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Îïåðàòîðû Øòóðìà-Ëèóâèëëÿ ñ ðåãóëÿðíûìè ïîòåíöèàëàìè

Íàèáîëåå ïîëíûå ðåçóëüòàòû â òåîðèè îáðàòíûõ çàäà÷ ñïåêòðàëüíîãî àíà-
ëèçà ïîëó÷åíû äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

− y′′ + q(x)y = λy, x ∈ (0, 1), (1)

ñ ïîòåíöèàëîì q ∈ L2(0, 1).
Ã. Áîðã (1946) äîêàçàë, ÷òî ïîòåíöèàë q(x) îäíîçíà÷íî îïðåäåëÿåòñÿ äâó-

ìÿ ñïåêòðàìè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ (1) ñ ðàçíûìè
êðàåâûìè óñëîâèÿìè:

y(0) = y(1) = 0 ∼ {λn}∞n=1, (2)

y′(0) = y(1) = 0 ∼ {µn}∞n=1. (3)

Â ðàáîòå È.Ì. Ãåëüôàíäà è Á.Ì. Ëåâèòàíà (1951) áûë ïðåäëîæåí êîíñòðóê-
òèâíûé ìåòîä ðåøåíèÿ îáðàòíîé çàäà÷è Øòóðìà-Ëèóâèëëÿ, îñíîâàííûé íà
îïåðàòîðàõ ïðåîáðàçîâàíèÿ.

1 Ìàð÷åíêî, Â.À. Îïåðàòîðû Øòóðìà-Ëèóâèëëÿ è èõ ïðèëîæåíèÿ, Êèåâ:
Íàóêîâà Äóìêà, 1977.

2 Ëåâèòàí, Á.Ì. Îáðàòíûå çàäà÷è Øòóðìà-Ëèóâèëëÿ, Ìîñêâà: Íàóêà, 1984.
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Äèôôåðåíöèàëüíûå îïåðàòîðû âûñøèõ ïîðÿäêîâ

Â ðàáîòàõ Â.À. Þðêî áûëà ïîñòðîåíà òåîðèÿ îáðàòíûõ çàäà÷ äëÿ îïåðàòî-
ðîâ âèäà

y(n) +

n−2∑
ν=0

pν(x)y
(ν), 0 < x < T ⩽ ∞, (4)

ñ êîýôôèöèåíòàìè pν ∈W ν
1 (0, T ), ν = 0, n− 2, ïðè ïîìîùè ìåòîäà ñïåêòðàëü-

íûõ îòîáðàæåíèé.

3 Þðêî, Â.À. Âîññòàíîâëåíèå äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïî ìàòðèöå
Âåéëÿ, Äîêë. ÀÍ ÑÑÑÐ 313 (1990), � 6, 1368�1372.

4 Þðêî, Â.À. Ââåäåíèå â òåîðèþ îáðàòíûõ ñïåêòðàëüíûõ çàäà÷, Ì.:
Ôèçìàòëèò, 2007.



Îïåðàòîðû Øòóðìà-Ëèóâèëëÿ ñ ïîòåíöèàëàìè-ðàñïðåäåëåíèÿìè

Îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

−y′′ + q(x)y = λy, x ∈ (0, 1), (1)

ñ ïîòåíöèàëîì q ∈ W−1
2 (0, 1) èññëåäîâàëè R.O. Hryniv, Ya.V. Mykytyuk,

À.Ì. Ñàâ÷óê, À.À. Øêàëèêîâ, Å.Ë. Êîðîòÿåâ, N. Pronska, J. Eckhardt,
F. Gesztesy, R. Nichols, G. Teschl, N.J. Guliyev, ...

Ìåòîä ñïåêòðàëüíûõ îòîáðàæåíèé:

5 Freiling, G.; Ignatiev, M.Y.; Yurko, V.A. An inverse spectral problem for
Sturm-Liouville operators with singular potentials on star-type graph, Proc.
Symp. Pure Math. 77 (2008), 397�408.

