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Somos—(4)

Somos—(4) sequence {s,} is defined by initial data
St =85 =5 =54=1
and recurrence relation
Sn+2Sn—2 = Sns1Sn—1 + Sh.
It begins with
...,2,1,1,1,1,2,3,7,23,59,314,1529, . ..

(Obviously s, = s5_5.)
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Somos—(6)

Somos first introduced the sequence Somos-(6) such that

S =8 =83=84=55=55 =1
and
2
Sn+35n—3 = Sp+2Sn—2 + Sp+1Spn—1 + Spr.
He raised the question whether all the terms are integer:

1470* Proposed by Michael Somos, Cleveland, Ohio.

Consider the sequence (a,) where ag = ay = -+- = a5 = 1 and

g, = Tn-1lns + Ono28n-g4 + G2
n

Qn -6
for n > 6. Computer calculations show that ag,az,...,a100 are all integers.
Consequently it is conjectured that all the a, are integers.

Prove or disprove.

[4 Somos M. Problem 1470. Crux Mathematicorum, 15: 7 (1989), p. 208.
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Integrality

The integrality of Somos—(4) and Somos—(5) was proved by Janice
Malouf, Enrico Bombieri and Dean Hickerson (1990).

The integrality of Somos—(6) was proved by Dean Hickerson (April
1990).

The integrality of Somos—(7) was proved by Ben Lotto (May 1990).
D. Gale: The proof, rather than illuminating the phenomenon, makes it

if anything more mysterious. .. One is reminded of the proof of the
four-color theorem.
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Somos—(8)

Somos—(8) is a sequence with initial data
S =8 =83=8,=85=8=67=58g =1
satisfying recurrence relation
Sn+4Sn—4 = Sn43Sn_3 + Sn+2Sn_2 + Sp+1Sn—1 + Sa.
Somos—(8) is NOT an integer sequence:

420514

o 1,1,1,1,1,1,1,1,4,7,13,25, 61,187, 75,5827, 14815, ~—

Somos—(8) is a wild object. Probably it has no properties at all.
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Somos sequences

For integer k > 4 Somos—k sequence is a sequence generated by
quadratic recurrence relation of the form

[k/2]
Sn+kSn = Z QjSnyk—jSn+j,
j=1

where «; are constants and sy, ..., Sk are initial data.

.

In particular Somos-4 is defined by initial data sy, s1, S», S3 and
fourth-order recurrence

2 a2
Sn+28p—2 = aSp41Sp—1 + dsn:
Somos-6 is defined by initial data sy, ..., s5 and sixth-order recurrence
2
Snt+3Sn-3 = aSpy2Sp—2 + BSpy1Sp—1 + YSp-
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A sigma-function solution for Somos—4

The integrality of Somos—(4)- - - (7) may be proven by elementary
methods. But elementary proofs don’t spread any light on the nature of
Somos sequences: there is some elliptic curve hidden behind
Somos—4-5 and hyperelliptic curve of genus 2 behind Somos—6-7.

The general solution of Somos—4 recurrence relation is given by C.
Swart (2003) and A. Hone (2005)

o(z0 + nz)

s, = AB"
! a(z)"

where z, zy € C*, and
z 1rzH\2
(T(Z): —Z H <1 _W> W+2(W)
wel\{0}

is Weierstrass sigma-function associated to plane lattice I'.
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Integrality condition

Theorem (Fomin and Zelevinsky, 2002)

For a Somos—k sequences (k = 4,5,6 and 7) all of the terms in the
sequences are Laurent polynomials in these initial data whose
coefficients are in Z[ox, . . ., k2], so that

Sn€ Zlan, ..., a2, ST, .., S forall n € Z.

A

[1 Fomin S. and Zelevinsky A. “The Laurent Phenomenon”, Adv.
Appl. Math. 28 (2002) 119-144.

Integrality of original Somos—(k) sequences follows from the theorem

with

But this Theorem is not a final step.
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Polynomial Somos sequences:
a stronger version of the Laurent property for Somos—4

Theorem (Bykovskii, AU, 2019)

Let Somos-4 be defined by

2
Spn+2Sp—2 = aSp41Sp—1 + Bsna

where
o = S95152S34, B = S9S15283b

and sy, S1, Sp, S3, a, b are independent formal variables. Then

Sp € Z[307 $1, 82, 83, 4, b]

Similar results can be proven for Somos-5-6-7 sequences as well.
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Polynomial Somos sequences

Another example of polynomial Somos sequences is division
polynomials associated to the curve y? = x3 + Ax + B:

