
Ðåøåíèå äâóìåðíîãî áåçìàññîâîãî

óðàâíåíèÿ Äèðàêà ñ ëèíåéíûì

ïîòåíöèàëîì è ëîêàëèçîâàííîé ïðàâîé

÷àñòüþ

À.À. Òîë÷åííèêîâ
Èíñòèòóò ïðîáëåì ìåõàíèêè ÐÀÍ, Ìîñêâà

ñîâìåñòíàÿ ðàáîòà ñ Ñ.Þ.Äîáðîõîòîâûì è È.À.Áîãàåâñêèì
ãðàíò ÐÍÔ 21-11-00341

Âòîðàÿ êîíôåðåíöèÿ ìàòåìàòè÷åñêèõ öåíòðîâ Ðîññèè, 2022



Äâóìåðíîå áåçìàññîâîå óðàâíåíèå Äèðàêà ñ

ëèíåéíûì ïîòåíöèàëîì è ëîêàëèçîâàííîé

ïðàâîé ÷àñòüþ

(x1σ0 + σ1p̂x1 + σ2p̂x2)ψ = h−2ψ0

(
x− x0

h

)
,

ãäå

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
� ìàòðèöû Ïàóëè, p̂xk = −ih∂xk x0 = (−a, 0), a > 0, ψ0(x) ãëàäêàÿ
áûñòðîóáûâàþùàÿ ôóíêöèÿ, h << 1.
Ðåøåíèå äîëæíî óäîâëåòâîðÿòü ïðèíöèïó ïðåäåëüíîãî ïîãëîùåíèÿ.
Ðåøåíèå îïèñûâàåò ñòàöèîíàðíûé ïîòîê êâàçè÷àñòèö â ãðàôåíå,
èñïóñêàåìûõ èç èñòî÷íèêà, ëîêàëèçîâàííîãî â îêðåñòíîñòè òî÷êè
(−a, 0). Åñòü ïîñòîÿííîå ýëåêòðè÷åñêîå ïîëå, ïàðàëëåëüíîå îñè x1.
Ïîòåíöèàëüíàÿ ýíåðãèÿ êâàçè÷àñòèöû â ýòîì ïîëå ðàâíà
U(x1, x2) = x1. Êâàçè÷àñòèöû ÿâëÿþòñÿ ýëåêòðîíàìè ïðè U < 0,
äûðêàìè ïðè U > 0. Èñòî÷íèê èñïóñêàåò ýëåêòðîíû.



Ìàòðè÷íî�çíà÷íûé ñèìâîë:

H =

(
x1 p1 − ip2

p1 + ip2 x1

)
,

H0 := detH = x2
1 − p2

1 − p2
2



A. Yu. Anikin, S. Yu. Dobrokhotov, V. E. Nazaikinskii, M. Rouleux.
Maslov canonical operator on a pair of Lagrangian manifolds and
asymptotic solutions of stationary equations with localized right-hand
sides. Doklady Mathematics, 2017, 96 (1), pp. 406�410.
.
Ëîêàëèçîâàííàÿ ïðàâàÿ ÷àñòü: KΛ0,dµ0 [ψ̃0(p)], ãäå

Λ0 = {x = x0, p− arbitrary}.
Âíå îêðåñòíîñòè x0 àñèìïòîòè÷åñêîå ðåøåíèå èìååò âèä:
KΛ+,dµ+

[A+].



electrons holes
-2 -1 0 1 2

-2

-1

0

1

2

Òî÷êà (0, 0) � îñîáàÿ.
V. I. Arnold, Singularities of Caustics and Wave Fronts [in Russian],
Fazis, Moscow (1996)



{
H0(x, p) = p2

1 + p2
2 − x2

1 = 0

p2 = const



Îáëàñòü äûðîê x1 > 0

I. A. Bogaevsky, Fundamental solution of the stationary Dirac equation
with a linear potential, Theoretical and Mathematical Physics vol.205,
pages 1547�1563 (2020)
È.À. Áîãàåâñêèé íàïèñàë àñèìïòîòèêó â îáëàñòè äûðîê, åñëè â
ïðàâîé ÷àñòè ñòîèò δ�ôóíêöèÿ. Ñîãëàñíî åãî ðåçóëüòàòàì, ÷àñòü
ýëåêòðîíîâ ïîðÿäêà

√
h ïðåâðàùàþòñÿ â äûðêè, ëîêàëèçîâàííûå

âäîëü ïîëóîñè x1 > 0, x2 = 0 ñ õàðàêòåðíûì ðàçìåðîì
√
h, è èõ

ïëîòíîñòü áûñòðî óáûâàåò ïðè óâåëè÷åíèè |x2|.

