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Let (X;,Y;), i =1,2..., be the independent copies of a random
vector (X,Y) such that

X1 = (X11,...,X1,4,) takes values in [0,1]%,

Y takes values in R%,

The distribution function (copula) of X is
C’(u) = P(Xl S ll) =P (Xl,l S ULy ?X17d1 S udl),

u=(u,...,ug) € [0,1]%.
We assume that there is copula density c¢(u), that is,

Clu) = / vy, ue o, (1)
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We study the asymptotic behavior of the random field

u) = zn:le (X;<u), uelo,1"

Let m( ) = (Y \ X =u), ucl0,1]%, and
= [y m v)dv.

o*(u) =E{(Y - m(X))'(Y - m(X)) | X = u}

Let

be the conditional covariance matrix of Y,

o(u) be the positive definite matrix such that o(u)o(u)? =

o?(u).
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All our limit fields and processes are continuous, so we use the
uniform metric. Let || - || denote the Euclidean norm in the
corresponding space. Our random field Q,, takes values in the
space B([0, 1]%; R%) of bounded measurable functions with the
Borel o-algebra . This space is not separable, so we note that the
random field Q,, takes values in its subset D with the smaller
o-algebra D. This o-algebra is generated by the di-dimensional
analog of Skorohod metrics, see Straf (1972). So, let D be the
uniform closure, in the space B([0, 1]%; R), of the vector
subspace of simple functions (that is, linear combinations of step
functions).
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For x,y € D, let the “Skorohod” distance be
d(x,y) = inf{min(|[x — yAlls, [[Alls) : A€ A},
where
[x = yAlls = sup{||x(t) — y(A(t))[], t € [0, 1]},

[[Alls = sup{||A(t) —t||, t € [0, 1]}, A is the group of all
transformations A of the form

A1y oytay) = (M(t1), .-y Agy (tay)), where each

Ai : [0,1] — [0,1] is continuous, strictly increasing,

and fixes 0 and 1.
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With respect to the corresponding metric topology, D is complete
and separable, and it's Borel o-algebra D coincides with the
o-algebra generated by coordinate mappings, see Section 3 of
Bickel & Wichura (1971) for details.

The process Q,, takes values in D. So, it is D-measurable.

We define the weak convergence as follows (cf. Dudley, 1967):
lim,, 00 Ef(Q) = Ef(Q) for every bounded, continuous, and
D-measurable function f: D — R%.

6/40



Davydov & Zitikis (2008) in their Proposition 1 have proved that
the limitation of the class of functions f to the uniform continuity
(instead of the continuity) gives the same definition of the weak
convergence (that is, these definitions are equivalent).

We use the symbol = to denote the weak convergence of random
fields in the sense that has been mentioned above. We use the
same symbol for the weak convergence of random variables and the
weak convergence of stochastic processes in the uniform topology.
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The following Lemma 1 generalizes the result of the first part of
Theorem 2.1(1) by Davydov and Egorov (2000) to random fields.
Lemma 1

IFE|Y|? < oo then Q, = Q%”f = Q, a centered Gaussian field
with covariance

min(ug,uz)

K(uj,ug) = EQT(ul)Q(ug) = / 02(v)c(v)dv

0

min(up,uz)
+ / m” (v)m(v)e(v)dv

0
_ /Om m” (v)e(v)dv /112 m(v)c(v)dv,

0
ui, U € [0, 1]d1.
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Proof of Lemma 1.

For simplicity, we consider the case di = 2 since the construction of

the proof given below can be easily extended to the case d; > 2.
Now let dy = 1, we will generalize it to dy > 1 using the
Cramer-Wold theorem.

Thus, we consider a random field

Qu(w) =3 %51 (X <u® xP <u®), ue 0,12
j=1

Let us define the partition of the unit square [0,1]? into N? parts

as follows. Let u(()l) =0< ugl) < ugl) <...< u%) =1bea

partition of the interval [0,1], such that

(uq, 71)
/ (E(Y? | X=v)+EY?) c(v)dv=2EY?/N,i=1,2,...

