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I. Ââåäåíèå. Ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Ñèìâîëàìè Bn(x) è En(x) îáîçíà÷èì ìíîãî÷ëåíû Áåðíóëëè è

Ýéëåðà, îïðåäåëÿåìûå ñîîòâåòñòâåííî èç ðàçëîæåíèé

tetx

et − 1
=

+∞∑
n=0

Bn(x)
tn

n!
,

2etx

et + 1
=

+∞∑
n=0

En(x)
tn

n!
,

ïåðâîå èç êîòîðûõ ñïðàâåäëèâî ïðè |t| < 2π, à âòîðîå - ïðè

|t| < π, à ñèìâîëàìè Bn è En - ÷èñëà Áåðíóëëè è Ýéëåðà, îïðå-

äåëÿåìûå ðàâåíñòâàìè

Bn = Bn(0), En = 2nEn(1/2), n = 0, 1, . . . .



Êëàññè÷åñêèå ëèíåéíûå íåîäíîðîäíûå ðåêóððåíòíûå ñîîòíîøå-

íèÿ äëÿ ìíîãî÷ëåíîâ Bn(x) è En(x)

n−1∑
k=0

C k
n Bk(x) = nxn−1, n = 2, 3, . . .

è
n∑

k=0

C k
n Ek(x) + En(x) = 2xn, n = 1, 2, . . . .

Ýòè ôîðìóëû õîðîøî èçâåñòíû è ñëåäóþò èç îïðåäåëåíèÿ ýòèõ

ìíîãî÷ëåíîâ.



Äëÿ ÷èñåë Áåðíóëëè è Ýéëåðà èçâåñòíû ñëåäóþùèå ëàêóíàðíûå

ðåêóððåíòíûå ñîîòíîøåíèÿ ñ ïðîïóñêàìè äëèíû 4

[n/2]∑
k=0

(−1)k2n−2kC 4k+2

2n+2
B2n−4k = (−1)[n/2](n + 1)

(S. Ramanujan 1911, D. H. Lehmer 1935)

[n/2]∑
k=0

(−1)k
(
22n−2k − 22k+1

)
C 4k+2

2n+2
B2n−4k = (−1)n+1(n + 1)

(D. H. Lehmer 1935, M. Merca 2019)

[n/2]∑
k=0

(−1)k22kC 4k
2n E2n−4k = (−1)n

(D. H. Lehmer 1935)



Ìåòîä, ïðåäëîæåííûé àâòîðàìè äîêëàäà, î êîòîðîì ðå÷ü ïîéä¼ò

íèæå, ïîçâîëÿåò óñòàíîâèòü ñïðàâåäëèâîñòü ñëåäóþùèõ òåîðåì.

Theorem (1)

Ïðè m = 0, 1, . . . ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà

[n/2]∑
k=0

2n−2kC 2k+1

n+1
Bn−2k(z) = (n + 1) (2z − 1)n ,

[n/2]∑
k=0

2n−2kC 2k
n En−2k(z) = (2z − 1)n .



Theorem (2)

Ïðè n = 0, 1, . . . ñïðàâåäëèâû ðàâåíñòâà

[n/2]∑
k=0

(−1)k4n−kC 4k+2

2n+2
B2n−4k(z) = (n+1)

n∑
m=0

(−1)m+nC 2m
2n+1(2z−1)2m,

[n/2]∑
k=0

(−1)k4n−k+1C 4k+2

2n+3
B2n−4k+1(z) =

= (2n + 3)
n∑

m=0

(−1)m+nC 2m+1

2n+2
(2z − 1)2m+1.



Theorem (3)

Ïðè n = 0, 1, . . . ñïðàâåäëèâû ðàâåíñòâà

[n/2]∑
k=0

(−1)k4n−kC 4k
2n E2n−4k(z) =

n∑
m=0

(−1)m+nC 2m
2n (2z − 1)2m,

2

[n/2]∑
k=0

(−1)k4n−kC 4k
2n+1E2n−4k+1(z) =

n∑
m=0

(−1)m+nC 2m+1

2n+1
(2z−1)2m+1.



II. Î ôóíêöèè Ãðèíà íåêîòîðûõ ñàìîñîïðÿæ¼ííûõ çàäà÷

Ïóñòü α = 0 èëè α = 1. Ðàññìîòðèì ñàìîñîïðÿæ¼ííûé îïåðàòîð

Sα, ïîðîæä¼ííûé â L2[0, π] âûðàæåíèåì

l2[y ] = −y ′′ − 2aiy ′ + 2a2y

è ãðàíè÷íûìè óñëîâèÿìè

y (j)(0) = eπiαy (j)(π), j = 0, 1,

ãäå a - íåêîòîðîå âåùåñòâåííîå ÷èñëî.

Ñïåêòð ýòîãî îïåðàòîðà ñîñòîèò èç ñîáñòâåííûõ ÷èñåë

µα,k = (2k + α)2 − 2a(2k + α) + 2a2,

à ñîáñòâåííîìó çíà÷åíèþ µα,k ñîîòâåòñòâóåò ñîáñòâåííàÿ ôóíê-

öèÿ

ϕk(x) =
1√
π
e−i(2k+α)x , k = 0;±1;±2; . . . .



