
Ãèïåðýëëèïòè÷åñêèå ïîñëåäîâàòåëüíîñòè è

êðèïòîñèñòåìû ñ îòêðûòûì êëþ÷îì

Àíäðåé Èëëàðèîíîâ

ÕÎ ÈÏÌ ÄÂÎ ÐÀÍ;

Äàëüíåâîñòî÷íûé öåíòð ìàòåìàòè÷åñêèõ èññëåäîâàíèé

Âòîðàÿ êîíôåðåíöèÿ ìàòåìàòè÷åñêèõ öåíòðîâ

7�11 íîÿáðÿ 2022 ã., ÌÃÓ, ÌÈÀÍ, ã. Ìîñêâà

Àíäðåé Èëëàðèîíîâ 1 / 23



Ýëëèïòè÷åñêàÿ (äåëèìîñòíàÿ) ïîñëåäîâàòåëüíîñòü h : Z→ Q

hm+nhm−n = hm+1hm−1h2
n − hn+1hn−1h2

m (1)

M. Ward (1940-å), R. Shipsey (2000), C. Swart (2003), . . .

Ïîñëåäîâàòåëüíîñòü Ñîìîñ-4

Sm+4Sm = αSm+3Sm+1 + βS2
m+2 (2)

Ïîñëåäîâàòåëüíîñòü Ñîìîñ-k

Sn+kSn =

[k/2]∑
j=1

αjSn+k−jSn+j (3)

M. Somos (1989), A.N.W. Hone, A.J. van der Poorten, C. Swart, H.W.

Braden, V.Z. Enol'skii, Yu.N. Fedorov, S. Fomin, A. Zelevinskii, D.

Gale, R. Schroeppel, R. Wm. Gosper, . . .
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Îïðåäåëåíèå (Áûêîâñêèé, 2014)

Ïóñòü F � ïîëå. Ïóñòü ïîñëåäîâàòåëüíîñòü {An}+∞n=−∞ ⊂ F
óäîâëåòâîðÿþò ðàçëîæåíèÿì

Am+nAm−n =

N0∑
j=1

aj(m)bj(n), (4)

Am+n+1Am−n =

N1∑
j=1

ãj(m)b̃j(n) (5)

ñ íåêîòîðûìè aj ,bj , ãj , b̃j : Z→ F è ìèíèìàëüíî âîçìîæíûìè

N0,N1 ∈ Z+ = N ∪ {0}.

Òîãäà A áóäåì íàçûâàòü

ãèïåðýëëèïòè÷åñêîé ïîñëåäîâàòåëüíîñòüþ, à âåëè÷èíû

R0(A) = N0, R1(A) = N1 � åå ðàíãàìè.
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Ïðèìåðû

1 An = an

=⇒ An+mAn−m = a2n, An+m+1An−m = a2n+1 =⇒
R0(A) = R1(A) = 1.

2 An = an2
=⇒

An+mAn−m = a(n+m)2
a(n−m)2

= a2n2
a2m2

=⇒ R0(A) = 1.

3 An = an + bn =⇒

An+mAn−m = (an+m + bn+m)(an−m + bn−m) =

= (a2n + b2n) + anbn(amb−m + a−mbm).

4 Bn = Ananbn2
=⇒ Rj(A) = Rj(B).
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Ïðèìåðû

Ïóñòü f : F → F , ïðè÷åì

f (x + y)f (x − y) =
N∑

j=1

αj(x)βj(y). (6)

Ïóñòü An = f (vn + w), n ∈ Z.
Òîãäà A � ãèïåðýëëèïòè÷åñêàÿ ïîñëåäîâàòåëüíîñòü.

1 f � ìíîãî÷ëåí

èëè òðèãîíîìåòðè÷åñêèé ìíîãî÷ëåí

.

2 F = C, f � êâàçèìíîãî÷ëåí.

Ôóíêöèÿ f íàçûâàåòñÿ
êâàçèìíîãî÷ëåíîì, åñëè f (z) = P1(z)eλ1z + . . .+ Pr (z)eλ1z , ãäå

P1, . . . ,Pr � ìíîãî÷ëåíû.

3 f = θ, f = σ.