9/40



For any fixed i =1,2,..., N let
(2) =0< u( 1) < u(2) . < uz(g, = 1 be another partition of

the interval [O 1] (see Pic. 1) such that

(u 51) (2))
(E (Y?| X =v) + EY?)¢(v)dv = 2EY?/N?,
( (2 )

u,; u

1—12%4,7—1

j=1,2,...,N.
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So we have N + 1 points ugl)

greater then (N — 1)? + 1 different points ug) in the second
coordinate. For any u = (u(}), u(?)) € [0,1]2, there are indexes
i) z§2),lé2),j§ ),jQ €{0,1,..., N} such that

u((ll)) L < uV) < ug(l)) and

in the first coordinate and not

u(<2)> o) = max{u( ) < u @)1,
J1

51

u%)) o= mln{u 2 > 2 s

(2) (2)
SO Ucz) <2> u® < NLICE

(1) (2) @ @

Denote u = (u; iU @), (2)) and u" = (u, iU @, (2)) (Pic. 2).

11/40



a0

(1)
2

e

=1

e

12/40



Define the metric entropy with bracketing for the special separable
pseudometric space (S, p), where

S = {hu(x,y) =yl(x <u), uelo,1]?}
PQ (huvhuz) = (h (X Y) th(X,Y))2

Let S(0) = {s1,s2,...,5m} € S be such that for some random
variables f!(s;) and f“ (s;),i < M, the following conditions are
valid. For any s € S there exists s; € S(0) such that

p(s,s:) <0,
L s) < f(5,X,Y) < fU(si) as.,
p (6, ') <6 i<
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Then HB(5,8, p) = min{M : S(§) C S} is called the metric
entropy with bracketing.

According to Ossiander's (1987) theorem, to prove Lemma for Q,,
we must show that

1
/ (HB(t,S, p))1/2 dt < oo.
0

To prove it we show that

HP(5,5,p) < Clog <(15> :

First notice that

f(hu, X,Y) = hy(X,Y) — Ehy(X,Y),u € [0,1]? is a separable
random process satisfying the conditions (2.1) — (2.3) of
Ossiander’s work, moreover Q,, = n~1/2 S f (b, X5, Y5).
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Then write f(hy,X,y) as follows

Flhxy) = yi1(x < u / me (v

—i—/o m—(v)e(v)dv

=Y 1(X<u) -Y_1(X <u)

/m+ dv—l—/ m_

=Y, 1(X<u)-Y_1(X <u¥)

/ my (v dv+/m

Let
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Then

u

fr- =y <X <u")+ / [m(v)|e(v)dv.

ul

We use the Cauchy-Bunyakovsky and Jensen inequalities, as well as
simple algebraic inequalities, and obtain that (see Davydov and
Egorov (2000) for details)

(e (=)= ([

+ (EY2 /u :l c(v)dv) . <2 ( /u :l (E(Y? | X =v)+EY?) c(v)dv>

< 2\/2N -2EY?/N? = 4,/EY?/N = 6.

In the last inequality, we used the fact that the region of integration
is included in 2N rectangles from the constructed partition of the
unit square.

u

1/2
E(Y?|X=v) c(v)dv)
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Summing up these equalities we get
16EY2 ’
M<(N+1)3§<{ 5 ]+2> .

Hence by Ossiander’s theorem

Qn=Q

where @ is the Gaussian field,

EQ(u) =0,E(Q(u1), Q(u2)) = K(uy, uz). Elementary
calculations show that

K(uj,u) =E(Y?1(X < up, X < uy))

_ /0 Y n(v)e(v)dv / P m(v)e(v)dv.

0
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This construction of the proof can be easily extended to the case
dy > 2 by splitting the corresponding integral into pieces of size
2EY2/N%. So we use Theorem 3.1 of Ossiander (1987) and get
the weak convergence @,, = Q for dy = 1.

From the tightness of Q,, for do = 1 we get the tightness of Q,,
because the tightness is coordinatewise. According to the
Cramer-Wold theorem since Q,(u) is linear, we obtain the
convergence of finite-dimensional distributions for any ds > 1.
The proof is complete.
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Denote X(k) < X(k) - < X(k) 1 < k < dj, the order statistics
of the k-th column of matrix X, and Y*) Yr(lk%, LYY ) the

n,1?
corresponding values of the vectors Y;. The random vectors

(bekl),z < n) are called induced order statistics (concomitants).

Using the asymptotics of Q,,(u), we study the asymptotics of
d1 % do-dimensional process of sums of induced order statistics
under different orderings

[nt] [n1]

ZY ,J,ZYgQJ).,...,ZYgf;) L te(o,1].
j=1

Let exs = (1,...,1,¢,1,...,1) the vector in [0,1]% with k-th
coordinate being ¢ and other coordinates being 1.
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Lemma 2 generalizes the result of Theorem 2.1(2) by Davydov and
Egorov (2000) to multiple ordering but under additional assumption
m = 0.

