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Ñèñòåìà ¾õèùíèê-æåðòâà¿

Â íàñòîÿùåì èññëåäîâàíèè ðàññìîòðåíà ñèñòåìà

ut = α1ux + β1(uvxx + vxux) + f (u, v),

vt = α2vx − β2(vuxx + uxvx) + g(v , u),

α1,2, β1,2 ∈ R,
β1,2 6= 0.

(1)

Çäåñü t, x � íåçàâèñèìûå ïåðåìåííûå; u(t, x) è v(t, x)� èñêîìûå ôóíê-
öèè; f , g � èçâåñòíûå ôóíêöèè, êîòîðûå ïðåäïîëàãàþòñÿ äîñòàòî÷íî
ãëàäêèìè, ïðè÷åì f (0, 0) = g(0, 0) = 0.
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Ñèñòåìà ¾õèùíèê-æåðòâà¿

Ñèñòåìà (1) èìååò, âîîáùå ãîâîðÿ, ïàðàáîëè÷åñêèé òèï è èñïîëüçóåòñÿ
â áèîëîãèè1 ïðè îïèñàíèè ïîïóëÿöèîííîé äèíàìèêè äâóõ âçàèìîäåé-
ñòâóþùèõ âèäîâ � õèùíèêîâ v è æåðòâ u.

Òàêàÿ ñèñòåìà òèïà ¾õèùíèê-æåðòâà¿ îáîáùàåò ñèñòåìó îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé, ëåæàùóþ â îñíîâå õîðîøî èçâåñòíîé
ìîäåëè Ëîòêè-Âîëüòåððà2:

x ′ = kx − axy ,

y ′ = −ly + bxy ,
a, b, k, l ∈ R. (2)

1Murray J.D. Mathematical biology II: Spatial models and biomedical applications.
Interdisciplinary applied mathematics. Vol. 18. New York: Springer. 2003.

2Àðíîëüä Â.È. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ì.: ÌÖÍÌÎ. 2012.
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Íåëèíåéíûå ñèñòåìû ñ âûðîæäåíèåì

Ýâîëþöèîííûå óðàâíåíèÿ è ñèñòåìû ïàðàáîëè÷åñêîãî òèïà ÷àñòî ëåæàò
â îñíîâå ïîïóëÿðíûõ ìîäåëåé ðàçëè÷íûõ êîíâåêòèâíûõ3,4 è ðåàêöèîííî-
äèôôóçèîííûõ ïðîöåññîâ5,6. Òàêæå ïîäîáíûå îáúåêòû øèðîêî ïðèìå-
íÿþòñÿ â ìàòåìàòè÷åñêîé áèîëîãèè7,8, à òàêæå ïðè ìîäåëèðîâàíèè ðàñ-
ïðîñòðàíåíèÿ çàãðÿçíÿþùèõ ïðèìåñåé9.

3Àíäðååâ Â.Ê., Ãàïîíåíêî Þ.À., Ãîí÷àðîâà Î.Í., Ïóõíà÷åâ Â.Â. Cîâðåìåííûå ìàòåìà-
òè÷åñêèå ìîäåëè êîíâåêöèè. Ì.: Ôèçìàòëèò. 2008.

4Bergman T.L., Lavine A.S., Incopera F.P., Dewitt D.P. Fundamentals of heat and mass
transfer. New-York: John Wiley & Sons. 2011.

5Çåìñêîâ Å. Ï. Íåóñòîé÷èâîñòü Òüþðèíãà â ðåàêöèîííî-äèôôóçèîííûõ ñèñòåìàõ ñ íåëè-
íåéíîé äèôôóçèåé // Æóðíàë ýêñïåðèìåíòàëüíîé è òåîðåòè÷åñêîé ôèçèêè. 2013.

6Gambino G., Lombardo M. C., Sammartino M., Sciacca V. Turing pattern formation in the
Brusselator system with nonlinear di�usion. Physical Review E. 2013.

7Murray J.D. Mathematical biology II: Spatial models and biomedical applications.
Interdisciplinary applied mathematics. Vol. 18. New York: Springer. 2003.

8Telch B. Global boundedness in a chemotaxis quasilinear parabolic predator�prey system with
pursuit-evasion. 2021.

9Perthame B. Parabolic equations in biology. Growth, reaction, movement and di�usion. NY,
Springer. 2015.
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Íåëèíåéíûå ñèñòåìû ñ âûðîæäåíèåì

Ñèñòåìà (1) îòíîñèòñÿ ê êëàññó âûðîæäàþùèõñÿ10 ïðè u = v = 0. Ïðè
ýòîì îáðàùàþòñÿ ìíîæèòåëè ïðè ñòàðøèõ ïðîèçâîäíûõ.

Â ýòîì ñëó÷àå ó ñèñòåìû (1) ìîãóò ñóùåñòâîâàòü ðåøåíèÿ ñ íóëåâûì
ôðîíòîì. ßðêèé ïðèìåð òàêèõ ðåøåíèé � òåïëîâûå11 (ôèëüòðàöèîí-
íûå12, äèôôóçèîííûå13) âîëíû, ðàñïðîñòðàíÿþùèåñÿ ïî íóëåâîìó ôî-
íó ñ êîíå÷íîé ñêîðîñòüþ.