4 f = Lθ, ãäå L � êîìïîçèöèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ è

ðàçíîñòíûõ îïåðàòîðîâ ñ êâàçèìíîãî÷ëåíàìè â êà÷åñòâå

êîýôôèöèåíòîâ.
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Ñâÿçü ñ ôóíêöèîíàëüíûìè óðàâíåíèÿìè (ïðè F = C)

Ïóñòü f � öåëàÿ 1-ïåðèîäè÷åñêàÿ C→ C.

f (x + y)f (x − y) =
N∑

j=1

αj(x)βj(y). (7)

f (z) =
∑
n∈Z

Ane2πinz . (8)

Òåîðåìà (À.È., Ì. Ðîìàíîâ, 2017)

Öåëàÿ ôóíêöèÿ f : C→ C óäîâëåòâîðÿåò (7), (8) ⇐⇒{
Am+nAm−n =

∑N0
j=1 aj(m)bj(n),

Am+n+1Am−n =
∑N1

j=1 ãj(m)b̃j(n)
(9)

ïðè÷åì N = N0 + N1.
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Äåòåðìèíàíòíûå óðàâíåíèÿ

Åñëè A : Z→ F è m0, . . . ,mk ,n0, . . . ,nk ∈ Z, òî ïîëàãàåì

DA

(
n0 . . . mk

m0 . . . mk

)
= det


An0+m0An0−m0 . . . An0+mk An0−mk

...
...

Ank+m0Ank−m0 . . . Ank+mk Ank−mk

 ,

Ëåììà

Íåðàâåíñòâî R0(A) ≤ k
(ò.å. ðàçëîæåíèå An+mAn−m = a1(n)b1(m) + . . .+ ak (n)bk (m))

ýêâèâàëåíòíî òîìó, ÷òî

DA

(
n0 . . . nk

m0 . . . mk

)
= 0 äëÿ âñåõ m0, . . . ,mk ,n0, . . . ,nk ∈ Z.
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D̂A

(
n0 . . . nk

m0 . . . mk

)
= DA

(
n0 + 1/2 . . . nk + 1/2
m0 + 1/2 . . . mk + 1/2

)
=

= det


An0+m0+1An0−m0 . . . An0+mk+1An0−mk

...
...

Ank+m0+1Ank−m0 . . . Ank+mk+1Ank−mk

 .

Ëåììà

Íåðàâåíñòâî R1(A) ≤ k
(ò.å. ðàçëîæåíèå An+m+1An−m = ã1(n)b̃1(m) + . . .+ ãk (n)b̃k (m))

ýêâèâàëåíòíî òîìó, ÷òî

D̂A

(
n0 . . . nk

m0 . . . mk

)
= 0 äëÿ âñåõ m0, . . . ,mk ,n0, . . . ,nk ∈ Z.
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Êðèïòîãðàôè÷åñêèå ïðèëîæåíèÿ

(Richard Schroeppel, Hilarie Orman, R. Wm. Gosper;

Kristin E. Lauter, Katherine E. Stange è äð.)

Ïóñòü R0(A) ≤ 2, R1(A) ≤ 2,

A−1 = −1, A0 = 0, A1 = A2 = 1, A3 = β, A4 = γ. (10)

Òîãäà äëÿ âñåõ öåëûõ n, k

DA

(
n 1 0
k 1 0

)
=

∣∣∣∣∣∣∣
An+kAn−k An+1An−1 A2

n

A1+kA1−k 0 1
AkA−k −1 0

∣∣∣∣∣∣∣ = 0,

(11)

=⇒ An+kAn−k = −AkA−kAn+1An−1 + A1+kA1−kA2
n

(12)

=⇒ A−n = −An (ïîñëåäîâàòåëüíîñòü A íå÷åòíàÿ)

=⇒ An+kAn−k = A2
kAn+1An−1 − Ak+1Ak−1A2

n.
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Ò.î. âûïîëíÿþòñÿ óðàâíåíèÿ

An+kAn−k = A2
kAn+1An−1 − Ak+1Ak−1A2

n, (13)

An+k+1An−k = AkAk+1An+2An−1 − Ak+2Ak−1AnAn+1. (14)

=⇒
An+2An−2 = An+1An−1 − βA2

n,

An+2An−3 = βAn+1An−2 − γAn−1An.
(15)

Çàìåíÿÿ â (13), (14) n íà n + k , ïîëó÷àåì ôîðìóëû ¾óäâîåíèÿ¿

An+2k = A−1
n

(
A2

kAn+k+1An+k−1 − Ak+1Ak−1A2
n+k

)
, (16)

An+2k+1 = A−1
n (AkAk+1An+k+2An+k+1 − Ak+2Ak−1An+kAn+k+1) .