Lemma 2 N

IFE|Y|? < oo, m = 0 then Z,, = 22 = Z, a centered Gaussian

=Za
(dy x da)-dimensional process with covariance matrix function

EZT(tl)Z(tZ) = (K(ek1,t17ek27t2))ii,k2:1'

K(ekhh ) ekzﬂfz) = EQT(ek’l it )Q(ekzﬂfz)

min(ekl ,t11€ko,tg )
= / o?(v)e(v)dv.
0
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Results for linear regression

Let (X4, &imi) = (Xit, -+ o5 Xiay, Gits -+ -5 &iidp—1, i) be
independent and identically distributed random vector rows,

1 =1,...,n. All components of a raw can be dependent and
X1, ..., Xa, have copula (so their marginal distributions are
uniform on [0, 1]) and (1) is true.

Rows (X, &, m;) form matrix (X, &, 7).

We assume a linear regression hypothesis Hy:

do—1
mi=80+ei= Y &0 +ei, (2)
j=1

{ei}; and {(X;, &)}, are independent, Ec; =0, Vare; > 0.
Vector 6 = (61, ... ,Hdz,l)T and constant Var ¢; are unknown.
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We consider d; orderings of rows of the matrix (X, &,n) in
acsending order of columns of X.

The result of d1 orderings is a sequence of d; matrices
(X, ¢0) n)) with rows

(X0, € )mf =& xigh el e ),
Jj=1,...,dy.

Let 6 be LSE: ~
0= ()¢,

It does not depend on the order of rows.
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Let Al ’)( ) E{&1|X1; = x} be conditional expectations,
L(J f hU)(s) ds be induced theoretical generalised Lorentz

curves (see Davydov and Egorov (2000)),

B2(@) = B (6 — b @) (€ — O (@) | Xyj =)

be matrices of conditional covariances.
Let G = E&T¢;. Then

/ 1 (b?(:c) - (h(j)(gg))Th(j)(x)) is — G

0
forany j=1,...,d;.
: . R . ko
Let EEJ) = 771(]) — 52.(3)9 be regression residuals, A,(CJ) => 29 be its

partial sums, Aéj) =0.
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Let Z{) = {Z(@j)(t), 0 <t <1} be a piecewise linear random
function with nodes

ko AY
O D k:O, 1,...,7’7,.
n  y/nVare;

From Theorem 1 (Kovalevskii, 2020) we have

Theorem 3
If matrix G exists and is non-degenerate and Hy is true then
729 — ZU) forany j =1,...,dy. Here Z) is a centered

Gaussian process with continuous a.s. sample paths and covariance

function

Kjj(s,t) = min(s,t) — LY ()G YLD )T, s,t € [0,1].
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We prove fchat the di-dimensional process
Zy = (Zq(f),j =1,...,d;) has a Gaussian limit.

Theorem 4

If matrix G exists and is non-degenerate and Hy is true then

Zn, = Z. Here Z is a centered di-dimensional Gaussian process
with continuous a.s. sample paths and covariance matrix function
~ ~ dy
R(s.t) = (Kyls,t)

~

Kij(s,t) = P(Xy; < 5, X1; < t)—LO(s)a 1 (LW )T, s,t € [0,1].
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We now describe the application of this result to testing the
hypothesis of linear dependence. Let do — 1 = dy. Let
(&,mi) = (&1, .-, &.d,, 1) be independent and identically
distributed random vector rows, i = 1,...,n. In addition, we
assume that the column §; 4, consists of ones:

£i7d1 =1. (3)

We want to test the linear dependence (2). To do this we estimate
the parameters 6 and Var ¢, sort the data in ascending order of
each of the first d; — 1 columns of the regressor and calculate
processes of the sums of regression residuals. We use the quantile
functions Fgljl to apply Theorem 2. So we assume that

&ij = Fg—ljl(Xij), i=1,...,n, j=1,...,d; — 1. If the matrix G
exists and is non-degenerate then under the true hypothesis Hy we
are in the conditions of Theorem 2.
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From (3) we have Z,(1) = 0. So we can use a statistics of omega
squared type and calculate its limiting distribution by lines of
Chakrabarty et al. (2020):

di—1 di—1

W2 = Y500 w2 — BTN .
2 ;/0 (Z9w) at = ;/o (29@)) " ar

We estimate the covariance function in Theorem 2 from empirical
data. An estimate for P(Xy; <s, X1; <t)is

RS (i )
- ; Wi < g0 Shi < &gt

It converges to the probability uniformely on (s,t) in [0, 1]%. We
estimate functions L) and matrix G by their empirical
counterparts.

