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Îáùèé âîïðîñ

`̀̀1(z), . . . , `̀̀n(z) � ëèíåéíûå ôîðìû íà Rd, n < d

Âîïðîñ

Íàñêîëüêî ¾ìàë¿ ìîæåò áûòü íàáîð
(
`̀̀1(z), . . . , `̀̀n(z)

)
íà íåíóëåâûõ z ∈ Zd?

Êàê èçìåðÿòü?

sup-íîðìà (∼ ñðåäíåå àðèôìåòè÷åñêîå)

ïðîèçâåäåíèå (∼ ñðåäíåå ãåîìåòðè÷åñêîå)

`̀̀1...
`̀̀n

 =

θ11 · · · θ1m −1 · · · 0
...

. . .
...

...
. . .

...
θn1 · · · θnm 0 · · · −1


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Íåêîòîðûå êëàññè÷åñêèå ïðèìåðû

d = m+ n

Ñîâìåñòíûå ïðèáëèæåíèÿ m = 1, sup-íîðìà

max
16i6n

|θix− yi| 6 f(x)

Ïðèáëèæåíèå íóëÿ çíà÷åíèÿìè ëèíåéíîé ôîðìû n = 1, sup-íîðìà∣∣θ1x1 + . . .+ θmxm − y
∣∣ 6 f

(
max

16i6m
|xi|
)

Ãèïîòåçà Ëèòòëâóäà m = 1, n = 2, ïðîèçâåäåíèå∣∣(θ1x− y1)(θ2x− y2)
∣∣ 6 f(x) = o(x−1)
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Äèîôàíòîâû ýêñïîíåíòû è ïðèíöèï ïåðåíîñà

`̀̀1...
`̀̀n

 =
(
Θ −In

)
Θ =

θ11 · · · θ1m
...

. . .
...

θn1 · · · θnm

 In =

1 · · · 0
...

. . .
...

0 · · · 1



Π(z) =
∏

16i6k

|zi|1/k Π′(z) =
∏

16i6k

max
(
1, |zi|

)1/k (
z = (z1, . . . , zk)

)
Äèîôàíòîâû ýêñïîíåíòû ìàòðèöû Θ

ω(Θ) = sup
{
γ ∈ R

∣∣∣ |Θx− y| 6 |x|−γ èìååò ∞ ðåøåíèé â x ∈ Zm\{0}, y ∈ Zn
}

ω×(Θ) = sup
{
γ ∈ R

∣∣∣Π(Θx− y) 6 Π′(x)−γ èìååò ∞ ðåø. â x ∈ Zm\{0}, y ∈ Zn
}

Íåðàâåíñòâà ïåðåíîñà Äàéñîí (1947), Î.Ã. (2011)

ω(Θ>) >
nω(Θ) + n− 1

(m− 1)ω(Θ) +m
ω×(Θ>) >

nω×(Θ) + n− 1

(m− 1)ω×(Θ) +m
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Òåîðåìà Ìàëåðà
Ïñåâäîïðèñîåäèí¼ííûé ïàðàëëåëåïèïåä

P =
{
z = (z0, . . . , zd) ∈ Rd

∣∣∣ |zi| 6 λi, i = 0, . . . , d
}

P∗ =
{
z = (z0, . . . , zd) ∈ Rd

∣∣∣ |zi| 6 λ0 · . . . · λd
λi

, i = 0, . . . , d
}

P∗

P
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∣∣∣ |zi| 6 λ0 · . . . · λd
λi

, i = 0, . . . , d
}

0P∗

P

S

v

P∗ ∩ Λ∗ 6= {0} =⇒ cP ∩ Λ 6= {0}

Λ =

(
Im
−Θ In

)
Zd

Λ∗ =

(
Im Θ>

In

)
Zd
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Âûâîä íåðàâåíñòâà Äàéñîíà èç òåîðåìû Ìàëåðà