Åñëè ÷èñëî a íå ñîâïàäàåò íè ñ îäíèì èç ÷èñåë µα,k , òî ÷èñëî

µ = 0 íå ïðèíàäëåæèò ñïåêòðó îïåðàòîð Sα, è, ñëåäîâàòåëüíî,
îí èìååò ðåçîëüâåíòó Rα. Õîðîøî èçâåñòíî, ÷òî ýòà ðåçîëüâåíòà
ÿâëÿåòñÿ èíòåãðàëüíûì îïåðàòîðîì ñ ÿäðîì Gα(x , t)- ôóíêöèåé
Ãðèíà ãðàíè÷íîé çàäà÷è{

l2[y ] = f

y (j)(0) = eπiαy (j)(π), j = 0, 1
. (1)



Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ôóíêöèÿ Ãðèíà Gα(x , t) (0 ≤ x , t ≤
π) ðàññìàòðèâàåìîé çàäà÷è îïðåäåëÿåòñÿ ôîðìóëîé

Gα(x , t) = Pα(x − t), α = 0, 1, (2)

ãäå

P0(u) =


−e−ai(π+u) sh au + e−aiu sh a(π + u)

2a(ch(aπ)− cos(aπ))
ïðè u < 0

eai(π−u) sh au + e−aiu sh a(π − u)

2a(ch(aπ)− cos(aπ))
ïðè u ≥ 0

è

P1(u) =


e−ai(π+u) sh au + e−aiu sh a(π + u)

2a(ch(aπ) + cos(aπ))
ïðè u < 0

−eai(π−u) sh au + e−aiu sh a(π − u)

2a(ch(aπ) + cos(aπ))
ïðè u ≥ 0



Theorem (4)

Ïóñòü x , t ∈ [0, π] è u = x − t. Òîãäà äëÿ ôóíêöèè Ãðèíà

Gα(x , t) çàäà÷è (1), îïðåäåëÿåìîé ôîðìóëîé (2), ñïðàâåäëèâû

òîæäåñòâà

G0(x , t) =
1

2a2π
+
1

π

+∞∑
k=1

2k2 + a2

4k4 + a4
cos 2ku−2ai

π

+∞∑
k=1

k

4k4 + a4
sin 2ku,

G1(x , t) =
2

π

+∞∑
k=0

(2k + 1)2 + 2a2

(2k + 1)4 + 4a4
cos(2k + 1)u−

− 4ai

π

+∞∑
k=0

2k + 1

(2k + 1)4 + 4a4
sin(2k + 1)u.



Ñõåìà äîêàçàòåëüñòâà òåîðåì 2 è 3

Èç òåîðåìû 4 ñëåäóåò, ÷òî ïðè 0 ≤ u ≤ π ñïðàâåäëèâî òîæäåñòâî

1

2πa2
+

1

π

+∞∑
k=1

2k2 + a2

4k4 + a4
cos 2ku =

=
cos au sh a(π − u) + cos a(π − u) sh au

2a(ch(aπ)− cos(aπ))

Ïîëàãàÿ äàëåå 0 < |a| < 1, äîìíîæèì ýòî ðàâåíñòâî íà 2a(ch(aπ)−
cos(aπ)), à çàòåì ðàçëîæèì îáå ÷àñòè ïîëó÷åííîãî ðàâåíñòâà â

ñòåïåííûå ðÿäû ïî ñòåïåíÿì a è ïðèðàâíÿåì êîýôôèöèåíòû ïðè

îäèíàêîâûõ ñòåïåíÿõ a.



Ïîñëå íåêîòîðûõ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ñ ó÷¼òîì ðàçëî-

æåíèÿ

B2n(x) =
(−1)n−12(2n)!

(2π)2n

+∞∑
k=1

cos 2kπx

k2n
,

íàõîäèì, ÷òî ïðè m = 0, 1, . . . ñïðàâåäëèâî ðàâåíñòâî

m∑
k=0

(−1)k4k+1C 4k
4m+2B4k(z) =

= (4m + 2)
(
(1− i)(1− z + iz)4m+1 + (1+ i)(1− z − iz)4m+1

)
.

Èç ýòîãî ðàâåíñòâà ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû 2.



Ñëåäñòâèÿ èç òåîðåì 1, 2 è 3

Corollary (1)

Ïðè m = 1, 2, . . . ñïðàâåäëèâû ðàâåíñòâà

m∑
k=1

4kC 2k
2m+1B2k = 2m,

m∑
k=0

(22k−1 − 1)C 2k
2m+1B2k = 0,

m∑
k=0

C 2k
2mE2k = 0,

m∑
k=1

4k(4k − 1)C 2k
2mB2k = 2m.



Corollary (2)

Ïðè n = 0, 1, . . . ñïðàâåäëèâû ðàâåíñòâà

[n/2]∑
k=0

(−1)k2n−2kC 4k+2

2n+2
B2n−4k = (−1)[n/2](n + 1),

[n/2]∑
k=0

(−1)k
(
22n−2k − 22k+1

)
C 4k+2

2n+2
B2n−4k = (−1)n+1(n + 1),

[n/2]∑
k=0

(−1)k2n−2k+1(22n−4k+2−1)C 4k
2n+2B2n−4k+2 = (−1)[n/2](n+1),

[n/2]∑
k=0

(−1)k22kC 4k
2n E2n−4k = (−1)n.
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