10DiBenedetto E. Degenerate Parabolic Equations. NY: Springer-Verlag. 1993.
11Ñàìàðñêèé À.À., Ãàëàêòèîíîâ Â.À., Êóðäþìîâ Ñ.Ï., Ìèõàéëîâ À.Ï. Ðåæèìû ñ îáîñòðå-

íèåì â çàäà÷àõ äëÿ êâàçèëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé. Ì.: Íàóêà. 1987.
12Ñèäîðîâ À.Ô. Èçáðàííûå òðóäû: Ìàòåìàòèêà. Ìåõàíèêà. Ì.: Ôèçìàòëèò. 2001.
13Kazakov A. L., Kuznetsov P. A., Lempert A. A. Analytical solutions to the singular problem

for a system of nonlinear parabolic equations of the reaction-di�usion type // Symmetry. 2020.
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Ïðèìåð ðåøåíèÿ ñ íóëåâûì ôðîíòîì

u

t

x0

u=0

u=
f(
t)

x=
a(t)

x=
b(
t)

Ðèñ. 1. Îäíîìåðíàÿ òåïëîâàÿ âîëíà â ñëó÷àå îäíîãî óðàâíåíèÿ.
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Ìåòîäû ðåøåíèÿ

Àâòîðû íåîäíîêðàòíî èññëåäîâàëè ðàçðåøèìîñòü êðàåâûõ çàäà÷, ïðåä-
ïîëàãàþùèõ íàëè÷èå ïîäîáíîãî ðîäà ðåøåíèé, äëÿ íåëèíåéíûõ óðàâíå-
íèé è ñèñòåì ïàðàáîëè÷åñêîãî òèïà ñ âûðîæäåíèåì. Ïðè ýòîì èñïîëü-
çóåòñÿ öåëûé êîìïëåêñ ìåòîäîâ:

1 Ìåòîä ñòåïåííûõ (õàðàêòåðèñòè÷åñêèõ) ðÿäîâ.
2 Ìåòîä ìàæîðàíò.
3 Ìåòîä ðåäóêöèé ê îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì
(ÎÄÓ).

4 Ðàçëè÷íûå ÷èñëåííûå ìåòîäû (ìåòîä ãðàíè÷íûõ ýëåìåíòîâ,
ìåòîä ðàäèàëüíûõ áàçèñíûõ ôóíêöèé).
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Ìåòîä ðÿäîâ

Äëÿ ïîñòðîåíèÿ èñïîëüçóåòñÿ ìåòîä ðÿäîâ, àäàïòèðîâàííûé â íàó÷íîé
øêîëå À.Ô. Ñèäîðîâà äëÿ ðåøåíèÿ ïàðàáîëè÷åñêèõ çàäà÷ ñ âûðîæäåíè-
åì (õàðàêòåðèñòè÷åñêèå14 è ñïåöèàëüíûå15 ðÿäû). Ñ ïîìîùüþ íåãî ïî-
ñòðîåíû ðåøåíèÿ ñ íóëåâûì ôðîíòîì â îäíîìåðíîì16, ñèììåòðè÷íîì17

è ñóùåñòâåííî íåîäíîìåðíîì ñëó÷àÿõ18. Ñõîäèìîñòü äîêàçûâàåòñÿ ìå-
òîäîì ìàæîðàíò ñ èñïîëüçîâàíèåì òåîðåìû Êîøè-Êîâàëåâñêîé.

14Filimonov M.Yu., Korzunin L.G., Sidorov A.F. Approximate methods for solving nonlinear
initial boundary-value problems based on special construction of series // Russian Journal of
Numerical Analysis and Mathematical Modelling. 1993.

15Ôèëèìîíîâ Ì.Þ. Ïðèìåíåíèå ìåòîäà ñïåöèàëüíûõ ðÿäîâ äëÿ ïîñòðîåíèÿ íîâûõ êëàñ-
ñîâ ðåøåíèé íåëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè // Äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ. 2003.

16Êàçàêîâ À.Ë., Ëåìïåðò À.À. Àíàëèòè÷åñêîå è ÷èñëåííîå èññëåäîâàíèå îäíîé êðàåâîé
çàäà÷è íåëèíåéíîé ôèëüòðàöèè ñ âûðîæäåíèåì // Âû÷èñëèòåëüíûå òåõíîëîãèè. 2012.

17Kazakov A.L., Kuznetsov P.A., Lempert A.A. Analytical solutions to the singular problem for
a system of nonlinear parabolic equations of the reaction-di�usion type // Symmetry. 2020.

18Êàçàêîâ À.Ë., Êóçíåöîâ Ï.À., Ñïåâàê Ë.Ô. Îá îäíîé êðàåâîé çàäà÷å ñ âûðîæäåíèåì
äëÿ íåëèíåéíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè â ñôåðè÷åñêèõ êîîðäèíàòàõ // Òðóäû ÈÌÌ
ÓðÎ ÐÀÍ. 2014.
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Ìåòîä ðåäóêöèè ê ÎÄÓ

Òî÷íûå ðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû äëÿ âåðèôèêàöèè ÷èëåííûõ
ðàñ÷åòîâ, à òàêæå îöåíêè ðàäèóñà ñõîäèìîñòè. Íåêîòîðûå òî÷íûå ðåøå-
íèÿ ñ íóëåâûì ôðîíòîì ïðåäñòàâëåíû â óæå óïîìÿíóòîé ìîíîãððàôèè
àêàä. À.À. Ñàìàðñêîãî.