Äëÿ ëþáîãî n ∈ Z îïðåäåëèì S(n) = (An−1,An,An+1,An+2).

Ëåììà 2

Ïóñòü çàäàíû íà÷àëüíûå äàííûå (β, γ,F) è ÷åòâåðêè S(n), S(k),

S(n + k) (íîìåð n íåèçâåñòåí!). Òîãäà ìîæíî âû÷èñëèòü ÷åòâåðêó

S(n + 2k), èñïîëüçóÿ O(1) ýëåìåíòàðíûõ îïåðàöèé â ïîëå F.
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Ïîñëåäîâàòåëüíîñòü A îïðåäåëåíà âûøå.

S(n) = (An−1,An,An+1,An+2)

Çàäà÷à 1

Äàíî β, γ, F, ÷åòâåðêà S(n) è íîìåð m (íîìåð n íåèçâåñòåí).

Íàéòè S(n + m).
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Ñóùåñòâóåò àëãîðèòì ðåøåíèÿ çàäà÷è 1 ñëîæíîñòü êîòîðîãî ðàâíà

ñëîæíîñòè âûïîëíåíèÿ O(ln m) ýëåìåíòàðíûõ îïåðàöèé â ïîëå F.

Äîêàçàòåëüñòâî =

= ëåììà 2 + áèíàðíûé àëãîðèòì âîçâåäåíèÿ â ñòåïåíü.
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Àíàëîã àëãîðèòìà Äèôôè-Õåëëìàíà

Àáîíåíòû B1, B2, èñïîëüçóÿ îòêðûòûé êàíàë ñâÿçè, âûáèðàþò ïîëå

F è íà÷àëüíûå äàííûå β, γ. Ïîñëå ýòîãî îíè âûðàáàòûâàþò îáùèé

ñåêðåòíûé êëþ÷ K ∈ F4, èñïîëüçóÿ ñëåäóþùèé àëãîðèòì.

1 Àáîíåíò B1 âûáèðàåò k1 ∈ N, âû÷èñëÿåò S(k1) è ïîñûëàåò

àáîíåíòó B2 ñîîáùåíèå S(k1) (íîìåð k1 õðàíèòñÿ â ñåêðåòå).

2 Àáîíåíò B2 âûáèðàåò k2 ∈ N, âû÷èñëÿåò S(k2) è ïîñûëàåò

àáîíåíòó B1 ñîîáùåíèå S(k2) (íîìåð k2 õðàíèòñÿ â ñåêðåòå).

3 Àáîíåíò B2, çíàÿ íîìåð k2 è ÷åòâåðêó S(k1), âû÷èñëÿåò

S(k1 + k2). Àáîíåíò B1 . . .

Îáùèì ñåêðåòîì ÿâëÿåòñÿ K = S(k1 + k2).

Ïàññèâíûé ïðîòèâíèê çíàåò ÷åòâåðêè S(k1) è S(k2). Íîìåðà k1 è k2

åìó íåèçâåñòíû; S(k1 + k2) =?

Çàäà÷à (ïðîòèâíèêà). Íàéòè íîìåð k , çíàÿ (Ak−1,Ak ,Ak+1,Ak+2).
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Àíàëîã àëãîðèòìà Ýëü-Ãàìàëÿ

Îáùèå ïàðàìåòðû: ïîëå F, β, γ ∈ F è n ∈ N.
Ñåêðåòíûé êëþ÷ àáîíåíòà B: k ∈ N.
Îòêðûòûé êëþ÷: ÷åòâåðêà S(k) = (Ak−1,Ak ,Ak+1,Ak+2).

Àëãîðèòì øèôðîâàíèÿ

ñîîáùåíèÿ x = x−1x0x1x2 ∈ F4, îòïðàâëÿåìîãî àáîíåíòó B.

1 Âûáèðàåì ñåàíñîâûé êëþ÷ r ∈ N.
2 Âû÷èñëÿåì ÷åòâåðêè S(n + r) è S(n + k + r).

3 Âû÷èñëÿåì y = y−1y0y1y2 ∈ F4 ïî ôîðìóëàì: yj = xj · An+k+r+j .

4 Âûñûëàåì àáîíåíòó B øèôðòåêñò (S(n + r), y).