6 Bondarenko, N.P. Solving an inverse problem for the Sturm-Liouville operator
with singular potential by Yurko's method, Tamkang J. Math. 52 (2021), no.
1, 125�154.



Ïîñòàíîâêà çàäà÷è

Äîêëàä ïîñâÿùåí òåîðèè îáðàòíûõ ñïåêòðàëüíûõ çàäà÷ äëÿ óðàâíåíèé âèäà

ℓn(y) = λy, x ∈ (0, 1), (5)

ãäå

ℓn(y) := y(n) +

⌊n/2⌋−1∑
k=0

(τ2k(x)y
(k))(k)+

+

⌊(n−1)/2⌋−1∑
k=0

(
(τ2k+1(x)y

(k))(k+1) + (τ2k+1(x)y
(k+1))(k)

)
.



Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ êëàññ óðàâíåíèé (5), êîòîðûå ìîæíî ýêâèâàëåíòíûì îá-
ðàçîì ïðåäñòàâèòü â âèäå ñèñòåìû

Y ′(x) = (F (x) + Λ)Y (x), x ∈ (0, 1), (6)

ãäå Y (x) � âåêòîð-ôóíêöèÿ (ñòîëáåö) ðàçìåðà n, Λ � ìàòðèöà ðàçìåðà (n×n)
ñ ýëåìåíòîì λ â ïîçèöèè (n, 1) è íóëåâûìè îñòàëüíûìè ýëåìåíòàìè, F (x) =
[fk,j(x)]

n
k,j=1 � ìàòðèöà-ôóíêöèÿ èç êëàññà Fn, êîòîðûé îïðåäåëÿåòñÿ ñâîé-

ñòâàìè

fk,j(x) ≡ 0, k + 1 < j, fk,k+1(x) ≡ 1, k = 1, n− 1,
fk,k ∈ L2(0, 1), k = 1, n, fk,j ∈ L1(0, 1), k > j, trace(F (x)) = 0.

(7)


f1,1 1 0 0
f2,1 f2,2 1 0
f3,1 f3,2 f3,3 1
f4,1 f4,2 f4,3 f4,4





Ïîñòàíîâêà çàäà÷è

Ïî ëþáîé ìàòðèöå F ∈ Fn ìîæíî îïðåäåëèòü êâàçèïðîèçâîäíûå

y[0] := y, y[k] = (y[k−1])′ −
k∑

j=1

fk,jy
[j−1], k = 1, n, (8)

è îáëàñòü îïðåäåëåíèÿ

DF = {y : y[k] ∈ AC[0, 1], k = 0, n− 1}.

Îïðåäåëåíèå

Ìàòðèöà-ôóíêöèÿ F (x) ∈ Fn íàçûâàåòñÿ ñîãëàñîâàííîé ñ

äèôôåðåíöèàëüíûì âûðàæåíèåì ℓn(y), åñëè ïðè ëþáîì y ∈ DF âåðíî

ðàâåíñòâî ℓn(y) = y[n]. Áóäåì íàçûâàòü ôóíêöèþ y ðåøåíèåì óðàâíåíèÿ

ℓn(y) = λy, åñëè y ∈ DF è y[n] = λy, x ∈ (0, 1).

Äëÿ y ∈ DF îáîçíà÷èì y⃗(x) = col(y[0](x), y[1](x), . . . , y[n−1](x)). Òîãäà óðàâ-
íåíèå ℓn(y) = λy ýêâèâàëåíòíî ñèñòåìå

y⃗′ = (F (x) + Λ)y⃗, x ∈ (0, 1). (6)



Ðåãóëÿðèçàöèîííûé ïîäõîä

Ðåãóëÿðíûé ñëó÷àé: τν ∈ L1(0, 1), ν = 0, n− 2.

