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Magnetic Schrödinger operator

The d-dimensional space Rd with Riemannian metric

g =
d∑

j,k=1

gjk (x)dxjdxk .

The magnetic potential A =
∑d

j=1 Aj(x)dxj .
The electric potential V ∈ C∞(Rd).
The magnetic Schrödinger operator

Hp = −1
p

d∑
j,k=1

1√
detg(x)

(
∂

∂xj
− ipAj(x)

)
×

×
[
g jk (x)

√
detg(x)

(
∂

∂xj
− ipAk (x)

)]
+ V (x), p > 1,

where (g jk (x)) is the inverse matrix of g(x) = (gjk (x)), detg(x) is
the determinant of g(x).
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Magnetic Schrödinger operator

If g is the standard Euclidean metric

g =
d∑

j=1

dx2
j ,

then

Hp = −1
p

d∑
j=1

(
∂

∂xj
− ipAj(x)

)2

+ V (x)

=
1
ℏ

 d∑
j=1

(
ℏ
i

∂

∂xj
− Aj(x)

)2

+ ℏV (x)

 , p =
1
ℏ
> 1.
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Assumptions

The magnetic Schrödinger operator

Hp = −1
p

d∑
j,k=1

1√
detg(x)

(
∂

∂xj
− ipAj(x)

)
×

×
[
g jk (x)

√
detg(x)

(
∂

∂xj
− ipAk (x)

)]
+ V (x), p > 1,

For any j , k = 1, . . . ,d , we have gjk ∈ C∞
b (Rd), that is, for any α ∈ Zd

+,

sup
x∈Rd

|∂αgjk (x)| < ∞.

Moreover, g(x) = (gjk (x)) is positive definite uniformly on x ∈ Rd :

inf
x∈Rd

g(x) ⩾ ε0 > 0.
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Assumptions

The magnetic Schrödinger operator

Hp = −1
p

d∑
j,k=1

1√
detg(x)

(
∂

∂xj
− ipAj(x)

)
×

×
[
g jk (x)

√
detg(x)

(
∂

∂xj
− ipAk (x)

)]
+ V (x), p > 1,

For the magnetic field B defined by

B = dA =
∑
j<k

Bjk (x)dxj ∧ dxk , Bjk =
∂Ak

∂xj
−

∂Aj

∂xk
.

we have Bjk ∈ C∞
b (Rd). Finally, V ∈ C∞

b (Rd).
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Spectral problem

The magnetic Schrödinger operator Hp is a uniformly elliptic
second order differential operator.
It is essentially self-adjoint in the Hilbert space L2(Rd ,dvg) with
initial domain C∞

c (Rd), where dvg =
√

detg(x)dx is the
Riemannian volume form.
Such operators have been introduced and studied by J.-P.
Demailly 1985 in connection with the holomorphic Morse
inequalities for the Dolbeault cohomology associated with high
tensor powers of a holomorphic Hermitian line bundle over a
compact complex manifold.
We will study spectral properties of Hp in the semiclassical limit
p → ∞. First, in the case, when B is of maximal rank (d = 2n), we
give a rough asymptotic description of the spectrum of Hp as p
goes to ∞.
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Model operator

For any x0 ∈ Rd . the model operator H(x0) is the magnetic Schrödinger
operator on C∞(Tx0Rd) ∼= C∞(Rd)

H(x0) = −
d∑

j,k=1

g jk (x0)

(
∂

∂vj
− iAj,x0(v)

)
×

×
(

∂

∂vk
− iAk ,x0(v)

)
+ V (x0), v ∈ Rd

with the magnetic potential

Ax0 =
d∑

j=1

Aj,x0(v)dvj =
1
2

∑
j<k

Bjk (x0)(vjdvk − vkdvj),

and constant magnetic field

dAx0 =
∑
j<k

Bjk (x0)dvj ∧ dvk = Bx0 .
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Spectrum of the model operator

Let Bx0 be a skew-symmetric operator in Tx0Rd ∼= Rd such that

Bx0(u, v) = gx0(Bx0u, v), u, v ∈ Tx0R
d .