Àáîíåíò B ïîëó÷àåò øèôðòåêñò (S(n + r), y). Âû÷èñëÿåò

S(n + k + r) è íàõîäèò îòêðûòûé òåêñò x = x−1x0x1x2 ïî ôîðìóëàì

xj = yj · A−1
n+k+r+j , j = −1,0,1,2.
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Îòêðûòûé êëþ÷: ÷åòâåðêà S(k) = (Ak−1,Ak ,Ak+1,Ak+2).

Àëãîðèòì øèôðîâàíèÿ

ñîîáùåíèÿ x = x−1x0x1x2 ∈ F4, îòïðàâëÿåìîãî àáîíåíòó B.

1 Âûáèðàåì ñåàíñîâûé êëþ÷ r ∈ N.

2 Âû÷èñëÿåì ÷åòâåðêè S(n + r) è S(n + k + r).

3 Âû÷èñëÿåì y = y−1y0y1y2 ∈ F4 ïî ôîðìóëàì: yj = xj · An+k+r+j .

4 Âûñûëàåì àáîíåíòó B øèôðòåêñò (S(n + r), y).

Àáîíåíò B ïîëó÷àåò øèôðòåêñò (S(n + r), y). Âû÷èñëÿåò

S(n + k + r) è íàõîäèò îòêðûòûé òåêñò x = x−1x0x1x2 ïî ôîðìóëàì

xj = yj · A−1
n+k+r+j , j = −1,0,1,2.
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Âîïðîñ î ñóùåñòâîâàíèè

Ïóñòü F � ïðîèçâîëüíîå (êîíå÷íîå) ïîëå.

Çàäà÷à 1

Ïóñòü β, γ ∈ F. Ïðè êàêèõ óñëîâèÿõ íà β, γ ñóùåñòâóåò

åäèíñòâåííàÿ ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî

R0(A) ≤ 2, R1(A) ≤ 2, (17)

A−1 = −1, A0 = 0, A1 = A2 = 1, A3 = β, A4 = γ? (18)

Çàäà÷à 2

Ïóñòü α0, α1 . . . , α5 ∈ F è n0 ∈ Z. Ïðè êàêèõ óñëîâèÿõ íà αj

ñóùåñòâóåò åäèíñòâåííàÿ ïîñëåäîâàòåëüíîñòü A, óäîâëåòâîðÿþùàÿ
(17) è íà÷àëüíûì óñëîâèÿì: An0+j = αj , j = 0,1, . . . ,5?

Åñëè F = C, òî îòâåò âûòåêàåò èç èçâåñòíûõ ðåçóëüòàòîâ.
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Ðåçóëüòàòû î ñóùåñòâîâàíèè

Òåîðåìà 1

Ïóñòü α, β, γ ∈ F, ïðè÷åì αβ 6= 0. Ñóùåñòâóåò åäèíñòâåííàÿ
ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî

A−1 = −α, A0 = 0, A1 = A2 = 1, A3 = β, A4 = γ; (19)

R0(A) ≤ 2, R1(A) ≤ 2. (20)

Áîëåå òîãî, äëÿ âñåõ n, k ∈ Z

A−n = −αnAn, (21)

An+kAn−k = αk−1
(

A2
kAn+1An−1 − Ak+1Ak−1A2

n

)
, (22)

An+k+1An−k = αk−1 (AkAk+1An+2An−1 − Ak+2Ak−1AnAn+1) .(23)
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Ñõåìà äîêàçàòåëüñòâà

DA

(
n 1 0
2 1 0

)
=

∣∣∣∣∣∣∣
An+2An−2 An+1An−1 A2

n

−αβ 0 1
−1 −α 0

∣∣∣∣∣∣∣ = 0. (24)

D̂A

(
n − 1 1 0

2 1 0

)
=

∣∣∣∣∣∣∣
An+2An−3 An+1An−2 AnAn−1

−αγ 0 1
−β −α 0

∣∣∣∣∣∣∣ = 0. (25)

Îïðåäåëÿåì ïîñëåäîâàòåëüíîñòü A ïî ôîðìóëàì

An+2 = α
An+1An−1 − βA2

n
An−2

ïðè n ≥ 3, An−2 6= 0, (26)

An+2 = −αγAnAn−1

An−3
ïðè n ≥ 3, An−2 = 0. (27)

A−n = −αnAn, n ≥ 2. (28)

Àíäðåé Èëëàðèîíîâ 16 / 23



Ñõåìà äîêàçàòåëüñòâà

DA

(
n 1 0
2 1 0

)
=

∣∣∣∣∣∣∣
An+2An−2 An+1An−1 A2

n

−αβ 0 1
−1 −α 0

∣∣∣∣∣∣∣ = 0. (24)