Ïðè ïîñòðîåíèè òî÷íûõ ðåøåíèé íàìè èñïîëüçóåòñÿ ìåòîä ðåäóêöèè,
ðàññìàòðèâàåìàÿ çàäà÷à ñâîäèòñÿ ê çàäà÷å Êîøè äëÿ ÎÄÓ (ñèñòåìû
ÎÄÓ), íàñëåäóþùåé âûðîæäåíèå. Ïðè ýòîì ðåøåíèÿ ïðåäñòàâëÿþòñÿ â
ôîðìå àíçàöåâ ðàçëè÷íîãî âèäà19,20.

19Êàçàêîâ À.Ë., Ëåìïåðò À.À. Àíàëèòè÷åñêîå è ÷èñëåííîå èññëåäîâàíèå îäíîé êðàåâîé
çàäà÷è íåëèíåéíîé ôèëüòðàöèè ñ âûðîæäåíèåì // Âû÷èñëèòåëüíûå òåõíîëîãèè. 2012.

20Kazakov A.L., Kuznetsov P.A., Lempert A.A. Analytical solutions to the singular problem for
a system of nonlinear parabolic equations of the reaction-di�usion type // Symmetry. 2020.
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×èñëåííûå ìåòîäû

Ïîëó÷åííûå ðåêóððåíòíûå ôîðìóëû êîýôôèöèåíòîâ ðÿäîâ, à òàêæå òî÷-
íûå ðåøåíèÿ ìîãóò áûòü èñïîëüçîâàíû äëÿ âåðèôèêàöèè ÷èñëåííûõ
ðàñ÷åòîâ.

Â íåêîòîðûõ ñòàòüÿõ ïðèâåäåíû ÷èñëåííûå ðàñ÷åòû, âûïîëíåííûå ìå-
òîäîì ãðàíè÷íûõ ýëåìåíòîâ21 è ìåòîäîì ðàäèàëüíûõ áàçèñíûõ ôóíê-
öèé22.

21Êàçàêîâ À.Ë., Êóçíåöîâ Ï.À., Ñïåâàê Ë.Ô. Ïîñòðîåíèå ðåøåíèé êðàåâîé çàäà÷è ñ âû-
ðîæäåíèåì äëÿ íåëèíåéíîé ïàðàáîëè÷åñêîé ñèñòåìû // Ñèáèðñêèé æóðíàë èíäóñòðèàëüíîé
ìàòåìàòèêè. 2021.

22Êàçàêîâ À.Ë., Êóçíåöîâ Ï.À., Ñïåâàê Ë.Ô. Ïîñòðîåíèå ðåøåíèé âûðîæäàþùåéñÿ ñèñòå-
ìû ¾ðåàêöèÿ-äèôôóçèÿ¿ â ñëó÷àÿõ öèëèíäðè÷åñêîé è ñôåðè÷åñêîé ñèììåòðèè ïðè íåëè-
íåéíîñòÿõ îáùåãî âèäà // Èòîãè íàóêè è òåõíèêè. Ñîâðåìåííàÿ ìàòåìàòèêà è åå ïðèëîæå-
íèÿ. Òåìàòè÷åñêèå îáçîðû. 2022
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Ïîñòàíîâêà çàäà÷è

Â äîêëàäå èññëåäîâàíà ðàçðåøèìîñòü êðàåâîé çàäà÷è âèäà

ut = α1ux + β1(uvxx + vxux) + f (u, v),

vt = α2vx − β2(vuxx + uxvx) + g(v , u).
(3)

u(t, x)|x=a(t) = v(t, x)|x=a(t) = 0. (4)

Çäåñü u, v � èñêîìûå ôóíêöèè, f , g , a � èçâåñòíûå äîñòàòî÷íî ãëàäêèå
ôóíêöèè, ïðè÷åì f (0, 0) = g(0, 0) = 0.
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Ïëàí èññëåäîâàíèÿ

1 Äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è. Ïðè äîêàçàòåëüñòâå ñòðîèòñÿ
ðåøåíèå â âèäå ðÿäîâ Òåéëîðà, ñõîäèìîñòü äîêàçûâàåòñÿ ìåòîäîì
ìàæîðàíò ñ èñïîëüçîâàíèåì òåîðåìû Êîøè-Êîâàëåâñêîé.

2 Ïðèìåðû, â êîòîðûõ ïðîèñõîäèò îòñòóïëåíèå îò óñëîâèé òåîðåìû
(â òîì ÷èñëå àíàëîã êîíòðïðèìåðà Ñ.Â. Êîâàëåâñêîé).

3 Ïîñòðîåíèå íåêîòîðûõ òî÷íûõ ðåøåíèé çàäà÷è ñ ïîìîùüþ
ðåäóêöèè ê ñèñòåìàì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé.
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Îñíîâíàÿ òåîðåìà

Òåîðåìà

Ïóñòü
1 a(t) è f , g � àíàëèòè÷åñêèå ôóíêöèè â òî÷êàõ t = 0 è (0, 0)
ñîîòâåòñòâåííî;

2 a′(0) + αi 6= 0, i = 1, 2; f (0, 0) = g(0, 0) = 0.

