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Ôîðìàëüíîå îïèñàíèå ìîäåëè. Ñëó÷àéíîå
áëóæäàíèå

Ñëó÷àéíîå áëóæäàíèå çàäàåòñÿ ñ ïîìîùüþ ìàòðèöû
ïåðåõîäíûõ èíòåíñèâíîñòåé A = (a(x , y))x ,y∈Zd .

Ïåðåõîäíàÿ âåðîÿòíîñòü ñëó÷àéíîãî áëóæäàíèÿ � p(t, x , y).
Ïðè h → 0:

p(h, x , y) = a(x , y)h + o(h), x ̸= y ,

p(h, x , x) = 1 + a(x , x)h + o(h).
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Ôîðìàëüíîå îïèñàíèå ìîäåëè. Ñëó÷àéíîå
áëóæäàíèå. Ôóíêöèÿ Ãðèíà

Ôóíêöèÿ Ãðèíà � ïðåîáðàçîâàíèå Ëàïëàñà ïåðåõîäíîé
âåðîÿòíîñòè p(t, x , y):

Gλ(x , y) :=

∫ ∞

0
e−λtp(t, x , y)dt, λ ≥ 0.

Áóäåì íàçûâàòü ñëó÷àéíîå áëóæäàíèå âîçâðàòíûì, åñëè
G0(0, 0) = ∞, è íåâîçâðàòíûì, åñëè G0(0, 0) <∞.
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Ôîðìàëüíîå îïèñàíèå ìîäåëè. Âåòâëåíèå

Ïðîöåññ âåòâëåíèÿ çàäàåòñÿ ñ ïîìîùüþ èíôèíèòåçèìàëüíîé
ïðîèçâîäÿùåé ôóíêöèè

f (u) =
∞∑
n=0

bnu
n, 0 ≤ u ≤ 1,

ãäå bn ≥ 0 ïðè n ̸= 1, b1 < 0,
∞∑
n=0

bn = 0.

Äëÿ ïîãëîùàþùåãî èñòî÷íèêà ïðîèçâîäÿùàÿ ôóíêöèÿ èìååò
âèä

f (u) = b0 + b1u = b0 − b0u = b0(1− u),

b0 > 0 � èíòåíñèâíîñòü ãèáåëè, èëè ïîãëîùåíèÿ, ÷àñòèöû.
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Ñîâìåùåíèå ìåõàíèçìîâ áëóæäàíèÿ è
âåòâëåíèÿ

Ýâîëþöèÿ ÷àñòèö â ñèñòåìå ïðîèñõîäèò ñëåäóþùèì îáðàçîì:
÷àñòèöà, íàõîäÿùàÿñÿ â íåêîòîðûé ìîìåíò âðåìåíè t > 0 â
òî÷êå x ∈ Zd , çà ìàëîå âðåìÿ dt → 0 ìîæåò:

1) ñîâåðøèòü ñêà÷îê â òî÷êó y ̸= x , y ∈ Zd , ñ âåðîÿòíîñòüþ
a(x , y)dt + o(dt),

2) ïîãèáíóòü ñ âåðîÿòíîñòüþ b0dt + o(dt),

3) ïðîèçâåñòè n > 1 ïîòîìêîâ, âêëþ÷àÿ ñåáÿ, ñ âåðîÿòíîñòüþ
bndt + o(dt) (åñëè òî÷êà x ÿâëÿåòñÿ öåíòðîì ãåíåðàöèè ÷àñòèö),

4) îñòàòüñÿ â òî÷êå x â òå÷åíèå âñåãî ïðîìåæóòêà âðåìåíè
[t, t + dt] ñ âåðîÿòíîñòüþ
1 + a(x , x)dt + δ0(x)b1dt + (1− δ0(x))(−b0dt) + o(dt).
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Îñíîâíûå îáúåêòû èññëåäîâàíèÿ

Îáîçíà÷èì ÷åðåç µ(t, y) ÷èñëåííîñòü ÷àñòèö â ìîìåíò
âðåìåíè t ≥ 0 â òî÷êå y ∈ Zd .

Îáùåå ÷èñëî ÷àñòèö îïðåäåëÿåòñÿ êàê µ(t) =
∑

y∈Zd

µ(t, y).

mn(t, x , y) := Exµ
n(t, y), mn(t, x) := Exµ

n(t), n ∈ N.