Since Bx0 is skew-symmetric of rank 2n, zero is an eigenvalue of
multiplicity d − 2n and its non-zero eigenvalues have the form

±iaj(x0), j = 1, . . . ,n, aj(x0) > 0,

Denote

Λk(x0) =
n∑

j=1

(2kj + 1)aj(x0) + V (x0), k = (k1, · · · , kn) ∈ Zn
+.
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Spectrum of the model operator

In the maximal rank case d = 2n, the spectrum of H(x0) consists
of eigenvalues of infinite multiplicity (Landau levels)

σ(H(x0)) =
{
Λk(x0) : k ∈ Zn

+

}
.

In particular, the lowest eigenvalue of H(x0) is

Λ0(x0) =
n∑

j=1

aj(x0) + V (x0).

In the case d > 2n, the spectrum is the half-line

σ(H(x0)) = [Λ0(x0),+∞),
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Description of the spectrum

Theorem (Yu.K. 2020)
Assume that B is of maximal rank (d = 2n). Then, for any K > 0, there
exists c > 0 such that for any p ∈ N the spectrum of Hp in [0,K ] is
contained in the cp−1/4-neighborhood of

Σ =
⋃

x0∈Rd

Σx0 =
{
Λk(x0) : k ∈ Zn

+, x0 ∈ Rd
}
.

L. Charles (2021): in the compact case cp−1/2 instead of cp−1/4.

Band structure

For any k ∈ Zn
+, we have the band [αk, βk] = {Λk(x0) : x0 ∈ Rd},

and Σ is a closed subset of R:

Σ =
⋃

k∈Zn
+

[αk, βk].
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Functions of the operator

For any φ ∈ S(R), φ(Hp) is a smoothing operator in L2(Rd ,dvg).
Kφ(Hp) ∈ C∞(Rd × Rd) the Schwartz kernel of φ(Hp) with respect
to the Riemannian volume form dvg :

φ(Hp)u(x) =
∫
Rd

Kφ(Hp)(x , x
′)u(x ′)dvg(x ′), u ∈ L2(Rd ,dvg).

For any ε > 0 and k ∈ Z+,∣∣Kφ(Hp)(x , x
′)
∣∣
Ck = O(p−∞), |x − x ′| > ε.

For the proof, we use the finite propagation speed property of
solutions of hyperbolic equations.
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Full off-diagonal asymptotics

Theorem (Yu.K. 2022)
The following asymptotic expansion holds true as p → ∞:

p− d
2 Kφ(Hp)(x0 + v , x0 + v ′)

∼=
∞∑

r=0

Fr ,x0(
√

pv ,
√

pv ′)κ
− 1

2
x0

(v)κ
− 1

2
x0

(v ′)p− r
2 , x0 ∈ Rd , v , v ′ ∈ Rd .

Here κx0 is a smooth function on Tx0Rd ∼= Rd defined by

κx0(v) =
√
detg(x0 + v), v ∈ Rd .

Full off-diagonal expansions for the (generalized) Bergman kernels
Dai-Liu-Ma04,Ma-Marinescu07,Yu.K.18, ..., goes back to
Bismut-Lebeau localization technique in index theory.
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Full off-diagonal asymptotics

Theorem (Yu.K. 2022)

For any j ,m,m′ ∈ N, there exists M ∈ N such that, for any N ∈ N, there
exists C > 0 such that for any p ⩾ 1, x0 ∈ Rd and v , v ′ ∈ Tx0Rd ,

sup
|α|+|α′|⩽m

∣∣∣∣∣ ∂|α|+|α′|

∂vα∂v ′α′

(
p− d

2 Kφ(Hp)(x0 + v , x0 + v ′)

−
j∑

r=0

Fr ,x0(
√

pv ,
√

pv ′)κ
− 1

2
x0

(v)κ
− 1

2
x0

(v ′)p− r
2

)∣∣∣∣∣
Cm′

⩽ Cp− j−m+1
2 (1 +

√
p|v |+

√
p|v ′|)M(1 +

√
p|v − v ′|)−N .