Òîãäà çàäà÷à (3), (4) èìååò åäèíñòâåííîå íåòðèâèàëüíîå
àíàëèòè÷åñêîå ðåøåíèå â îêðåñòíîñòè êðèâîé x = a(t).
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Äîêàçàòåëüñòâî

Äëÿ óäîáñòâà ââåäåì íîâóþ ïåðåìåííóþ z = x − a(t). Çàäà÷à (3), (4)
ïðèìåò âèä

ut = (α1 + a′)uz + β1(uvzz + vzuz) + f (u, v),

vt = (α2 + a′)vz − β2(vuzz + uzvz) + g(v , u),
(5)

u(t, z)|z=0 = v(t, z)|z=0 = 0. (6)
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Ïîñòðîåíèå ðåøåíèÿ

Ðåøåíèå ïîñòðîèì â âèäå ðÿäîâ Òåéëîðà

u(t, z) =
∞∑
n=0

un(t)
zn

n! , un(t) =
∂nu
∂zn

∣∣∣
z=0

;

v(t, z) =
∞∑
n=0

vn(t)
zn

n! , vn(t) =
∂nv
∂zn

∣∣∣
z=0

.

(7)

Îïðåäåëèì êîýôôèöèåíòû ðÿäîâ. Èç êðàåâîãî óñëîâèÿ (6) ñëåäóåò òîæ-
äåñòâî u0, v0 ≡ 0.
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Ïîñòðîåíèå ðåøåíèÿ

Ïîëîæèâ â (5) z = 0, ïîëó÷èì ñèñòåìó

(α1 + a′)u1 + β1v1u1 = 0, (α2 + a′)v1 − β2u1v1 = 0, (8)

èç êîòîðîé íåñëîæíî âûðàçèòü êîýôôèöèåíòû u1, v1.

Çàìå÷àíèå 1

Ïðè α1,2 + a′ 6= 0 òîæäåñòâî u1 ≡ 0 âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà,
êîãäà âûïîëíÿåòñÿ òîæäåñòâî v1 ≡ 0. Îòñþäà ñëåäóåò, ÷òî ñèñòåìà (8)
èìååò ëèøü äâà ðåøåíèÿ: u1, v1 ≡ 0 è

v1 = −
α1 + a′

β1
, u1 =

α2 + a′

β2
. (9)

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü âûïîëíåíèå ðàâåíñòâ (9), òàê êàê
ñëó÷àé u1, v1 ≡ 0 ïðèâîäèò ê òðèâèàëüíîìó ðåøåíèþ çàäà÷è.
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Ïîñòðîåíèå ðåøåíèÿ

×òîáû íàéòè u2, v2, íåîáõîäèìî ïðîäèôôåðåíöèðîâàòü îáà óðàâíåíèÿ
ñèñòåìû (5) ïî z è ïîëîæèòü z = 0. Ïîëó÷èì ðàâåíñòâà

u′1 = (α1 + a′)u2 + β1(u1v2 + v2u1 + v1u2) + f1,

v ′1 = (α2 + a′)v2 − β2(v1u2 + u2v1 + u1v2) + g1,
(10)

â êîòîðûõ èñïîëüçîâàíû îáîçíà÷åíèÿ

f1 = [f (u, v)]z |z=0 = fu(0, 0)u1 + fv (0, 0)v1,

g1 = [g(v , u)]z |z=0 = gv (0, 0)v1 + gu(0, 0)u1.

Ðàçðåøàÿ (10), ïîëó÷èì ôîðìóëû

v2 =
u′1 − f1
2β1u1

=
a′′ − f1β2

2β1(α2 + a′)
, u2 =

v ′1 − g1
−2β2v1

= − a′′ + g1β1
2β2(α1 + a′)

. (11)
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Ïîñòðîåíèå ðåøåíèÿ

Îñòàëüíûå êîýôôèöèåíòû îïðåäåëÿþòñÿ àíàëîãè÷íî, âîçðàñòàåò ëèøü
ïîðÿäîê äèôôåðåíöèðîâàíèÿ. Ïðèìåíÿÿ ê êàæäîìó óðàâíåíèþ ñèñòåìû
(5) îïåðàòîð ∂n[.]/∂zn|z=0, ïîëó÷èì ðàâåíñòâà

u′n = (α1 + a′)un+1 + β1

(
n∑

k=0

C k
n ukvn+2−k +

n∑
k=0

C k
n vk+1un+1−k

)
+ fn,

v ′n = (α2 + a′)vn+1 − β2
(

n∑
k=0

C k
n vkun+2−k +

n∑
k=0

C k
n uk+1vn+1−k

)
+ gn,

(12)
â êîòîðûõ èñïîëüçîâàíû îáîçíà÷åíèÿ

fn =
∂nf (u, v)

∂zn

∣∣∣
z=0

, gn =
∂ng(v , u)

∂zn

∣∣∣
z=0

.
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Ïîñòðîåíèå ðåøåíèÿ

Ïðèâîäÿ ïîäîáíûå, âûðàçèì èç ôîðìóë (12) êîýôôèöèåíòû vn+1 è
un+1:

vn+1 =
β2

β1(α2+a′)(1+n)

[
u′n − β1

n∑
k=2

(
C k
n + C k−1

n

)
ukvn+2−k − fn

]
,

un+1 =
β1

β2(α1+a′)(1+n)

[
v ′n + β2

n∑
k=2

(
C k
n + C k−1

n

)
vkun+2−k − gn

]
;

n ≥ 2.

(13)

Ðåøåíèå ïîñòðîåíî â âèäå ôîðìàëüíûõ ðÿäîâ (7) ñ êîýôôèöèåíòàìè
u0, v0 ≡ 0, (9), (11), (13), ïåðâûé ýòàï äîêàçàòåëüñòâà çàâåðøåí.
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Äîêàçàòåëüñòâî ñõîäèìîñòè

Âòîðîé ýòàï äîêàçàòåëüñòâà ðàçáåðåì êðàòêî. Ñõîäèìîñòü ðÿäîâ äîêà-
æåì ìåòîäîì ìàæîðàíò.