Â íà÷àëüíûé ìîìåíò âðåìåíè ñèñòåìà ñîñòîèò èç îäíîé
÷àñòèöû, ðàñïîëîæåííîé â òî÷êå x ∈ Zd , íà÷àëüíûå óñëîâèÿ:
mn(0, x , y) = δy (x) è mn(0, x) ≡ 1.
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Ïåðâûå ìîìåíòû

ÂÑÁ áåç ïîãëîùàþùèõ

èñòî÷íèêîâ [4]

ÂÑÁ ñ âîçìîæíûì

ïîãëîùåíèåì â êàæäîé òî÷êå

dm1

dt
= Hm1

dm1

dt
= Em1

H := A+ β∆0 E := A+ β∗∆0 − b0I

β :=
∑
n>0

nbn β∗ :=
∑
n>1

(n − 1)bn

A : lp(Zd) → lp(Zd), 1 ≤ p ≤ ∞, � îïåðàòîð áëóæäàíèÿ,
äåéñòâóþùèé ïî ôîðìóëå Aψ(x) =

∑
x′ a(x , x ′)ψ(x),

∆x = δxδ
T
x , δx = δx(·) � âåêòîð-ñòîëáåö íà ðåøåòêå,

ïðèíèìàþùèé íåíóëåâîå (åäèíè÷íîå) çíà÷åíèå òîëüêî â òî÷êå
x ∈ Zd ,

I � åäèíè÷íûé îïåðàòîð.
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Êðèòè÷åñêîå çíà÷åíèå βc

Îáîçíà÷èì βc := 1/G0(0, 0).
Ïðè β∗ > βc ó îïåðàòîðà A+ β∗∆0 èìååòñÿ åäèíñòâåííîå
ïîëîæèòåëüíîå ñîáñòâåííîå çíà÷åíèå λ0, êîòîðîå îïðåäåëÿåòñÿ
óðàâíåíèåì β∗Gλ(0, 0) = 1 (ñì. [4]).

Ôóíêöèÿ Ãðèíà äëÿ âîçâðàòíîãî (ñëåâà) è íåâîçâðàòíîãî (ñïðàâà)
ñëó÷àéíîãî áëóæäàíèÿ.
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Ñïåêòð îïåðàòîðà, îïèñûâàþùåãî ýâîëþöèþ
ñðåäíèõ ÷èñëåííîñòåé ÷àñòèö

ÂÑÁ áåç ïîãëîùàþùèõ

èñòî÷íèêîâ [4]

ÂÑÁ ñ âîçìîæíûì

ïîãëîùåíèåì â êàæäîé òî÷êå

H = A+ β∆0 E = A+ β∗∆0 − b0I

β > βc : β∗ > βc :
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Ïåðâûå ìîìåíòû

ÂÑÁ áåç ïîãëîùàþùèõ èñòî÷íèêîâ [4]

m1(t, x , y) ∼ C(x , y)u(t) m1(t, x) ∼ C(x)v(t)

β > βc : u(t) = eλ0t , v(t) = eλ0t

β ≤ βc : u(t) = tα(ln t)β , v(t) = tα
′
(ln t)β

′

ÂÑÁ ñ âîçìîæíûì ïîãëîùåíèåì â êàæäîé òî÷êå

Ñ ïîìîùüþ çàìåíû ïåðåìåííûõ m1 = qe−b0t óðàâíåíèå äëÿ ïåðâûõ
ìîìåíòîâ ñâîäèòñÿ ê óðàâíåíèþ òàêîãî æå âèäà, ÷òî è â [4].

β∗ > βc : u∗(t) = e(λ0−b0)t , v∗(t) = e(λ0−b0)t

β∗ ≤ βc : u∗(t) = tα(ln t)βe−b0t , v∗(t) = tα
′
(ln t)β

′
e−b0t

Âåòâÿùèéñÿ ïðîöåññ [1]

m1(t) = eat . Âåòâÿùèéñÿ ïðîöåññ íàçûâàåòñÿ íàäêðèòè÷åñêèì, åñëè
m1(t) > 1 (a > 0), êðèòè÷åñêèì, åñëè m1(t) = 1 (a = 0), è äîêðèòè÷åñêèì,
åñëè m1(t) < 1 (a < 0).
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Ñëó÷àé β∗ > βc è λ0 > b0 (íàäêðèòè÷åñêîå ÂÑÁ)

Òåîðåìà

Ïóñòü β∗ > βc è λ0 > b0. Åñëè β
(r) := f (r)(1) = O(r !r r−1) äëÿ

âñåõ r ∈ N, òî â ñìûñëå ñõîäèìîñòè ïî ðàñïðåäåëåíèþ

ñïðàâåäëèâû ñîîòíîøåíèÿ

lim
t→∞

µ(t, y)e−(λ0−b0)t = ξψ(y),

lim
t→∞

µ(t)e−(λ0−b0)t = ξ,

ãäå ψ(y) � íåêîòîðàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ, à ξ �
íåâûðîæäåííàÿ ñëó÷àéíàÿ âåëè÷èíà.