ℓ6(y) = y(6) + (τ4y
′′)′′ + ((τ3y

′′)′ + (τ3y
′)′′) + (τ2y

′)′ + ((τ1y)
′ + τ1y

′) + τ0y,

F (x) =


0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 −τ3 −τ4 0 1 0

−τ1 −τ2 −τ3 0 0 1
−τ0 −τ1 0 0 0 0

 .

7 Everitt, W.N.; Marcus, L. Boundary Value Problems and Symplectic Algebra
for Ordinary Di�erential and Quasi-Di�erential Operators, AMS,
Mathematical Surveys and Monographs, vol. 61, 1999.



Ðåãóëÿðèçàöèîííûé ïîäõîä

ℓ2(y) = y′′ − τ0y, τ0 ∈W−1
2 (0, 1), τ0 = σ′

0, σ0 ∈ L2(0, 1),

F (x) =

[
σ0(x) 1
−σ2

0(x) −σ0(x)

]
.

8 Ñàâ÷óê, À.Ì.; Øêàëèêîâ, À.À. Îïåðàòîðû Øòóðìà Ëèóâèëëÿ ñ
ïîòåíöèàëàìè-ðàñïðåäåëåíèÿìè, Òðóäû ÌÌÎ 64 (2003), 159�212.



ℓn(y) := y
(n)

+

⌊n/2⌋−1∑
k=0

(τ2k(x)y
(k)

)
(k)

+

+

⌊(n−1)/2⌋−1∑
k=0

(
(τ2k+1(x)y

(k)
)
(k+1)

+ (τ2k+1(x)y
(k+1)

)
(k))

, x ∈ (0, 1).

Ñëó÷àé Ìèðçîåâà-Øêàëèêîâà: τν = σ
(iν)
ν , i2k+j = m − k − j, m = ⌊n/2⌋,

k ⩾ 0, j = 0, 1, σν ∈ L2(0, 1) ïðè n = 2m è σν ∈ L1(0, 1) ïðè n = 2m+ 1.

9 Ìèðçîåâ, Ê.À.; Øêàëèêîâ, À.À. Äèôôåðåíöèàëüíûå îïåðàòîðû ÷åòíîãî
ïîðÿäêà ñ êîýôôèöèåíòàìè-ðàñïðåäåëåíèÿìè, Ìàòåì. çàìåòêè 99 (2016),
� 5, 788�793.

10 Mirzoev, K.A.; Shkalikov, A.A. Ordinary di�erential operators of odd order
with distribution coe�cients, arXiv:1912.03660 [math.CA].

11 Vladimirov, A.A. On one approach to de�nition of singular di�erential
operators, arXiv:1701.08017 [math.SP].

12 Êîíå÷íàÿ, Í.Í.; Ìèðçîåâ, Ê.À. Ãëàâíûé ÷ëåí àñèìïòîòèêè ðåøåíèé
ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
êîýôôèöèåíòàìèðàñïðåäåëåíèÿìè ïåðâîãî ïîðÿäêà, Ìàòåì. çàìåòêè 106
(2019), � 1, 74�83.

13 Âàëååâ, Í.Ô.; Íàçèðîâà, Ý.À.; Ñóëòàíàåâ, ß.Ò. Îá îäíîì ìåòîäå
èññëåäîâàíèÿ àñèìïòîòèêè ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé
íå÷åòíîãî ïîðÿäêà ñ îñöèëëèðóþùèìè êîýôôèöèåíòàìè, Ìàòåì. çàìåòêè
109 (2021), � 6, 938�943.