Λ =

(
Im
−Θ In

)
Zd Λ∗ =

(
Im Θ>

In

)
Zd

P(t, γ) =

{
z = (z1, . . . , zd) ∈ Rd

∣∣∣∣∣ |zj | 6 t, j = 1, . . . ,m
|zm+i| 6 t−γ , i = 1, . . . , n

}

Q(s, δ) =

{
z = (z1, . . . , zd) ∈ Rd

∣∣∣∣∣ |zj | 6 s−δ, j = 1, . . . ,m
|zm+i| 6 s, i = 1, . . . , n

}

ω(Θ) = sup

{
γ >

m

n

∣∣∣∣ ∀ t0 ∈ R ∃ t > t0 : ñïðàâåäëèâî P(t, γ) ∩ Λ 6= {0}
}

ω(Θ>) = sup

{
δ >

n

m

∣∣∣∣ ∀ s0 ∈ R ∃ s > s0 : ñïðàâåäëèâî Q(s, δ) ∩ Λ∗ 6= {0}
}

t = s((n−1)δ+n)/(d−1), γ =
mδ +m− 1

(n− 1)δ + n
=⇒ Q(s, δ) = P(t, γ)∗
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Ñåìåéñòâà ïàðàëëåëåïèïåäîâ è ìóëüòèïëèêàòèâíûå ýêñïîíåíòû

Λ =

(
Im
−Θ In

)
Zd Λ∗ =

(
Im Θ>

In

)
Zd

(λλλ,µµµ) = (λ1, . . . , λm, µ1, . . . , µn) ∈ Rd+

P(λλλ,µµµ) =

{
z = (z1, . . . , zd) ∈ Rd

∣∣∣∣∣ |zj | 6 λj , j = 1, . . . ,m
|zm+i| 6 µi, i = 1, . . . , n

}

F(t, γ) =
{
P(λλλ,µµµ)

∣∣∣ Π(λλλ) = t, Π(µµµ) = t−γ , min
16j6m

λj > 1
}

G(s, δ) =
{
P(λλλ,µµµ)

∣∣∣ Π(λλλ) = s−δ, Π(µµµ) = s, min
16i6n

µi > 1
}

ω×(Θ) = sup

{
γ >

m

n

∣∣∣∣ ∀ t0 ∈ R ∃ t > t0 : ∃P ∈ F(t, γ) : P ∩ Λ 6= {0}
}

ω×(Θ>) = sup

{
δ >

n

m

∣∣∣∣ ∀ s0 ∈ R ∃ s > s0 : ∃P ∈ G(s, δ) : P ∩ Λ∗ 6= {0}
}
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Àíàëîã òåîðåìû Ìàëåðà äëÿ ìóëüòèïëèêàòèâíûõ çàäà÷

Λ =

(
Im
−Θ In

)
Zd Λ∗ =

(
Im Θ>

In

)
Zd

(λλλ,µµµ) = (λ1, . . . , λm, µ1, . . . , µn) ∈ Rd+
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z = (z1, . . . , zd) ∈ Rd

∣∣∣∣∣ |zj | 6 λj , j = 1, . . . ,m
|zm+i| 6 µi, i = 1, . . . , n

}

λ∗j = (λ1 · . . . · λm · µ1 · . . . · µn)/λj µ∗i = (λ1 · . . . · λm · µ1 · . . . · µn)/µi

λj1 6 . . . 6 λjm k = max
{
`
∣∣ λj1 · . . . · λj` < 1

}
λ̂ji = 1, i = 1, . . . , k

λ̂ji = λji
(
λj1 · . . . · λjk

)1/(m−k)
, i = k + 1, . . . ,m

P(λλλ∗,µµµ∗) ∩ Λ∗ 6= {0} =⇒ cP(λ̂λλ,µµµ) ∩ Λ 6= {0}
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Àíàëîã òåîðåìû Ìàëåðà äëÿ ìóëüòèïëèêàòèâíûõ çàäà÷
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Ñïàñèáî!
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