Ïåðåä ïîñòðîåíèåì ìàæîðàíòíîé çàäà÷è ñäåëàåì â ñèñòåìå (5) çàìåíó

u(t, z) = u1z + z2U(t, z), v(t, z) = v1z + z2V (t, z), (14)

êîòîðàÿ ïðåäñòàâëÿåò ñîáîé ÷àñòè÷íîå ðàçëîæåíèå èñêîìûõ ôóíêöèé â
ðÿäû Òåéëîðà (7).

Êðàåâîå óñëîâèå (6) âûïîëíÿåòñÿ àâòîìàòè÷åñêè.
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Äîêàçàòåëüñòâî ñõîäèìîñòè

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ è äåëåíèÿ íà z çàäà÷ó (5), (6) ìîæíî ñâåñòè
ê ñèñòåìå

4V + 5zVz + z2Vzz = ξ0(t) + zξ1(t,U,V ,Ut)+

+z2ξ2(t,U,V ,Uz ,Vz) + z3ξ3(t, z ,U,V ,Uz ,Vz ,Vzz),

4U + 5zUz + z2Uzz = η0(t) + zη1(t,V ,U,Vt)+

+z2η2(t,V ,U,Vz ,Uz) + z3η3(t, z ,V ,U,Vz ,Uz ,Uzz).

(15)

Â ëåâûõ ÷àñòÿõ óðàâíåíèé (15) ñîáðàíû ñëàãàåìûå, îòíîñèòåëüíî êîòî-
ðûõ ìîãóò áûòü âûðàæåíû êîýôôèöèåíòû íàèâûñøåãî ïîðÿäêà.

Ôóíêöèè ξi , ηi , i = 0, 1, 2, 3 àíàëèòè÷åñêèå ïî ñâîèì ïåðåìåííûì (â
íà÷àëå êîîðäèíàò). Îòñþäà ñëåäóåò, ÷òî äëÿ íèõ ìîæíî ïîäîáðàòü ìà-
æîðàíòû.
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Äîêàçàòåëüñòâî ñõîäèìîñòè

Ïðè âûïîëíåíèè ìàæîðàíòíûõ îöåíîê

U|z=0,V |z=0 �W0(t), Uz |z=0,Vz |z=0 �W1(t), ξ0(t), η0(t)� ψ0(t),

ξ1, η1 � ψ1(t,W ,W ,Wt), ξ2, η2 � ψ2(t,W ,W ,Wz ,Wz),

ξ3, η3 � ψ3(t, z ,W ,W ,Wz ,Wz ,Wzz)

ðåøåíèå çàäà÷è

Wzz =
∂ψ1(t,W ,W ,Wt)

∂z
+ ψ2 + zψ3, (16)

W (t, z)|z=0 = W0(t), Wz(t, z)|z=0 = W1(t) (17)

ìàæîðèðóåò ðåøåíèå ñèñòåìû (15).
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Äîêàçàòåëüñòâî ñõîäèìîñòè

Â ýòîì ìîæíî óáåäèòüñÿ, ïîñòðîèâ ðåøåíèÿ â âèäå ðÿäîâ Òåéëîðà

U(t, z) =
∞∑
n=0

Un
zn

n!
, V (t, z) =

∞∑
n=0

Vn
zn

n!
, W (t, z) =

∞∑
n=0

Wn
zn

n!
,

Un =
∂nU

∂zn

∣∣∣
z=0

, Vn =
∂nV

∂zn

∣∣∣
z=0

, Wn =
∂nW

∂zn

∣∣∣
z=0

.

Çàäà÷ó (16), (17) ìîæíî ïðèâåñòè ê âèäó Êîâàëåâñêîé, ïðîäèôôåðåíöè-
ðîâàâ óðàâíåíèå (16) ïî z , ðàçðåøèâ åãî îòíîñèòåëüíî Wzzz è äîáàâèâ
òðåòüå êðàåâîå óñëîâèå Wzz(t, 0) = W2(t).
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Äîêàçàòåëüñòâî ñõîäèìîñòè

Ïîëüçóÿñü îáîçíà÷åíèåì ψ3 = ψ3(t, y1, y2, y3, y4, y5, y6), ïîëó÷èì çàäà÷ó

Wzzz = 1
1−zψ3y6

[
∂2ψ1

∂z2
+ ∂ψ2

∂z + ψ3 + z(ψ3y1 + ψ3y2Wz + ψ3y3Wz+

+ψ3y4Wzz + ψ3y5Wzz)
]
,

(18)

W (t, z)|z=0 = W0(t), Wz(t, z)|z=0 = W1(t), Wzz(t, z)|z=0 = W2(t).
(19)

Âñå âõîäíûå äàííûå àíàëèòè÷åñêèå, ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå
Êîøè-Êîâàëåâñêîé, ïîëó÷åííàÿ çàäà÷à èìååò åäèíñòâåííîå àíàëèòè÷å-
ñêîå ðåøåíèå. Òåîðåìà äîêàçàíà.