Ïîñòàíîâêà çàäà÷è: êðàåâûå óñëîâèÿ

Ðàññìîòðèì íåêîòîðîå äèôôåðåíöèàëüíîå âûðàæåíèå ℓn(y) ñ ñîãëàñîâàííîé
ìàòðèöåé F (x). Ââåäåì êâàçèïðîèçâîäíûå ïî ôîðìóëå (8) è ëèíåéíûå ôîðìû

Us,a(y) := y[ps,a](a) +

ps,a∑
j=1

us,j,ay
[j−1](a), s = 1, n, a = 0, 1, (9)

ãäå ps,a ∈ {0, . . . , n− 1}, ps,a ̸= pk,a ïðè s ̸= k, us,j,a � íåêîòîðûå êîìïëåêñíûå
÷èñëà. Ââåäåì ìàòðèöû Ua = [us,j,a]

n
s,j=1, us,j,a := δj,ps,a+1 ïðè j > ps,a,

a = 0, 1. Áóäåì íàçûâàòü çàäà÷åé L òðîéêó (F (x), U0, U1).



Ïîñòàíîâêà çàäà÷è: ìàòðèöà Âåéëÿ-Þðêî

Îáîçíà÷èì ÷åðåç {Ck(x, λ)}nk=1 è {Φk(x, λ)}nk=1 ðåøåíèÿ óðàâíåíèÿ

ℓn(y) = λy, x ∈ (0, 1),

óäîâëåòâîðÿþùèå óñëîâèÿì

Us,0(Ck) = δs,k, s = 1, n, (10)

Us,0(Φk) = δs,k, s = 1, k, Us,1(Φk) = 0, s = k + 1, n. (11)

Ðàññìîòðèì ìàòðèöû-ôóíêöèè C(x, λ) = [C⃗k(x, λ)]
n
k=1 è Φ(x, λ) =

[Φ⃗k(x, λ)]
n
k=1. Ñïðàâåäëèâî ñîîòíîøåíèå

Φ(x, λ) = C(x, λ)M(λ), (12)

ãäå M(λ) íàçûâàåòñÿ ìàòðèöåé Âåéëÿ-Þðêî çàäà÷è L.



Îáðàòíàÿ çàäà÷à ïî ìàòðèöå Âåéëÿ-Þðêî

Îáðàòíàÿ çàäà÷à 1

Ïî ìàòðèöå Âåéëÿ-Þðêî M(λ) íàéòè êîýôôèöèåíòû {τν}n−2
ν=0 .

Åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è 1 â ñëó÷àå Ìèðçîåâà-Øêàëèêîâà
áûëà äîêàçàíà â [14].

14 Bondarenko, N.P. Inverse spectral problems for arbitrary-order di�erential
operators with distribution coe�cients, Mathematics 9 (2021), no. 22, Article
ID 2989.



Ìàòðèöà Âåéëÿ-Þðêî

M(λ) =


1 0 0 . . . 0

M21(λ) 1 0 . . . 0
M31(λ) M32(λ) 1 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Mn1(λ) Mn2(λ) Mn3(λ) . . . 1

 .
Mj,k(λ) = −

∆j,k(λ)

∆k,k(λ)
, 1 ⩽ k < j ⩽ n, (13)

ãäå ∆k,k(λ) := det[Us,1(Cr)]ns,r=k+1 è ∆j,k(λ) ïîëó÷àþòñÿ èç ∆k,k(λ) çàìåíîé
Cj íà Ck.

Íóëè ôóíêöèè ∆k,k(λ) ñîâïàäàþò ñ ñîáñòâåííûìè çíà÷åíèÿìè êðàåâîé çà-
äà÷è Lk:

ℓn(y) = λy, x ∈ (0, 1), Us,0(y) = 0, s = 1, k, Us,1(y) = 0, s = k + 1, n.

Ñîáñòâåííûå çíà÷åíèÿ Λk := {λl,k}l⩾1 çàäà÷è Lk èìåþò ñëåäóþùóþ àñèìï-
òîòèêó (ñ ó÷åòîì êðàòíîñòåé):

λl,k = (−1)n−k

(
π

sin πk
n

(l + χk + κl,k)

)n

, (14)

ãäå {κl,k} ∈ l2 è êîíñòàíòû χk çàâèñÿò òîëüêî îò n, k è {ps,a}.