28 /40



Results for compound Poisson fields

Let A C R% be a compact Borel set with Lebesque measure

0 < p(A) < o0, and there is a compound Poisson field in A with
intensity v > 0. That is, the number n = 7, of points X, in A has
Poisson distribution with parameter vu(A), points are distributed
unformly in A under the condition of fixed .

Any point X; is associated with mark Y; that takes values in R%,
0 < dy < 0. Vectors (X;,Y;) are mutually independent and
identically distributed copies of a random vector (X,Y) such that
X = (XM . X)) takes values in A, Y takes values in R%.
Matrix (X,Y") has random number 7 of rows (X;,Y;).
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We study the asymptotic behavior of the random field
v
u) = Zle(Xj <u
j=1

MNv
-y v;1 (X](l) <u®,..,x!™ < u(d1>) ,ucRY,

as v — 0o.

Using the asymptotics of Q, (u), we study the asymptotics of
d1 x dy-dimensional process of sums of induced order statistics
under different orderings

[nut] [nut]

(]
= (T X Yol XY | e
= j=1
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Let

m(u) =E(Y | X =u)l{ue A},

f(u) = /_u m(v)1l(v € A)dv,

o*(u) =E{(Y - m(X))" (Y -m(X)) | X =u}.
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Theorem 5

IFE|Y|? < 0o then Q, = Qi/nﬁ“f = Q, a centered Gaussian field
with covariance

K(up,up) = EQT(u1)Q(uy) = / o?(v)dv

Au1 ,ug

/m v)dv — / m” (v)dv / m(v)dv,

‘-’1 uz Ul uz u17u2

Agu, ={v € RY: veAv<u,v<ul
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Theorem 6

IFE|Y|? < co, m = 0 then Z, = 377”7 = Z, a centered Gaussian

(d1 x dg)-dimensional process with covariance matrix function
EZT(tl)Z(tQ) = K(t1,t2) = (Kij(tl, tQ)?,}:P

I?ij(tl,tg) = / 0'2(V)dV,

Bitq,5.t

Bi,tl,j,tg = {V S R4 : v € A, v; < tl,vj < tQ}.
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Multiple ordering of non-homogeneous Poisson process
We interpret the result of the previous section for non-homogeneous
Poisson processes. So we take set A of special form,

A= {X: (.7,‘1,.232): 0§l‘1 ST,O §$2 S )\(1’1)},

T>0, A={\t),0<t<T}>0is the positive Borel function on
[0, 7.

We inperpret x; as time, A(x1) as the Poisson parameter at time
X.

So (Xu Y,L) = ((Xﬂ, XiQ), Yz)

We suppose that m(x1,x2) does not depend on z3: Let

m(xl,xg) = m(:cl) = E(Y1|X11 = x1).
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We order vectors (X1,Y1),..., (X, Yy,), n=mn,, using two
different algorythms.
The first one: (X¥,Y7) = (X1, X5, Y) are ordered by time, that
is,

Xip < X5 <...< X

The second one: (X®,Y?) = (X3, X5, Y) are ordered by the
corresponding intensity, that is,

AXT) < A(Xg5) <. < AX).

If AMXT) = )\(Xj@l) then the order of corresponding pairs is
random.

So if A = const then all the pairs (X, Y{?) are in a random order,
this case corresponds to the homogeneous Poisson process.
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Theorem 7
If0 < 0%(x) < oo for any x € A then

(]
*1/22(Y*—m WY -m(x), 0<e<,

converges weakly in uniform metrics as v — oo to a centered
Gaussian 2dy-dimencional process {(V1(t), Va(t)),0 <t < 1} with
covariances

EVzT(tl)Vj(tQ) = / 02(X) dx, i,7=1,2,
G

ij(t1,t2)

Gll(tl,tg) = {(a:l,xg) : 0 § I S min(tl,tg),() S i) S )\(%1)},
Gia(t1,t2) = {0 < z1 <ty M(z1) < A(t2),0 < 22 < A(71)},
G22<t1,t2) = {)\(.’L‘l) S min()\(tl), /\(t2)>,0 S T2 S )\(1‘1)}
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