24 / 44



Ïðèìåð � 1

Ðàññìîòðèì çàäà÷ó

ut = β(uvxx + vxux),

vt = −β(vuxx + uxvx),
(20)

u(t, x)|t=0 = u0(x), v(t, x)|t=0 = v0(x). (21)

Çäåñü (20) � ýòî ñèñòåìà (3) ïðè β1,2 = β, α1,2 = 0, f , g ≡ 0. Êðàåâûå
óñëîâèÿ (21) âûïèñàíû îòíîñèòåëüíî ïåðåìåííîé t.
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Ïðèìåð � 1

Ïîñòðîèì ðåøåíèå â âèäå ðÿäîâ Òåéëîðà

u(t, x) =
∞∑
n=0

un(x)
tn

n!
, v(t, x) =

∞∑
n=0

vn(x)
tn

n!
. (22)

Êîýôôèöèåíòû u0(x), v0(x) èçâåñòíû, îñòàëüíûå îïðåäåëÿþòñÿ ïî ôîð-
ìóëàì

u1 = β(u0v
′′
0 + v ′0u

′
0), v1 = −β(v0u′′0 + u′0v

′
0), ...

un+1 = β

n∑
k=0

C k
n (ukv

′′
n−k+v ′ku

′
n−k), vn+1 = −β

n∑
k=0

C k
n (vku

′′
n−k+u′kv

′
n−k).

(23)
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Ïðèìåð � 1

Èìåþò ëè ðÿäû (22) íåíóëåâîé ðàäèóñ ñõîäèìîñòè çàâèñèò îò íà÷àëüíûõ
äàííûõ. Äëÿ ïðèìåðà ðàññìîòðèì ïðîñòîé, íî èëëþñòðàòèâíûé ñëó÷àé
ñòåïåííûõ ôóíêöèé

u0(x) = −x l , v0(x) = x l , l ∈ N (24)

Ïðè l = 1 ðÿäû (22) ïðåâðàùàþòñÿ â ïîëèíîìû ïåðâîé ñòåïåíè, ðåøåíèå
ñóùåñòâóåò äëÿ âñåõ t, x ∈ R è èìååò âèä

u(t, x) = −x − βt, v(t, x) = x + βt. (25)
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Ïðèìåð � 1

Â ñëó÷àå l = 2 êîýôôèöèåíòû ìîãóò áûòü çàïèñàíû â ÿâíîì âèäå

un = −βn6nn!x2, vn = βn6nn!x2. (26)

Òàêèå ôîðìóëû ïðåâðàùàþò ðÿäû (22) â ãåîìåòðè÷åñêèå ïðîãðåññèè,
ñõîäÿùèåñÿ ïðè x ∈ R è t < 1/|6β| ê ôóíêöèÿì

u(t, x) = − x2

1− 6βt
, v(t, x) =

x2

1− 6βt
. (27)
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Ïðèìåð � 1

Ðàñõîäèìîñòü æå ìîæíî íàáëþäàòü ïðè l ≥ 3. Â ÷àñòíîñòè, ïðè l = 3
ðÿäû (22) çàïèøóòñÿ â âèäå

u(t, x) = −x3
∞∑
n=0

βnbn
n!

(xt)n; v(t, x) = x3
∞∑
n=0

βnbn
n!

(xt)n. (28)

Êîýôôèöèåíòû bn îïðåäåëÿþòñÿ ðåêóððåíòíî ïî ôîðìóëàì

b0 = 1, b1 = 15, b2 = 630, ..., bn+1 = (n + 5)
n∑

k=0

C k
n (n − k + 3)bkbn−k .

(29)
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Ïðèìåð � 1

Ïîëüçóÿñü ôîðìóëîé Äàëàìáåðà, à òàêæå îöåíêîé

0 ≤ bn
n∑

k=0

C k
n (n − k + 3)bkbn−k

≤ bn
C 0
n (n + 3)b0bn

≡ 1

n + 3
,

îïðåäåëèì ðàäèóñ R ñõîäèìîñòè ñóììû â ôîðìóëàõ (28):

R = lim
n→∞

(n + 1)bn

|β|(n + 5)
n∑

k=0

C k
n (n − k + 3)bkbn−k

=
1

|β|
· 0 = 0.

Ïîëó÷èëè, ÷òî R = 0 è ðÿäû (28) ñõîäÿòñÿ ëèøü ïðè xt = 0. Îñòàëüíûå
ñëó÷àè ïðè l ≥ 4 ðàññìàòðèâàþòñÿ àíàëîãè÷íî.
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Ïðèìåð � 2

Ðàññìîòðèì ñèñòåìó (3) ïðè f , g ≡ 0:

ut = α1ux + β1(uvxx + vxux),

vt = α2vx − β2(vuxx + uxvx).
(30)

Ïóñòü òåïåðü êàæäàÿ èç íåèçâåñòíûõ ôóíêöèé èìååò ñâîé ôðîíò, çàäàí-
íûé ëèíåéíîé ôóíêöèåé

u(t, x)|x=a1t = v(t, x)|x=a2t = 0, a1,2 ∈ R. (31)
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Ïðèìåð � 2

Ðåøåíèå ïîñòðîèì â âèäå ïëîñêîñòåé u = A1t+B1x , u = A2t+B2x , ãäå
A1,2,B1,2 ∈ R. Ïîäñòàâëÿÿ ýòè êîíñòðóêöèè â (31), ïîëó÷èì ðàâåíñòâà

A1 + B1a1 = 0, A2 + B2a2 = 0. (32)