Ñïåêòðàëüíûå äàííûå

Áóäåì ãîâîðèòü, ÷òî L ∈ W , åñëè íóëè ôóíêöèé ∆k,k(λ), k = 1, n− 1,
ïðîñòûå.

Îáîçíà÷èì ÷åðåç Λ :=
n−1⋃
k=1

Λk ìíîæåñòâî ïîëþñîâ ìàòðèöû Âåéëÿ M(λ).

Ðàññìîòðèì ðÿä Ëîðàíà

M(λ) =
M⟨−1⟩(λ0)

λ− λ0
+M⟨0⟩(λ0) +M⟨1⟩(λ0)(λ− λ0) + . . . , λ0 ∈ Λ.

Ââåäåì âåñîâûå ìàòðèöû:

N (λ0) := (M⟨0⟩(λ0))
−1M⟨−1⟩(λ0), λ0 ∈ Λ. (15)



Ñïåêòðàëüíûå äàííûå

Ñïåêòðàëüíûå äàííûå {λ0,N (λ0)}λ0∈Λ îáîáùàþò ñïåêòðàëüíûå äàííûå
{λn, αn}n⩾1 êëàññè÷åñêîé îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

−y′′ + q(x)y = λy, x ∈ (0, 1), (1)

ñ âåùåñòâåííûì ïîòåíöèàëîì q ∈ L2(0, 1) è êðàåâûìè óñëîâèÿìè

y(0) = y(1) = 0. (16)

Çäåñü {λn}n⩾1 � ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1),(16), αn =(
1∫
0

y2n(x) dx

)−1

, yn(x) � ñîáñòâåííûå ôóíêöèè, íîðìèðîâàííûå óñëîâèåì

y′n(0) = 1.

Â ñëó÷àå êîìïëåêñíîçíà÷íîãî ïîòåíöèàëà q îáîáùåííûå ñïåêòðàëüíûå äàí-
íûå ââåäåíû â [15].

15 Buterin, S.A. On inverse spectral problem for non-selfadjoint Sturm-Liouville
operator on a �nite interval, J. Math. Anal. Appl. 335 (2007), no. 1, 739�749.



Îáðàòíàÿ çàäà÷à ïî ñïåêòðàëüíûì äàííûì

Îáðàòíàÿ çàäà÷à 2

Ïî ñïåêòðàëüíûì äàííûì {λ0,N (λ0)}λ0∈Λ íàéòè {τν}n−2
ν=0 .

Ìîæíî ââåñòè ñïåêòðàëüíûå äàííûå äëÿ ëþáîé ìàòðèöû F (x) ∈ Fn, íå
îáÿçàòåëüíî ñîãëàñîâàííîé ñ êàêèì-ëèáî äèôôåðåíöèàëüíûì âûðàæåíèåì, íî
ìàòðèöà F (x) â îáùåì ñëó÷àå íå áóäåò îäíîçíà÷íî âîññòàíàâëèâàòüñÿ ïî ñïåê-
òðàëüíûì äàííûì.



Ïðèìåð

n = 2, F (x) =

[
a(x) 1
b(x) −a(x)

]
,

y[1] = y′ − ay, y[2] = (y[1])′ + ay[1] − by,

y[2] = λy ⇒ y′′ − qy = λy, q = a′ + a2 + b.



Ðåøåíèå îáðàòíîé çàäà÷è

Îáðàòíàÿ çàäà÷à 2

Ïî ñïåêòðàëüíûì äàííûì {λ0,N (λ0)}λ0∈Λ íàéòè {τν}n−2
ν=0 .

Ðåøåíèå îáðàòíîé çàäà÷è 2 ðàçáèâàåòñÿ íà äâà øàãà:

{λ0,N (λ0)}λ0∈Λ
(1)→ {Φk(x, λ)}nk=1

(2)→ {τν}n−2
ν=0 .

