|a)+]a/|<m

latle’l ([
Jveave | P 2 K(Hp)(Xo + V, Xo + V')

r=0

B Z Fra(VPV. ﬁv’)nxf(v)mf(v')M)

cm

< Cp~"F (1 + VBV + VBIV)M(1 + VBV — V)

Here C™ is the C™ -norm for the parameter x; € R.
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On-diagonal asymptotics

Corollary
For any x; € RY, there exists a sequence of distributions

fr(xo) € S'(R), r > 0, such that the following asymptotic expansion
holds true as p — oo uniformly on xy:

_r

d o
Ko(hp) (X0, X0) ~ P2 Y _((X0),0)p 2, (fr(X0), ) = Fr.x(0,0).
=0

Corollary: semiclassical trace formula
In the compact case

tro(Hp) ~ > (fr, ) Pz, peSR).

A version of the Gutzwiller trace formula (for a singular energy level)
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Leading coefficient

@ Recall that, for any xg € RY. the model operator #(*) is the
magnetic Schrédinger operator on C>®( T, RY) = C*>(RY) with
constant magnetic field By, .

@ Forany ¢ € S(R), K, 3,00, (v, V') € C>(RY x RY) the smooth
integral kernel of the operator ¢(#0)):

o(HCNu(v) = » K<p(H(X0))(V’ Vu(Vdv', ue CP(RY).

@ Then
(fo(%0): ) = K.(3400,(0,0), X0 € R,
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Leading coefficient

In the maximal rank case d = 2n

(6(:0).9) = gz L[ 800) 3 c(elx0)),

(2m)" 5 kez!!

where Ax(xo) = L4 (2K + 1)aj(x0) + V(x0), k € Z1.
In the case d > 2n,

(h(%0). d nHa,(xO 3 / o(Me(x0) + [€2)de

keZ!
Sd 2n—1 d/o
|2(27-[-)dn’ XO Z/ QO(T T—/\k( ) /2-n- dT.
j=1 kezZ!
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Higher order coefficients

In the maximal rank case d = 2n

fr Xo Z Z fr K.j XO /\k(XO))

kez! j=1

In the general case d > 2n

(fr(x0), Z Zfr k,j(Xo / S0(/—1)(7_)(7. . /\k(Xo))i/Z_n_1d7'

kez" j=1
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Asymptotic localization of Schwartz kernels

Theorem

Assume that, for some x, € R, the rank of By, equals d and an
interval (o, 3) does not contain any N(xo) withk € Z1 .
For any ¢ € S(R) such that supp ¢ C («, 3),

{ ©(Hp) Xo,Xo ‘Ck—(’)(p ), k=0,1,..., p — oo.

Moreover, if an interval [«, 8] does not contain any Nx(xo) withk € Z,
then the Schwartz kernel of the spectral projection Ey, s of the
operator Hp associated with [, (] satisfies

| Ejo,51(X0, X0)| = O(p™>°), p — oo.
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Interpretation of coefficients: the maximal rank case

(fo(X0), ) =

Using the formula

etV R
3 i) = G <Hjn1 el ,0),so<t)>

keZ"

where ¢(t) is the Fourier transform, we can write

B C; n . etV (x) .
(fo(X0), ) = (2m)n Haj(xo) <le_7:1 sin aj(Xo)(t — 10)730(t)> :

=1
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Interpretation of coefficients: the general case

Similarly, using the formula

Z/ d/2n1d7_

keZn

e/tV X
- < (t —i0)4/2=" Ty sin ai(t — i0)’ ‘P(t)> '

we write
(fo(X0), ¥)
G Tl eitV(x) )
= (271_)(1_”/];!: aj(xo) < (t — i0)d/2—n HI’_7:1 sin a;(xo)(t — i0) ) @(t)> .
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Magnetic geometry

@ The semiclassical magnetic Schrédinger operator
H = Ed: (’?? —~ Aj(x))2 +hV.

j=1
@ The classical Hamiltonian
H(x,€) = ¢ — A(X)5, (x,€) € T'RY = RY x RY.

@ The zero energy level (the characteristic set)
Y =H(0)={(x,6) e RY x RY: ¢ = A(x)}.
@ Ey = 0 is the critical energy level:

dH(x,&) =0, (x,&) € X
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Magnetic geometry

@ Y is a d-dimensional submanifold of T*R? which can be identified
with R? using
j:x € RY = (x0,A(X0)) € Z,
its inverse is the restriction of the projection = : T*R? — R to ¥.
So the operator 7" is degenerate at each point x; € RY.
@ The restriction of the canonical symplectic formw = dé Adx to X is

wy = 1B.

@ If B is non-degenerate (maximal rank), then (X, 7*B) is a
symplectic manifold.
In microlocal analysis, these are double symplectic characteristics.

@ If B has constant rank, then (X, 7*B) is a presymplectic manifold.
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The linearized flow

@ The Hamiltonian flow of H is (equivalent to) the magnetic
geodesic flow
¢r: T'RY — T*RY.

@ ¢ preserves Y. Moreover, since dH = 0 on ¥, each point of  is a
fixed point of the flow:

ot(/(%0)) = j(%0), Jj(x0) = (X0, A(X0)) € X, teR.
@ For each xy € RY, one can consider the linearized flow at j(xp):
(ddjoe) © Tioo) X = Tjog)X,  LER,

a linear Hamiltonian flow with quadratic Hamiltonian dZHj(XO).
The eigenvalues of d®Hj(,) are 2ax(xp),k =1,...,n(and O f
d > 2n).

Yuri A. Kordyukov (Ufa, Russia) Magnetic semiclassical asymptotics November 8, 2022 23/24



Geometric interpretation of the formula

effV(Xo)

G oL .
<fO(X0)7 30> - (zw)ngaj(XO) <l—[]r_1:1 sin aj(Xo)(t — IO)’SO(t)> .

(dot)j(x,) are the rotations by the angles 2a,(xo)t, k = 1,...,n:

1 1
Hf:1 sin aj(Xo)t N det(l - (d¢l‘)j(xo))1/2

the standard contribution of a non-degenerate periodic trajectory in the
trace formula (with the linear Poincare map replaced by (dét);(x,))-

The singularities
T

ak(Xo)

Tk(X0) =

are the periods of (dot)j(xy)-
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