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Motivating example |. N-particle system

Mechanical system:
> N identical particles;
> the total mass is equal to 1,

» the interaction between particle placed in ¢’ and ¢” is given by
the force F(q" — ¢').
The dynamics of the i-th particle is described by the equations:

ai = Vi

. 1
Vi = NZF(qj—qi)-
JF



N-particle systems



N-particle systems. Phase space

» State of each particle: x; = (g;, v;) € RC.
> State of the whole system: (x1,...,xy) € ROV, Often, this
information is unavailable.

» Available information: the number of particles containing in
each set E C R, In fact, we know the distribution of the
particles over the phase space.



N-particle systems. Dynamics of distribution

Distribution of particles: if (x1(t),...,xn(t)) describes the states
of the particles at time t, then

where ¢, stands for the Dirac measure concentrated at z.
Dynamics of each particle:

qi = Vi

i = [ F(a— amn(c.dadv).



N-particle systems. Dynamics of distribution

m(-) satisfies in the distributional sense the equation
o) .

5 () +div(f(x, mu(t))mn(t)) =0,
i.e., for any ¢ € C.((0, T) x R®),

T D i
/O /R6 [&(t»x) + Vo(t, x)f(x, m(t))] m(t, dx)dt = 0.
Here x = (q,v), f(x,m) = (v, (F * m)(x)),

(F*m)(q,v) /Fq—q (dg'dv’).
RG



Limiting system

We let N — oo and consider the limit dynamics with
» phase variable is a probability m on R®;
» dynamics of the distribution obeys the Liouville equations:

6 .
am(t) + div(f(x, m(t))m(t)) = 0.



Motivating example |I. Opinion dynamics

Model:
> N participants;
> x; € R denotes the vector of opinions of the i-th participant;

» the dynamics of i-th participant’s opinion is
1N
Xi = ;5(&' — xi)(xj — xi);
J:

here ¢ : R — R is nonnegative and radially symmetric.



Opinion dynamics. Phase space

» Only information of distribution of opinions is available.
>

1N
mN(t) = N Z 5XJ(t)
j=1
» Dynamics of opinion of each participant:
Xj = f(X,', mN(t)).

» Dynamics of the distribution of opinions:

%mN(t) + div(f(x, my(t))mp(t)) = 0.

Here

f(x,m) = y E(X — x) (X" — x)m(dx).



Limiting system

We deal only with the distribution of opinions that is a probability
over RY. Its dynamics satisfies

a .
am(t) + div(f(x, m(t))m(t)) = 0.



Nonlocal continuity equation

Let
» RY be a phase space for each particle;

> f(t,x,m), where t € [0, T], x € RY, mis a probability on RY,
be a nonlocal velocity field.

Then, dynamics of distribution of particles satisfies in the
distributional sense the nonlocal continuity equation:

gtm(t) + div(f(t,x, m(t))m(t)) = 0.
In particular, the dynamics of each particle obeys the ODE:

x = f(t,x, m(t)).



Control of systems consisting of infinite number of elements

» Individual (depending on state) control + individual aim =
mean field games.

» Common control + common aim = control of continuity
equation.

» Individual (depending on state) control + common aim =
mean field type control.



Example. Control of charged variables
» Dynamics of particle:
g=v
V= /R5 F(g — qi)m(t,dqdv) + u(t, g, v).

» Dynamics of the distribution of particles:

0

am(t) + div((f(x, m(t)) + u(t,x))m(t)) =0,
where x = (g, v), f(x,m) = (v, (F x m)(x)),
(F*m)(q,v) £ Jos F(¢' — q)m(dq’dV’).

> Aim: keep the system inside the set G spending minimal
energy:

-
/0 /R6 [16(q) — uu?(t, g, v)]m(t, dgdv)dt — max.



Example. Control for consensus

» Dynamics of participant’s opinion:

X = y E(X — x) (X" = x)m(t, dx") + ¢(x)u(t, x)

» Dynamics of the distribution of opinions:

%m(t) + div((f(x, m(t)) + ¢(x)u(t, x))m(t)) = O,

where f(x,m) £ [og &(x" — x)(x" — x)m(dx’).

> Aim: maximize consensus at time T minimizing the efforts:

/R ) [x — /T Km(T, dx’)]zm(T, dx)

-
+ ,u/ / u?(t, dx)m(t, dx)dt — min.
0 Rd



Example. Control of swarm of robots

» Dynamics of each robot:
x = f(x,u(t, x)).
» Dynamics of the whole swarm:

0 .
am(t) + div(f(x, u(t,x))m(t)) = 0.