Èç (30) è (32) ñëåäóþò ôîðìóëû

u =
a2 + α2

β2
(x − a1t), v =

a1 + α1

β1
(x − a2t). (33)

Ïðè a2 > a1 ôóíêöèè u è v ïîëîæèòåëüíû â îáëàñòè

t ≥ 0, a1t < x < a2t. (34)

Òàêèì îáðàçîì, çàäà÷à (30), (31) èìååò â îáëàñòè (34) àíàëèòè÷åñêîå
ðåøåíèå â âèäå äâóõ äèôôóçèîííûõ âîëí (33) ñ ðàçíûìè ëèíåéíûìè
ôðîíòàìè.
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Òî÷íûå ðåøåíèÿ

Ïðèâåäåì íåêîòîðûå òî÷íûå ðåøåíèÿ. Ïóñòü â çàäà÷å (5), (6) ôðîíò
îïèñûâàåòñÿ ëèíåéíîé ôóíêöèåé a(t) = γt, γ ∈ R:

ut = (α1 + γ)uz + β1(uvzz + vzuz) + f (u, v),

vt = (α2 + γ)vz − β2(vuzz + uzvz) + g(v , u),
(35)

u(t, z)|z=0 = v(t, z)|z=0 = 0. (36)

Åñëè çàäà÷à (35), (36) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû, òî èìååò åäèí-
ñòâåííîå íåòðèâèàëüíîå àíàëèòè÷åñêîå ðåøåíèå. Ïîêàæåì, ÷òî ýòî ðå-
øåíèå íå çàâèñèò îò ïåðåìåííîé t, è çàäà÷à äîïóñêàåò ðåäóêöèþ ê çà-
äà÷å Êîøè äëÿ ñèñòåìû äâóõ ÎÄÓ âòîðîãî ïîðÿäêà.
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Òî÷íûå ðåøåíèÿ

Èññëåäóåì êîýôôèöèåíòû ðÿäîâ (7) â ðàññìàòðèâàåìîì ñëó÷àå. Â ñèëó
ëèíåéíîñòè ôðîíòà ïåðâûå êîýôôèöèåíòû ïîñòîÿííû è äëÿ íèõ ñïðà-
âåäëèâû ôîðìóëû

u0, v0 ≡ 0; v1 = −
α1 + γ

β1
, u1 =

α2 + γ

β2
;

v2 = −
f1β2

2β1(α2 + γ)
, u2 = −

g1β1
2β2(α1 + γ)

.
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Òî÷íûå ðåøåíèÿ

Ïîëüçóÿñü ôîðìóëîé (13), èíäóêöèåé ïî n ìîæíî äîêàçàòü, ÷òî âñå
îñòàëüíûå êîýôôèöèåíòû òàêæå ÿâëÿþòñÿ êîíñòàíòàìè

vn+1 =
−β2

β1(α2+γ)(1+n)

[
β1

n∑
k=2

(
C k
n + C k−1

n

)
ukvn+2−k + fn

]
,

un+1 =
β1

β2(α1+γ)(1+n)

[
β2

n∑
k=2

(
C k
n + C k−1

n

)
vkun+2−k − gn

]
; n ≥ 2.

Òàêèì îáðàçîì, óñòàíîâëåíà ñïðàâåäëèâîñòü íèæåñëåäóþùåãî óòâåð-
æäåíèÿ.
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Òî÷íûå ðåøåíèÿ

Óòâåðæäåíèå

Çàäà÷à (5), (6) ïðè a(t) = γt, γ ∈ R, α1,2 + γ 6= 0, f (0, 0) = g(0, 0)
ìîæåò áûòü ñâåäåíà ê çàäà÷å Êîøè äëÿ ñèñòåìû ÎÄÓ

β1(uv
′′ + v ′u′) + (α1 + γ)u′ + f (u, v) = 0,

−β2(vu′′ + u′v ′) + (α2 + γ)v ′ + g(v , u) = 0,
(37)

u(0) = v(0) = 0, v ′(0) = −α1 + γ

β1
, u′(0) =

α2 + γ

β2
, (38)

èìåþùåé åäèíñòâåííîå íåòðèâèàëüíîå àíàëèòè÷åñêîå ðåøåíèå.
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Òî÷íûå ðåøåíèÿ

Äëÿ êîððåêòíîé ïîñòàíîâêè çàäà÷è Êîøè ïîìèìî ïðåîáðàçîâàííîãî
óñëîâèÿ (6) äîáàâëåíî çíà÷åíèå ïåðâûõ ïðîèçâîäíûõ (êîýôôèöèåíòû
u1 = (α2 + γ)/β2 è v1 = −(α1 + γ)/β1).

Ñóùåñòâîâàíèå íåòðèâèàëüíîãî àíàëèòè÷åñêîãî ðåøåíèÿ v(z), u(z) çà-
äà÷è (37), (38) ñëåäóåò èç äîêàçàííîé òåîðåìû.