7/10:07 1/}1:17 ¢2:2y
g = 3x* + 6Ax? + 12Bx — A?
Pq = 4y (x® + BAx* +20Bx3 — 5A?Xx2 — 4ABx — 8B2 — A%)

Yomit = Ymi2Pm — Ym-195 4 form>2
Vom = (1%’7) - (Umi2¥5 1 — m-2v5,4) form>3
They satisfy the Somos-4 equation
VnioWn_2 = aPpi1thn_1 + b2

with o = 2 and 8 = —13.
Similar polynomials are known for higher genus curves (Cantor, 1994).
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Tropical arithmetic

Our basic object is the tropical semiring (R U {o0}, ®, ®). As a set this
is just the real numbers R, together with an extra element co that
represents infinity. The basic arithmetic operations of addition and
multiplication of real numbers are redefined as follows:

m @ n := max{m, n}, maon:=m+n.

The tropicalization of a mathematical formula is the formal procedure
S.t.

"4+ T and "x"T =",
Tropical subtraction is NOT defined.

Example. If P(x) and Q(x) are polynomials with non-negative
coefficients then

deg(P + Q) = max{deg P,deg Q}, and deg(P-Q)=degP +degQ
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Tropical arithmetic
The main ides

Tropicalization (something reasonable about polynomials) keeps
information about degrees and loses all other information.

One of the greatest advantage of Tropical Geometry is that most
classical problems become much simpler after their tropicalization (if
such a tropicalization exists!).

This simplicity comes from the piecewise-linear nature of the tropical
objects.
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Tropical arithmetic

Non-trivial example taken from the lecture "Growth and geometry in SL(2;Z) dynamics”

given by A. Veselov

X2+ y? + 72 = 3xyz — max{2x,2y,2z} = x+ y + z.

If x <y < zthen we have the equation x + y = z corresponding to
Euclidean algorithm. Markoff triples

(1,1,1) = (1,1,2) - (1,2,5) — ...
are generated by Vieta’s involution
T (X,y,Z) - (va?3xy_z)

and permutations.
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Markoff and Euclid trees

29 13

The rules are:

zZ=x+y

z+ 2z =3xy
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How can we go back from Euclid tree (z = x + y) to Markoff tree
(Z/ = 3xy — z)? We need "detropicalization”="quantization”:

x+y=z — AB=C

where A, B, C are already noncommutative objects, A, B, C € SLy(Z).
The correct choice of initial conditions is

A:@ g) B:G ;) (A, B) = SLy(Z),

i.e. A, B are generators of commutator subgroup of SLx(Z).
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Markoff and H. Cohn trees

z+ 2z =3xy C=AB
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Tropical Somos sequences

Tropicalization of Somos-4 equation

2
Sny2Sn—2 = aSpy1Sp—1 + Sy

dnio 4 dno = min{@ 4 dny1 + dy1, 5 + 2dn}.

For
o = $95152834, B8 = 89S15283b

we know that s, € Z[sy, s1, S2, S3, a, b]. So we can say that dj, is a
degree of s(sp, S1, S2, S3) as a polynomial of sy. In this case
deg o = deg 5 = 1 and we get the equation

dn+2 + dnfz — 1 + mln{dn+1 + dn,1,2dn}.

Tropicalization is well defined because Somos polynomials satisfy
"positivity conjecture” (their coefficients are non-negative).
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General solution of Somos-4 recurrence is

o(zp + nz)

sp = AB" ,
! a(z)™*

where o is the Weierstrass sigma function associated to the curve

Y2 = 4x3 — gox — gs.
So ,
sy = 3 TH1C » (some oscillating function).
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Gauge transformations

Somos-4 sequences

2
Sny2Sp—2 = aSpy1Sp—1 + BSy

are invariant under the two-parameter abelian group of gauge
transformations defined by

Sn—>§n:A'Bn‘Sn.
Thus it is natural to introduce the gauge-invariant variables

Sn—1Sn+1
fn == 72
Sh

satsfying
for1fofh_q = afy+ B.
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A general solution of the equation
fop1ffoy = afy + B
has the form [Hone, 2005; Swart, 2003]
fon = p(2) — (20 + nz),

where g is the Weierstrass elliptic function associated to the curve
y? =4x® — gox — gs.
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The tropical case

A tropical analogue of substitution f, = *=1221 js

an = dnyq — 2dp + dn_1.
It transforms tropical Somos-4 recurrence
Ony2 + dp_2 =1+ min{dp1 + dp—1,2dn}

into the equation

anf‘] + 2an + an+1 = 1 + min{an, O}

which is tropical analogue of

fri1 fr?fn—1 = afy + f.
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Let the sequence {an} be defined by the recurrence relation
an_1 + 23,7 + an+1 = 1 + rnin{an7 0}

Then it is periodic with the period 5 — 8T, where

T:min{ao+a1,1 —ap,1—aq,1 —80—31}.