Øàã (1) âûïîëíÿåòñÿ äëÿ ìàòðèöû F (x) ∈ Fn îáùåãî âèäà, øàã (2) � îò-
äåëüíî äëÿ êîýôôèöèåíòîâ {τν}n−2

ν=0 èç ðàçíûõ êëàññîâ.

16 Bondarenko, N.P. Reconstruction of higher-order di�erential operators by
their spectral data, Mathematics 10 (2022), no. 20, Article ID 3882.



Âìåñòå ñ çàäà÷åé L = (F (x), U0, U1) ðàññìîòðèì çàäà÷ó L̃ = (F̃ (x), Ũ0, Ũ1)
òîãî æå âèäà, íî ñ äðóãèìè êîýôôèöèåíòàìè. Áóäåì ïðåäïîëàãàòü, ÷òî L, L̃ ∈
W , F, F̃ ∈ Fn, ps,a = p̃s,a, s = 1, n, a = 0, 1. Êâàçèïðîèçâîäíûå çàäà÷è L̃ îïðåäå-

ëÿþòñÿ ïî ìàòðèöå F̃ (x), ïîýòîìó îíè ìîãóò îòëè÷àòüñÿ îò êâàçèïðîèçâîäíûõ
çàäà÷è L.

Òåîðåìà 1

Ñïðàâåäëèâû ñîîòíîøåíèÿ

φl0,k0,ε0
(x) = φ̃l0,k0,ε0

(x) +
∑

(l,k,ε)∈V

(−1)
ε
φl,k,ε(x)G̃(l,k,ε),(l0,k0,ε0)(x), (17)

ϕ(x, λ) = ϕ̃(x, λ) +
∑

(l,k,ε)∈V

(−1)
ε
φl,k,ε(x)P̃l,k,ε(x, λ), (18)

ãäå (l0, k0, ε0) ∈ V , x ∈ [0, 1], λ ∈ C, è
V := {(l, k, ε) : l ⩾ 1, k ∈ {1, . . . , n − 1}, ε ∈ {0, 1}},

λl,k,0 := λl,k, λl,k,1 := λ̃l,k, N0(λ0) := N (λ0), N1(λ0) := Ñ (λ0),

φl,k,ε(x) := Φk+1,⟨0⟩(x, λl,k,ε), φ̃l,k,ε(x) := Φ̃k+1,⟨0⟩(x, λl,k,ε),

ϕ(x, λ) = [Φk(x, λ)]
n
k=1 D̃(x, µ, λ) := (λ − µ)

−1
(Φ̃(x, µ))

−1
Φ̃(x, λ),

P̃l,k,ε(x, λ) := e
T
k+1Nε(λl,k,ε)D̃⟨0⟩(x, λl,k,ε, λ),

G̃(l,k,ε),(l0,k0,ε0)(x) := [P̃l,k,ε(x, λ)]
⟨0⟩
λ=λl0,k0,ε0

ek0+1.



Îñíîâíîå óðàâíåíèå

Ñèñòåìà (17) ñâîäèòñÿ ê ëèíåéíîìó óðàâíåíèþ â áàíàõîâîì ïðîñòðàíñòâå m
îãðàíè÷åííûõ áåñêîíå÷íûõ ïîñëåäîâàòåëüíîñòåé α = [αv ]v∈V ñ íîðìîé ∥α∥m =
sup
v∈V

|αv |:

(I− R̃(x))ψ(x) = ψ̃(x), x ∈ [0, 1], (19)

ãäå ψ(x), ψ̃(x) ∈ V , ψ(x) = [ψv(x)]v∈V , ψ̃(x) = [ψ̃v(x)]v∈V , R̃(x) : m → m �
êîìïàêòíûé ëèíåéíûé îïåðàòîð, I � åäèíè÷íûé îïåðàòîð â m.