Here Cm′
is the Cm′

-norm for the parameter x0 ∈ Rd .
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On-diagonal asymptotics

Corollary

For any x0 ∈ Rd , there exists a sequence of distributions
fr (x0) ∈ S ′(R), r ⩾ 0, such that the following asymptotic expansion
holds true as p → ∞ uniformly on x0:

Kφ(Hp)(x0, x0) ∼ p
d
2

∞∑
r=0

⟨fr (x0), φ⟩p− r
2 , ⟨fr (x0), φ⟩ = Fr ,x0(0,0).

Corollary: semiclassical trace formula
In the compact case

trφ(Hp) ∼
∞∑

r=0

⟨fr , φ⟩p
d−r

2 , φ ∈ S(R).

A version of the Gutzwiller trace formula (for a singular energy level).
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Leading coefficient

Recall that, for any x0 ∈ Rd . the model operator H(x0) is the
magnetic Schrödinger operator on C∞(Tx0Rd) ∼= C∞(Rd) with
constant magnetic field Bx0 .
For any φ ∈ S(R), Kφ(H(x0))(v , v

′) ∈ C∞(Rd × Rd) the smooth
integral kernel of the operator φ(H(x0)):

φ(H(x0))u(v) =
∫
Rd

Kφ(H(x0))(v , v
′)u(v ′)dv ′, u ∈ C∞

c (Rd).

Then
⟨f0(x0), φ⟩ = Kφ(H(x0))(0,0), x0 ∈ Rd .
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Leading coefficient

In the maximal rank case d = 2n

⟨f0(x0), φ⟩ =
1

(2π)n

n∏
j=1

aj(x0)
∑

k∈Zn
+

φ(Λk(x0)),

where Λk(x0) =
∑n

j=1(2kj + 1)aj(x0) + V (x0),k ∈ Zn
+.

In the case d > 2n,

⟨f0(x0), φ⟩ =
1

(2π)d−n

n∏
j=1

aj(x0)
∑

k∈Zn
+

∫
Rd−2n

φ(Λk(x0) + |ξ|2)dξ

=
|Sd−2n−1|
2(2π)d−n

n∏
j=1

aj(x0)
∑

k∈Zn
+

∫ +∞

0
φ(τ)(τ − Λk(x0))

d/2−n−1
+ dτ.
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Higher order coefficients

In the maximal rank case d = 2n

⟨fr (x0), φ⟩ =
∑

k∈Zn
+

N∑
j=1

fr ,k,j(x0)φ
(j−1)(Λk(x0)).

In the general case d > 2n

⟨fr (x0), φ⟩ =
∑

k∈Zn
+

N∑
j=1

fr ,k,j(x0)

∫ +∞

0
φ(j−1)(τ)(τ − Λk(x0))

d/2−n−1
+ dτ
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Asymptotic localization of Schwartz kernels

Theorem

Assume that, for some x0 ∈ Rd , the rank of Bx0 equals d and an
interval (α, β) does not contain any Λk(x0) with k ∈ Zn

+.
For any φ ∈ S(R) such that suppφ ⊂ (α, β),∣∣Kφ(Hp)(x0, x0)

∣∣
Ck = O(p−∞), k = 0,1, . . . , p → ∞.

Moreover, if an interval [α, β] does not contain any Λk(x0) with k ∈ Zn
+,

then the Schwartz kernel of the spectral projection E[α,β] of the
operator Hp associated with [α, β] satisfies∣∣E[α,β](x0, x0)

∣∣ = O(p−∞), p → ∞.

Yuri A. Kordyukov (Ufa, Russia) Magnetic semiclassical asymptotics November 8, 2022 18 / 24



Interpretation of coefficients: the maximal rank case

⟨f0(x0), φ⟩ =
1

(2π)n

n∏
j=1

aj(x0)
∑
k∈Zn

φ(Λk(x0)).