D̂A

(
n − 1 1 0

2 1 0

)
=

∣∣∣∣∣∣∣
An+2An−3 An+1An−2 AnAn−1

−αγ 0 1
−β −α 0

∣∣∣∣∣∣∣ = 0. (25)

Îïðåäåëÿåì ïîñëåäîâàòåëüíîñòü A ïî ôîðìóëàì

An+2 = α
An+1An−1 − βA2

n
An−2

ïðè n ≥ 3, An−2 6= 0, (26)

An+2 = −αγAnAn−1

An−3
ïðè n ≥ 3, An−2 = 0. (27)

A−n = −αnAn, n ≥ 2. (28)

Àíäðåé Èëëàðèîíîâ 16 / 23



Äîñòàòî÷íî äîêàçàòü, ÷òî

An+kAn−k = αk−1 (A2
kAn+1An−1 − Ak+1Ak−1A2

n
)
,

An+k+1An−k = αk−1 (AkAk+1An+2An−1 − Ak+2Ak−1AnAn+1) .
(29)

1 Èç îïðåäåëåíèÿ A (ôîðìóëà (26)) ¾ïî÷òè ñðàçó¿ âûòåêàåò, ÷òî

An+2An−2 = α
(

An+1An−1 − βA2
n

)
, (30)

2 Èñïîëüçóÿ (30) è èíäóêöèþ ïî n, äîêàçûâàåì, ÷òî

An+3An−2 = α (βAn+2An−1 − γAnAn+1) . (31)

3 Âû÷èñëÿÿ An+3An−2An−1 äâóìÿ ñïîñîáàìè

(An+3An−1 = . . . è An+3An−2 = . . .), ïîëó÷àåì

β(αA3
n + A2

n−1An+2 + A2
n+1An−2) = (α + γ)An−1AnAn+1. (32)

4 Ïîñëå ýòîãî, (29) ïîëó÷àþòñÿ èíäóêöèåé ïî k = 2,3, . . .
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Ñëåäñòâèÿ

Ñëåäñòâèå 2

Ïóñòü α−1, α1, α2, α3 ∈ F \ {0}, α4 ∈ F. Òîãäà ñóùåñòâóåò
åäèíñòâåííàÿ ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî

Aj = αj , j = −1,1,2,3,4, A0 = 0; Rj(A) ≤ 2, j = 0,1.

Ëåììà

Åñëè ïîëå F êîíå÷íî, òî ïîñëåäîâàòåëüíîñòü A èìååò ïåðèîä ω,

ïðè÷åì ω ≤ |F|4 è ω äåëèòñÿ íà ord (α), α = −α−1α
−1
1 .
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Äðóãèå âàðèàíòû íà÷àëüíûõ äàííûõ

Åñëè Rj(A) ≤ 2 è Bn = A−n, Cn = An+n0 , òî Rj(B) ≤ 2 è Rj(C) ≤ 2.

Ïîýòîìó îñòàëîñü ðàññìîòðåòü 2 âàðèàíòà:

A0 = 0, Aj = αj , j = 1, . . . ,5;

(33)

A−2 = α−2, A−1 = α−1, A0 = 0, Aj = αj , j = 1,2,3.

(34)

Ñëåäñòâèå 4

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (33)

ñóùåñòâóåò ⇐⇒ α4α
3
2 6= α1α

3
3. Åñëè òàêàÿ ïîñëåäîâàòåëüíîñòü

ñóùåñòâóåò, òî îíà åäèíñòâåííà.

Ñëåäñòâèå 5

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (34)

ñóùåñòâóåò ⇐⇒ α−2α1 = α2α
2
−1. Äëÿ åäèíñòâåííîñòè íåîáõîäèìî è

äîñòàòî÷íî çàäàòü äîïîëíèòåëüíîå óñëîâèå: A4 = α4.

Àíäðåé Èëëàðèîíîâ 19 / 23



Äðóãèå âàðèàíòû íà÷àëüíûõ äàííûõ

Åñëè Rj(A) ≤ 2 è Bn = A−n, Cn = An+n0 , òî Rj(B) ≤ 2 è Rj(C) ≤ 2.
Ïîýòîìó îñòàëîñü ðàññìîòðåòü 2 âàðèàíòà:

A0 = 0, Aj = αj , j = 1, . . . ,5;

(33)

A−2 = α−2, A−1 = α−1, A0 = 0, Aj = αj , j = 1,2,3.