Òåîðåìà 2

Ïðè ëþáîì ôèêñèðîâàííîì x ∈ [0, 1] îïåðàòîð (I− R̃(x)) èìååò
îãðàíè÷åííûé îáðàòíûé

(I− R̃(x))−1 = I+R(x) (20)

è, ñëåäîâàòåëüíî, îñíîâíîå óðàâíåíèå (19) îäíîçíà÷íî ðàçðåøèìî â m.

Èç òåîðåìû 2 ñëåäóåò åäèíñòâåííîñòü âîññòàíîâëåíèÿ ðåøåíèé Âåéëÿ
{Φk(x, λ)}nk=1 ïî ñïåêòðàëüíûì äàííûì {λ0,N (λ0)}λ0∈Λ äëÿ ëþáîé F (x) ∈ Fn.



Ïðèìåð: n = 3

Ðàññìîòðèì ïðèìåð:

ℓ3(y) = y(3) + (τ1(x)y)
′ + τ1(x)y

′ + τ0(x)y, x ∈ (0, 1),

ãäå τ1 ∈ L2(0, 1) è τ0 ∈W−1
2 (0, 1), ò.å. τ0 = σ′

0, σ0 ∈ L2(0, 1).
Ñîãëàñîâàííàÿ ìàòðèöà èìååò âèä

F (x) =

 0 1 0
−(σ0 + τ1) 0 1

0 (σ0 − τ1) 0

 .
Ïðåäïîëîæèì, ÷òî

U0 =

1 0 0
0 1 0
0 0 1

 , U1 =

0 0 1
0 1 0
1 0 0

 .
Ñîáñòâåííûå çíà÷åíèÿ èìåþò àñèìïòîòèêó

λl,k = (−1)k+1

(
2π
√
3

(
l +

1

6
+

(−1)k

π2l

∫ 1

0
τ1(t) dt+

κl,k

l

))3

, {κl,k} ∈ l2,

l ⩾ 1, k = 1, 2. (21)



Ôîðìóëû âîññòàíîâëåíèÿ

Ïðåäïîëîæèì, ÷òî çàäàíû ñïåêòðàëüíûå äàííûå {λ0,N (λ0)}λ0∈Λ çàäà÷è

L = (F (x), U0, U1). Èç àñèìïòîòèêè (21) íàõîäèì τ̃1 :=
∫ 1
0 τ1(t) dt. Ïîëîæèì

F̃ (x) =

 0 1 0
−τ̃1 0 1
0 −τ̃1 0

 ,

è L̃ := (F̃ (x), U0, U1).
Îáîçíà÷èì η̃l,k,ε(x) := (−1)εeTk+1Nε(λl,k,ε)J

−1
0 (ϕ̃⋆

⟨0⟩(x, λl,k,ε))
T , (l, k, ε) ∈ V .

Òåîðåìà 3

Ñïðàâåäëèâû ñîîòíîøåíèÿ

τ1 = τ̃1 −
3

2

∑
V

(φ
′
l,k,εη̃l,k,ε + φl,k,εη̃

′
l,k,ε), (22)

τ0 = −τ
′
1 − 3

d

dx

(∑
V

(φ
′
l,k,εη̃l,k,ε − cl,k,ε)

)
− 2(τ1 − τ̃1)

∑
V

φl,k,εη̃l,k,ε. (23)

Ðÿä â (22) ñõîäèòñÿ â L2(0, 1). Â ôîðìóëå (23) ðÿä â ñêîáêàõ ñõîäèòñÿ â

L2(0, 1) ñ íåêîòîðûìè ðåãóëÿðèçóþùèìè êîíñòàíòàìè cl,k,ε, à âòîðîé ðÿä

ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî ïî x ∈ [0, 1].



Ôîðìóëû âîññòàíîâëåíèÿ

Â ñòàòüå [Bondarenko, Mathematics 2022] ðàññìîòðåíû ñëåäóþùèå ñëó÷àè:

n � ÷åòíîå, τν ∈ L2(0, 1), ν = 0, n− 2;

n � ÷åòíîå, τν ∈W−1
2 (0, 1), ν = 0, n− 2.