Using the formula

∑
k∈Zn

+

φ(Λk) = C1

〈
eitV∏n

j=1 sinaj(t − i0)
, φ̂(t)

〉

where φ̂(t) is the Fourier transform, we can write

⟨f0(x0), φ⟩ =
C1

(2π)n

n∏
j=1

aj(x0)

〈
eitV (x0)∏n

j=1 sinaj(x0)(t − i0)
, φ̂(t)

〉
.
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Interpretation of coefficients: the general case

Similarly, using the formula

∑
k∈Zn

+

∫ ∞

0
φ(τ)(τ − Λk)

d/2−n−1
+ dτ

= C

〈
eitV

(t − i0)d/2−n
∏n

j=1 sinaj(t − i0)
, φ̂(t)

〉
.

we write

⟨f0(x0), φ⟩

=
C2

(2π)d−n

n∏
j=1

aj(x0)

〈
eitV (x0)

(t − i0)d/2−n
∏n

j=1 sinaj(x0)(t − i0)
, φ̂(t)

〉
.
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Magnetic geometry

The semiclassical magnetic Schrödinger operator

Hℏ =
d∑

j=1

(
ℏ
i

∂

∂xj
− Aj(x)

)2

+ ℏV .

The classical Hamiltonian

H(x , ξ) = |ξ − A(x)|2g , (x , ξ) ∈ T ∗Rd ∼= Rd × Rd .

The zero energy level (the characteristic set)

Σ = H−1(0) = {(x , ξ) ∈ Rd × Rd : ξ = A(x)}.

E0 = 0 is the critical energy level:

dH(x , ξ) = 0, (x , ξ) ∈ Σ.
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Magnetic geometry

Σ is a d-dimensional submanifold of T ∗Rd which can be identified
with Rd using

j : x0 ∈ Rd 7→ (x0,A(x0)) ∈ Σ,

its inverse is the restriction of the projection π : T ∗Rd → Rd to Σ.
So the operator Hh is degenerate at each point x0 ∈ Rd .
The restriction of the canonical symplectic form ω = dξ∧dx to Σ is

ωΣ = π∗B.

If B is non-degenerate (maximal rank), then (Σ, π∗B) is a
symplectic manifold.
In microlocal analysis, these are double symplectic characteristics.
If B has constant rank, then (Σ, π∗B) is a presymplectic manifold.
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The linearized flow

The Hamiltonian flow of H is (equivalent to) the magnetic
geodesic flow

ϕt : T ∗Rd → T ∗Rd .

ϕt preserves Σ. Moreover, since dH = 0 on Σ, each point of Σ is a
fixed point of the flow:

ϕt(j(x0)) = j(x0), j(x0) = (x0,A(x0)) ∈ Σ, t ∈ R.

For each x0 ∈ Rd , one can consider the linearized flow at j(x0):

(dϕt)j(x0) : Tj(x0)Σ → Tj(x0)Σ, t ∈ R,

a linear Hamiltonian flow with quadratic Hamiltonian d2Hj(x0).
The eigenvalues of d2Hj(x0) are 2ak (x0), k = 1, . . . ,n (and 0 if
d > 2n).
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Geometric interpretation of the formula

⟨f0(x0), φ⟩ =
C1

(2π)n

n∏
j=1

aj(x0)

〈
eitV (x0)∏n

j=1 sinaj(x0)(t − i0)
, φ̂(t)

〉
.

(dϕt)j(x0) are the rotations by the angles 2ak (x0)t , k = 1, . . . ,n:

1∏n
j=1 sinaj(x0)t

=
1

det(I − (dϕt)j(x0))
1/2

the standard contribution of a non-degenerate periodic trajectory in the
trace formula (with the linear Poincare map replaced by (dϕt)j(x0)).
The singularities

Tk (x0) =
π

ak (x0)

are the periods of (dϕt)j(x0).
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