(34)

Ñëåäñòâèå 4

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (33)

ñóùåñòâóåò ⇐⇒ α4α
3
2 6= α1α

3
3. Åñëè òàêàÿ ïîñëåäîâàòåëüíîñòü

ñóùåñòâóåò, òî îíà åäèíñòâåííà.

Ñëåäñòâèå 5

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (34)

ñóùåñòâóåò ⇐⇒ α−2α1 = α2α
2
−1. Äëÿ åäèíñòâåííîñòè íåîáõîäèìî è

äîñòàòî÷íî çàäàòü äîïîëíèòåëüíîå óñëîâèå: A4 = α4.

Àíäðåé Èëëàðèîíîâ 19 / 23



Äðóãèå âàðèàíòû íà÷àëüíûõ äàííûõ

Åñëè Rj(A) ≤ 2 è Bn = A−n, Cn = An+n0 , òî Rj(B) ≤ 2 è Rj(C) ≤ 2.
Ïîýòîìó îñòàëîñü ðàññìîòðåòü 2 âàðèàíòà:

A0 = 0, Aj = αj , j = 1, . . . ,5; (33)

A−2 = α−2, A−1 = α−1, A0 = 0, Aj = αj , j = 1,2,3.

(34)

Ñëåäñòâèå 4

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (33)

ñóùåñòâóåò ⇐⇒ α4α
3
2 6= α1α

3
3. Åñëè òàêàÿ ïîñëåäîâàòåëüíîñòü

ñóùåñòâóåò, òî îíà åäèíñòâåííà.

Ñëåäñòâèå 5

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (34)

ñóùåñòâóåò ⇐⇒ α−2α1 = α2α
2
−1. Äëÿ åäèíñòâåííîñòè íåîáõîäèìî è

äîñòàòî÷íî çàäàòü äîïîëíèòåëüíîå óñëîâèå: A4 = α4.

Àíäðåé Èëëàðèîíîâ 19 / 23



Äðóãèå âàðèàíòû íà÷àëüíûõ äàííûõ

Åñëè Rj(A) ≤ 2 è Bn = A−n, Cn = An+n0 , òî Rj(B) ≤ 2 è Rj(C) ≤ 2.
Ïîýòîìó îñòàëîñü ðàññìîòðåòü 2 âàðèàíòà:

A0 = 0, Aj = αj , j = 1, . . . ,5; (33)

A−2 = α−2, A−1 = α−1, A0 = 0, Aj = αj , j = 1,2,3. (34)

Ñëåäñòâèå 4

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (33)

ñóùåñòâóåò ⇐⇒ α4α
3
2 6= α1α

3
3. Åñëè òàêàÿ ïîñëåäîâàòåëüíîñòü

ñóùåñòâóåò, òî îíà åäèíñòâåííà.

Ñëåäñòâèå 5

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (34)

ñóùåñòâóåò ⇐⇒ α−2α1 = α2α
2
−1. Äëÿ åäèíñòâåííîñòè íåîáõîäèìî è

äîñòàòî÷íî çàäàòü äîïîëíèòåëüíîå óñëîâèå: A4 = α4.

Àíäðåé Èëëàðèîíîâ 19 / 23



Äðóãèå âàðèàíòû íà÷àëüíûõ äàííûõ

Åñëè Rj(A) ≤ 2 è Bn = A−n, Cn = An+n0 , òî Rj(B) ≤ 2 è Rj(C) ≤ 2.
Ïîýòîìó îñòàëîñü ðàññìîòðåòü 2 âàðèàíòà:

A0 = 0, Aj = αj , j = 1, . . . ,5; (33)

A−2 = α−2, A−1 = α−1, A0 = 0, Aj = αj , j = 1,2,3. (34)

Ñëåäñòâèå 4

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (33)

ñóùåñòâóåò ⇐⇒ α4α
3
2 6= α1α

3
3. Åñëè òàêàÿ ïîñëåäîâàòåëüíîñòü

ñóùåñòâóåò, òî îíà åäèíñòâåííà.

Ñëåäñòâèå 5

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (34)

ñóùåñòâóåò ⇐⇒ α−2α1 = α2α
2
−1. Äëÿ åäèíñòâåííîñòè íåîáõîäèìî è

äîñòàòî÷íî çàäàòü äîïîëíèòåëüíîå óñëîâèå: A4 = α4.