ℓn(y) := y(n) +

⌊n/2⌋−1∑
k=0

(τ2k(x)y
(k))(k)+

+

⌊(n−1)/2⌋−1∑
k=0

(
(τ2k+1(x)y

(k))(k+1) + (τ2k+1(x)y
(k+1))(k)

)
.



Ñïàñèáî çà âíèìàíèå!



Äëÿ ïîñòðîåíèÿ ðåøåíèé òèïà Áèðêãîôà ñèñòåìà

Y ′(x) = (F (x) + Λ)Y (x), x ∈ (0, 1), (6)

ñâîäèòñÿ ê âèäó
u′(x) = F (x, ρ)u, x ∈ (0, 1), (24)

ãäå ρ =
n
√
λ, Y (x) = diag{1, ρ, . . . , ρn−1}u(x),

F (x, ρ) = ρF−1 + F0(x) +

n−1∑
k=1

ρ−kFk(x),

è ìàòðèöû Fk(x) îáðàçîâàíû ñîîòâåòñòâóþùèìè íèæíèìè äèàãîíàëÿìè F (x):

0

1

2

3

Ñàâ÷óê, À.Ì.; Øêàëèêîâ, À.À. Àñèìïòîòè÷åñêèé àíàëèç ðåøåíèé
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
êîýôôèöèåíòàìè-ðàñïðåäåëåíèÿìè, Ìàòåì. ñá. 211 (2020), � 11, 129�166.



n = 2m, τν ∈ L2(0, 1), ν = 0, n− 2.

Íàïðèìåð,

ℓ6(y) = y(6) + (τ4y
′′)′′ + ((τ3y

′′)′ + (τ3y
′)′′) + (τ2y

′)′ + ((τ1y)
′ + τ1y

′) + τ0y,

F (x) =


0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 −τ3 −τ4 0 1 0

−τ1 −τ2 −τ3 0 0 1
−τ0 −τ1 0 0 0 0

 .

L = (F (x), U0, U1), U0 = I, U1 = [δk,n−j+1]
n
k,j=1.

Âûïîëíÿþòñÿ øàãè ïî s = 1, 2, . . . , n − 1. Íà s-ì øàãå âîññòàíàâëèâàåòñÿ
τn−s−1. Âûáèðàåòñÿ ìîäåëüíàÿ çàäà÷à L̃ := L̃(s) = (F̃ (s)(x), U0, U1), ãäå F̃ (s)(x)

� àññîöèèðîâàííàÿ ìàòðèöà äèôôåðåíöèàëüíîãî âûðàæåíèÿ l̃
(s)
n (y) ñ êîýôôè-

öèåíòàìè

τ̃ν := τν , ν = n− s, n− 2, τ̃n−s−1 :=

∫ 1

0
τn−s−1(x) dx,

τ̃ν := 0, ν = 0, n− s− 2.



n = 2m, τν ∈W−1
2 (0, 1), τν = σ′

ν , σν ∈ L2(0, 1), ν = 0, n− 2.

Íàïðèìåð, ïðè n = 4:

F (x) =


0 1 0 0

−σ1 −σ2 1 0
−σ0 − σ1σ2 −σ2

2 σ2 1
−σ2

1 σ0 − σ1σ2 σ1 0


Êîýôôèöèåíòû {τν}n−2

ν=0 îïðåäåëÿþòñÿ ñïåêòðàëüíûìè äàííûìè îäíîçíà÷íî

â W−1
2 (0, 1), ò.å. {σν}n−2

ν=0 îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî êîíñòàíòû. Äëÿ îïðå-

äåëåííîñòè áóäåì ñ÷èòàòü, ÷òî
∫ 1
0 σν(x) dx = 0, ν = 0, n− 2.
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