.

In particular it means that for original sequence {d,} we have

dn = An? + Bn + ((5 — 8T)-periodic function).

The proof= Tropicalization (proof of Swart — Hone theorem written
without substractions). O]
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For the equation
fnit fﬁfn% =afy+ 3

we know the invariant (first integral)

_ T, 1 B
T= fnfn_1 T (fn * fn—1> * fnfn—1 .

In particular this equation defines an elliptic curve in the (f,, f,_1)
plane.
This observation admits direct tropicalization: the equation

an—1 + 2an + an+1 =1 + rnin{an7 O}
has the invariant
T = min{an + an+1,1 — an,1 - an+1, 1-— an — an+1}.

This equation defines some line in the (an, an.1) plane.
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The equation
min{1 —x,1 -y, x+y,1—-x—y}=T

defines a boarder of trapezoid in the (x, y) plane:

| 01-T)

2T —1,1-T)< a
: \(1—T,O)

(1-T,2T 1)

Points (an, an.1) are jumping along this boarder.
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Let
A — J(@nana), ifnis even;
" \(@nss,an), if nis odd.

And let B, be projections of A, from the legs of trapezoid (B, = A, for
Ap on bases).
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Bn71

The broken line ... B_»2B_1ByB;B- ... is a billiard trajectory in
rectangle with sides d; =4 — 6T and d> =1 — 2T. The period is
dy+db=5-8T.
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Conclusions

@ Somos sequences (and their properties) have natural tropical
generalizations which are more simple and more visible.

@ For Somos-4 and Somos-5 sequences (in genus 1 case)
oscillations of points on the real locus of elliptic curves become
oscillations of billiard trajectories in rectangles.

@ Tropical pictures allows to predict untropical results and their
proofs.
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Further directions

Properties which seemed to be more or less equivalent for general
Somos sequences (different sides of Integrality):

@ Laurent phenomenon

@ Positivity

@ Reasonable tropicalization

@ Periodicity (mod N)

@ General formula in terms of theta-functions

A natural candidate for experiments is the Gale — Robinson sequence
generated by

Sm+nSm = &Sm+rSmtn—r + 33m+p3m+n—p + YSm+qSm+n—q>

wherer+p+q=n.

Questions?
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Somos notes: strange motivation

The smallest number which can be represented as a sum of three
squares is 28:

28 =52+ 12412112 =42 422 1 22122 -32 1 32132 12,
These three quadruples have many arithmetic properties. For
example, if we take the product of the four numbers of each quadruple
we get

5=5-1-1-1, 32=4.2-2-2, 27=38-3-3-1,

and note that 5 = 32 — 27.
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Somos notes: strange motivation

The smallest number which can be represented as a sum of three
squares is 28:

28 =5% 412+ 12412 =42+ 224 22 4 22 =32 1 32 + 32 4 12,
Now replace nby s, = Fop, SO
S0,51,...=0,1,3,8,21,55,144,377,. ..
We get
55=55-1-1.1, 567=21.3.3-3, 512=8-8-8-1
and 55 = 567 — 512.
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Somos notes: strange motivation

Next example is 42:
42=6°+22+12 412 =52+ 32 4 22 4 22 =42 1 42 1 32 112
We have
12=6-2-1-1, 60=5.3.2.2, 48=4.4.3.2,
and 12 = 60 — 48. and the same for Fibonacci numbers:
432 =144-3-1-1, 3960 =55-8-3-3, 3528 =21-21-8-1

and 432 = 3960 — 3528.
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Somos notes: strange motivation

Quadruples

[5,1,1,1], [4,2,2,2], [3,83,3,1]
[6,2,1,1], [5,3,2,2], [4,4,3,1]

are the special case from more general sequence
[n+2,n—2,1,1], [n+1,n—-1,2,2], [n,n,3,1].
So we can consider a general sequence satisfying recurrence
8ni28n_ 28 = 8ny18n-185 + Aad3a1. (*)

If ag = a1 = a» = az = 1 then we get Somos-(4).

[§ Somos M. In the Elliptic Realm
The recurrence (*) was know before. It was studied by Ward (in context
of elliptic divisibility sequences) and by Lucas (mostly unpublished).
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