Àíäðåé Èëëàðèîíîâ 19 / 23



Äðóãèå âàðèàíòû íà÷àëüíûõ äàííûõ

Åñëè Rj(A) ≤ 2 è Bn = A−n, Cn = An+n0 , òî Rj(B) ≤ 2 è Rj(C) ≤ 2.
Ïîýòîìó îñòàëîñü ðàññìîòðåòü 2 âàðèàíòà:

A0 = 0, Aj = αj , j = 1, . . . ,5; (33)

A−2 = α−2, A−1 = α−1, A0 = 0, Aj = αj , j = 1,2,3. (34)

Ñëåäñòâèå 4

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (33)

ñóùåñòâóåò ⇐⇒ α4α
3
2 6= α1α

3
3. Åñëè òàêàÿ ïîñëåäîâàòåëüíîñòü

ñóùåñòâóåò, òî îíà åäèíñòâåííà.

Ñëåäñòâèå 5

Ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî Rj(A) ≤ 2 è âûïîëíÿþòñÿ (34)

ñóùåñòâóåò ⇐⇒ α−2α1 = α2α
2
−1. Äëÿ åäèíñòâåííîñòè íåîáõîäèìî è

äîñòàòî÷íî çàäàòü äîïîëíèòåëüíîå óñëîâèå: A4 = α4.

Àíäðåé Èëëàðèîíîâ 19 / 23



Ñëó÷àé ¾íóëåé íåò¿

A−2 = α−2, A−1 = α−1, . . . ,A3 = α3. (35)

Òåîðåìà 2

Ïóñòü αj ∈ F \ {0}, j = −2,−1, . . . ,3, ïðè÷åì ∆1 6= 0, ãäå

∆1 =

∣∣∣∣∣ α2α0 α2
1

α1α−1 α2
0

∣∣∣∣∣ = α2α
3
0 − α−1α

3
1.

Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ ïîñëåäîâàòåëüíîñòü A òàêàÿ, ÷òî

Rj(A) ≤ 2 è âûïîëíÿþòñÿ íà÷àëüíûå óñëîâèÿ (35).
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Ñõåìà äîêàçàòåëüñòâà

Ïîñëåäîâàòåëüíîñòü A äîëæíà óäîâëåòâîðÿòü óñëîâèþ:

DA

(
n 1 0
2 1 0

)
=

∣∣∣∣∣∣∣
An+2An−2 An+1An−1 A2

n

α3α−1 α2α0 α2
1

α2α−2 α1α−1 α2
0

∣∣∣∣∣∣∣ =

= ∆1An+2An−2 −∆2An+1An−1 + ∆3A2
n = 0,

=⇒ An+2An−2 = aAn+1An−1 + bA2
n, (36)

An+2 =
aAn+1An−1 + bA2

n
An−2

, n ≥ 4; (37)

An−2 =
aAn+1An−1 + bA2

n
An+2

, n ≤ −3. (38)

Åñëè ñðåäè ýëåìåíòîâ A âñòðåòèëñÿ íîëü, òî âñå ñâîäèòñÿ ê ðàíåå

èçó÷åííîìó ñëó÷àþ.
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Ïóñòü ïîñëåäîâàòåëüíîñòü A íå ñîäåðæèò íóëåé. Ïîëîæèì

T =
A2

1A−2 + A2
−1A2 + aA3

0

A−1A0A1
.

Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {Wn} ⊂ F(
√

a) òàêàÿ, ÷òî

W±1 = ±1, W0 = 0, W2 = −
√

a, W3 = −b, W4 =
√

a(a2 + Tb),

W−n = −Wn,

Wn+kWn−k = W 2
k Wn+1Wn−1 −Wk+1Wk−1W 2

n ,

−
√

aWn+k+1Wn−k = WkWk+1Wn+2Wn−1 −Wk+2Wk−1Wn+1Wn.

(39)

Èñïîëüçóÿ èíäóêöèþ ïî k , äîêàçûâàåì, ÷òî

An+kAn−k = W 2
k An+1An−1 −Wk−1Wk+1A2

n, (40)

An+k+1An−k = −Wk+1Wk√
a

An+2An−1 +
Wk+2Wk−1√

a
An+1An.(41)
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THE END.

THANK YOU!

Àíäðåé Èëëàðèîíîâ 23 / 23