Ââåäåíèå Ôîðìàëüíîå îïèñàíèå ìîäåëè Ðåçóëüòàòû

Cëó÷àé β∗ > βc è λ0 = b0 (êðèòè÷åñêîå ÂÑÁ)

Òåîðåìà

Ïóñòü β∗ > βc è λ0 = b0. Ïðè êàæäîì n ∈ N è t → ∞ èìåþò

ìåñòî ïðåäåëüíûå ñîîòíîøåíèÿ

mn(t, x , y) ∼ Jn(x , y)t
n−1,

mn(t, x) ∼ Jn(x)t
n−1,

ãäå Jn(x , y), Jn(x) � íåêîòîðûå êîíñòàíòû.
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Cëó÷àé β∗ > βc è λ0 < b0 (äîêðèòè÷åñêîå ÂÑÁ)

Òåîðåìà

Ïóñòü β∗ > βc è λ0 < b0. Ïðè êàæäîì n ∈ N è t → ∞ èìåþò

ìåñòî ïðåäåëüíûå ñîîòíîøåíèÿ

mn(t, x , y) ∼ Dn(x , y)e
−(b0−λ0)t ,

mn(t, x) ∼ Dn(x)e
−(b0−λ0)t ,

ãäå Dn(x , y),Dn(x) � íåêîòîðûå êîíñòàíòû.
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Cëó÷àé β∗ = βc (äîêðèòè÷åñêîå ÂÑÁ)

Òåîðåìà

Ïóñòü äèñïåðñèÿ ñêà÷êîâ ñëó÷àéíîãî áëóæäàíèÿ êîíå÷íà, òîãäà

ïðè êàæäîì n ∈ N è t → ∞ èìåþò ìåñòî ïðåäåëüíûå

ñîîòíîøåíèÿ

a) ïðè β∗ = βc

mn(t, x , y) ∼ An,d(x , y)t
α1(ln t)β1e−b0t ,

mn(t, x) ∼ An,d(x)t
α2(ln t)β2e−b0t ,

ãäå An,d(x , y), An,d(x) � íåêîòîðûå êîíñòàíòû è

d = 3 : α1 = −1/2, β1 = 0, α2 = 1/2, β2 = 0,
d = 4 : α1 = 0, β1 = −1, α2 = 1, β2 = −1,
d ≥ 5 : α1 = 0, β1 = 0, α2 = 1, β2 = 0.
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Cëó÷àé β∗ < βc (äîêðèòè÷åñêîå ÂÑÁ)

Òåîðåìà

b) ïðè β∗ < βc è d ≥ 3

mn(t, x , y) ∼ Bn(x , y)t
−d/2e−b0t ,

mn(t, x) ∼ Bn(x)e
−b0t ,

ãäå Bn(x , y), Bn(x) � íåêîòîðûå êîíñòàíòû.
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Ñïàñèáî çà âíèìàíèå!



Ââåäåíèå Ôîðìàëüíîå îïèñàíèå ìîäåëè Ðåçóëüòàòû

Ñåâàñòüÿíîâ Á. À. Âåòâÿùèåñÿ ïðîöåññû. Ì.: Íàóêà, 1971,
436ñ.

S. Albeverio, L. V. Bogachev, and Elena B. Yarovaya,
Asymptotics of branching symmetric random walk on the
lattice with a single source. C. R. Acad. Sci. Paris S�er. I Math.,
326(8):975�980, 1998. ISSN 0764-4442,
https://doi.org/10.1016/S0764-4442(98)80125-0.

Ë.Â. Áîãà÷åâ, Å. Á. ßðîâàÿ, Ìîìåíòíûé àíàëèç
âåòâÿùåãîñÿ ñëó÷àéíîãî áëóæäàíèÿ íà ðåøåòêå ñ îäíèì
èñòî÷íèêîì.// Äîêë. ÐÀÍ. � 1998, ò. 363, �4. ñ. 439-442.

Å. Á. ßðîâàÿ, Âåòâÿùèåñÿ ñëó÷àéíûå áëóæäàíèÿ â
íåîäíîðîäíîé ñðåäå, Èçä-âî ÖÏÈ ïðè ìåõ.-ìàòåì. ô-òå
ÌÃÓ, Ì., 2007

E. Yarovaya, D. Balashova, I. Khristolyubov, �Branching Walks
with a Finite Set of Branching Sources and Pseudo-sources�,
Recent Developments in Stochastic Methods and Applications

https://doi.org/10.1016/S0764-4442(98)80125-0


Ââåäåíèå Ôîðìàëüíîå îïèñàíèå ìîäåëè Ðåçóëüòàòû

pp 144-163 (2021),
https://doi.org/10.1007/978-3-030-83266-7-11.

È.È. Õðèñòîëþáîâ, Å. Á. ßðîâàÿ, �Ïðåäåëüíàÿ òåîðåìà äëÿ
íàäêðèòè÷åñêîãî âåòâÿùåãîñÿ áëóæäàíèÿ ñ èñòî÷íèêàìè
ðàçëè÷íîé èíòåíñèâíîñòè�, Òåîðèÿ âåðîÿòí. è åå ïðèìåí.,
64:3 (2019), 456�480; Theory Probab. Appl., 64:3 (2019),
365�384, https://doi.org/10.4213/tvp5245.

https://doi.org/10.1007/978-3-030-83266-7_11
https://doi.org/10.4213/tvp5245

	Введение
	Формальное описание модели
	Результаты