ψ ≈
√
h

A
exp

[
− x2

2

2Ah
+ i

a2 − x2
1

2h

]
C,

ãäå A = π − i ln x
a , C � ïîñòîÿííûé âåêòîð.



Àñèìïòîòè÷åñêîå ðåøåíèå ïðè x2 6= 0

Ðåøåíèå ïðè x2 6= 0 ïðåäñòàâëÿåòñÿ â âèäå êàíîíè÷åñêîãî îïåðàòîðà
íà ëàãðàíæåâîì ìíîãîîáðàçèè Λ+ (ñ èíâàðèàíòíîé ìåðîé
dµ+ = dt ∧ dϕ) ïîëó÷åííîì îáúåäèíåíèåì ïîëóòðàåêòîðèé
ãàìèëüòîíîâîé ñèñòåìû H1 = x1 + |p|, âûïóùåííûõ èç îêðóæíîñòè
|p| = a, x = (−a, 0). 

x1 = −|p|,
x2 = −

∫ p1

a cosϕ
p2√
η2+p2

2

dη,

p1 = a cosϕ− t,
p2 = a sinϕ.



Ïðîåêöèÿ Λ+ íà ïðîñòðàíñòâî (x1, x2, p2) :



Ïðè x2 6= 0, âíå êàóñòèêè, ðåøåíèå èìååò âèä ÂÊÁ√
2π

h
e−

3πi
4 e−

iπm
2 e

iS
h

D√
| ∂x
∂(t,ϕ) |

(1)

ãäå

S =

∫ t

0

PdX =

∫ t

0

√
(cosϕ− t)2 + sin2 ϕdt

D =
1

2
((cosϕ− t)2 + sin2 ϕ)−

1
4 〈ψ̃0(cosϕ, sinϕ),

(
e−

iϕ
2

e
iϕ
2

)
〉×

×
(√

cosϕ− t− i sinϕ√
cosϕ− t+ i sinϕ

)



Â êîîðäèíàòàõ Àðíîëüäà íà Λ+:
x1 = − A2+B2

1+A2B2 ,

x2 = − 2AB logA2

1+A2B2 ,

p1 = A2−B2

1+A2B2 ,

p2 = 2AB
1+A2B2

(2)

A ∈ (0, 1], B ∈ R

S =

∫ τ

0

pdx =
A4 + 4(lnA2)A2B2 −B4 − 1 +A4B4

(1 +A2B2)2

D|Λ+√
| ∂x
∂(t,ϕ) |

=
1√
| ∂x
∂(A,B) |

1

(1 +A2B2)
3
2

×

×
(
A− iB
A+ iB

)
〈ψ̃0

(
1−A2B2

1 +A2B2
,

2AB

1 +A2B2

)
,

(
1− iAB
1 + iAB

)
〉

Åñëè ìû èùåì ôóíäàìåíòàëüíîå ðåøåíèå, òî ψ̃0 = w = const è
àìïëèòóäà óïðîùàåòñÿ:

w1 + w2 + iAB(w2 − w1)

(1 +A2B2)
3
2

(
A− iB
A+ iB

)



Àñèìïòîòèêà ïðè x2 6= 0 ÷åðåç ôóíêöèè Ýéðè

A. Yu. Anikin, S. Yu. Dobrokhotov, V. E. Nazaikinskii, A. V. Tsvetkova,
Uniform Asymptotic Solution in the Form of an Airy Function for
Semiclassical Bound States in One-Dimensional and Radially Symmetric
Problems, Theoretical and Mathematical Physics volume 201, pages
1742�1770 (2019)
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H+(x)− e iπ4 Ai′

(
−
(

3Ψ(x)

2h
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H−(x)
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,

ãäå Θ = 1
2 (S+ + S−), Ψ = 1

2 (S+ − S−).

Ôóíêöèè Θ(x), Ψ(x)
2
3 ìîæíî ïðîäîëæèòü ÷åðåç êàóñòèêó.

H±(x) =
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D+√
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± D−√
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)(
3Ψ(x)

2h

) 1
6



Èíòåãðàëüíîå ïðåäñòàâëåíèå

ψ(x) =
1

2πh

∫
R2

dp

∫ ∞
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dθe
ipx
h e

iaθ
h Φ(p1, p2)Φ−1(θ, p2)ψ̃0(θ, p2),

ãäå
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
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1 1
1 −1
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Ñïàñèáî çà âíèìàíèå!