Çàìå÷àíèå 2

Ïðè âûáîðå f , g ≡ 0 äëÿ âñåõ n ≥ 2 èìååò ìåñòî ðàâåíñòâî vn, un = 0.
Ïðè ýòîì ðåøåíèå, òàêæå êàê è ôðîíò, ëèíåéíî:

v(z) = −α1 + γ

β1
z , u(z) =

α2 + γ

β2
z . (39)
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×èñëåííûå ðàñ÷åòû

×èñëåííûå ðàñ÷åòû ïðîâåäåíû äëÿ îáîáùåíèÿ çàäà÷è (3), (4) âèäà

ut = α1ux + β1uvxx + γ1vxux + Avγ−ξuξ,

vt = α2vx + β2vuxx + γ2uxvx + Buγ−ηvη,
γ1,2 ∈ R, (40)

u(t, x)|x=a(t) = v(t, x)|x=a(t) = 0. (41)

Çäåñü

α1,2 = 0; β1,2, γ1,2 6= 0; f (u, v) = Avγ−ξuξ, g(v , u) = Buγ−ηvη,

A,B, γ, ξ, η ∈ R, γ > 0, 0 ≤ ξ ≤ γ, 0 ≤ η ≤ γ.
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×èñëåííûå ðàñ÷åòû

Çàäà÷à (40), (41) ðàññìàòðèâàåòñÿ íà çàäàííîì êîíå÷íîì ïðîìåæóò-
êå âðåìåíè. Ýòîò ïðîìåæóòîê ðàçáèâàåòñÿ íà äîñòàòî÷íî ìàëûå øàãè
äëèíîé h. Íà øàãå tk = kh ñèñòåìó (40) ïðåäñòàâèì â âèäå

uxx = vt−β1vx−β3uxvx−g(v ,u)
β2v

,

vxx = ut−α1ux−α3uxvx−f (u,v)
α2u

.

(42)

Ñèñòåìà (42) ðàññìîòðåíà íà îòðåçêå x ∈ [0, a(tk)] ñ ãðàíè÷íûìè óñëî-
âèÿìè

u|x=a(tk ) = 0, ux |x=a(tk ) = −
α1+a′(tk )

α3
,

v |x=a(tk ) = 0, vx |x=a(tk ) = −
β1+a′(tk )

β3
.

(43)

39 / 44



×èñëåííûå ðàñ÷åòû

Çàäà÷à (40), (41) áûëà ðåøåíà ïðè çíà÷åíèÿõ ïàðàìåòðîâ

γ = 1, η = 0.5, ξ = 0.5, α1 = 0, α2 = 1, α3 = 0.5, β1 = 0, β2 = 1, β3 = 1,

a(t) = λ exp(µt), λ = 1, µ = 0.5,A = 1,B = 1,m = 51, h = 0.1, 0.05, 0.02,

ñîîòâåòñòâóþùèõ íàéäåííîìó òî÷íîìó ðåøåíèþ:

u(t, x) = λ2 exp(2µt)r
(
1− x

λ exp(µt)

)
,

v(t, x) = λ2 exp(2µt)s
(
1− x

λ exp(µt)

)
.

(44)
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×èñëåííûå ðàñ÷åòû

Ôóíêöèè r è s îïðåäåëÿþòñÿ èç ñèñòåìû

α2r(y)s
′′(y) + α3r

′(y)s ′(y) + µ(y − 1)r ′(y)+
+As1−ξ(y)r ξ(y)− 2µr(y) = 0,

β2s(y)r
′′(y) + β3s

′(y)r ′(y) + µ(y − 1)s ′(y)+
+Br1−η(y)sη(y)− 2µs(y) = 0.

(45)

Ñðàâíåíèå ïîëó÷åííûõ ðåøåíèé ïðè ðàçëè÷íûõ øàãàõ ïî âðåìåíè ñ ðå-
øåíèåì (44) ïîêàçàíî íà ðèñóíêå. Èëëþñòðàöèÿ ïîêàçûâàåò äîñòàòî÷-
íóþ òî÷íîñòü ïîøàãîâîãî àëãîðèòìà ðåøåíèÿ çàäà÷è (40), (41), à òàêæå
åãî ñõîäèìîñòü ê òî÷íîìó ðåøåíèþ ñ óìåíüøåíèåì øàãà ïî âðåìåíè.
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×èñëåííûå ðàñ÷åòû

Ðèñ. 2. Ñðàâíåíèå ÷èñëåííûõ ðåøåíèé çàäà÷è (3), (4) ñ òî÷íûì ðåøåíèåì.
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Çàêëþ÷åíèå

Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò öèêë èññëåäîâàíèé àâòîðîâ àíàëèòè÷å-
ñêîé ðàçðåøèìîñòè çàäà÷ î ïîñòðîåíèè ðåøåíèé ñ íóëåâûì ôðîíòîì
äëÿ ýâîëþöèîííûõ óðàâíåíèé è ñèñòåì ïàðàáîëè÷åñêîãî òèïà ñ âûðîæ-
äåíèåì.

Äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè íîñèò êîí-
ñòðóêòèâíûé õàðàêòåð, ïîñòðîåííîå â âèäå ðÿäîâ ðåøåíèå ìîæåò áûòü
èñïîëüçîâàíî äëÿ âåðèôèêàöèè ÷èñëåííûõ ðàñ÷åòîâ.

Ðàçîáðàíû äâà ïðèìåðà: â ïåðâîì ïîêàçàíà âîçìîæíîñòü ñóùåñòâîâàíèÿ
ðåøåíèé èñõîäíîé ñèñòåìû ñ äâóìÿ ðàçëè÷íûìè íóëåâûìè ôðîíòàìè,
âòîðîé � àíàëîã èçâåñòíîãî êîíòðïðèìåðà Ñ.Â. Êîâàëåâñêîé â ðàññìîò-
ðåííîì ñëó÷àå. Òàêæå ïðåäñòàâëåíû íåêîòîðûå òî÷íûå ðåøåíèÿ.
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ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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