» Aim: stir the system to the desired distribution m* minimizing
the efforts:

squared distance(m(T), m™)

T
—i—,u/ / u?(t, dx)m(t, dx)dt — min.
o JRd



Notation

» If (X, px) is a Polish space, then B(X) denotes the Borel
o-algebra on X.

» P(X) is the set of Borel probabilities on X.



Push-forward measure

Assume that
> (Q,F), (,F') are measurable spaces,
> P is a probability on F,
> ¢:Q — Q' is measurable function.

A probability £8P on F’ defined by the rule: for E € F/

(€4P)(E) £ P(¢7(E))

is called a push-forward measure.



Notation

> If (X, px) is a Polish space, p > 1, then PP(X) is the set of
probabilities on X with finite p-th moment, i.e., m € PP(X)
iff, for some (equivalently, any) x,. € X,
Jx P5% (X, x)m(dx) < oo.

» Distance on PP(X): if my, my € PP(X), then

Wp(my, mp) & inf{/ P (x1,%0) 7 (dxydxz) :
XxX

1/p
T € I'I(ml,mz) R

where (my, my) is the set of probabilities 7 on X x X such
that, for any measurable £ C X, m(E x X) = mi(X),
(X x E) = my(E).



Mean field type control problem. Informal setting

Dynamics of each agent
X = f(t,X, m(t)a u(t,x)),

where
> te€[0,T],
> xcTd, 79 2Rd/z4
> m(t) € P?(T?) is the distribution of agents,
» u(t,x) € U is the control.

The aim is to minimize the payoff of all agents that is equal to

a(m(T)).



Assumptions

> U is a convex compact subset of some Banach space;
» f is continuous and Lipschitz continuous w.r.t. x and m;
» o is continuous;

» fis affine w.r.t. u, fy is convex w.r.t. u.



Eulerian approach

» Control process: (m(-), ug), where m(t) is a probability on T¢,
ug 1[0, T} x T¢ = U.

» Dynamics: m(-) is a distributional solution of the nonlocal
continuity equation:

drm(t) + div(ve(t, x)m(t)) =0,

for ve(t,x) = f(t,x, m(t), ug(t,x)).
» Initial condition: m(0) = mq.
> Payoff:
Je(p, ug) £ a(m(T))



Lagrangian approach

v

(Q, F,P) is a standard probability space.

Control process: (X, ur), where X : [0, T] x Q — T9,
u [0, T] xQ— U.

» Dynamics:

v

d
S X(1w) = F(£.X(2,0), X (P, u(t, w)).

v

Initial condition: X (0)4P = mo.
Payoff:

v

Ju(X, u) = o(X(T)EP).



Kantorovich approach

» Space of curves: I = C([0, T]; T9)

» Control process: (1, uk), where n € P2(T),
uk [0, T]x T — U.
» Feasibility: for n-a.e. vy €T,

%’Y(t) = f(t,v(t), ettin, ux(t, 7)),

where er(7) = (t), (e:in)(E) = n{y € [ : y(t) € E}.
> Initial condition: epfin = my.
> Payoff:
I, ux) 2 o(ertn)



Value function
» Eulerian approach:
VaIE(mo) = inf{JE(m(-), UE) .

(m(+), ug) is an Eulerian process,
m(0) = mg}.

» Lagrangian approach:
Valy(mg) = inf{Je(X,up) :

(X, uL) is a Lagrangian process,
X(0)gP = mo}.

» Kantorovich approach:

Valk(mo) = inf{Jg(n,ux) :
(n, uk) is a Kantorovich process,

eofin = mo}.



Equivalence of approaches

Theorem (Cavagnari et al, 2022)
» Valg(mg) = Val (mg) = Valk(mo).

» the function Val is continuous.



Existence of minimizer

Theorem (Cavagnari et al, 2022)

» There exist optimal Eulerian and Kantorovich processes.

» If P is atomless, then there exists an optimal Lagragian
process.



Bellman equation

The value function Val should satisfy the following Bellman
equation:

A, + H(t) m7 vm@) = 07 90( T7 m) = U(m)7
where, for p € L2(Rd, m; Rd),

H(t, m,p) = /Td umei(r}<p(x), f(t,x, m, u)ym(dx).



Intrinsic derivative

Definition
Let ¢ : P2(T9) — R. A function 22 : P2(T) x R? — R is a flat
derivative iff, for any m’ € P?(R9),

i P = S)m =+ sm) = (m)
sl0 S

= /r %(m,y)[m'(dy) — m(dy)].

aom




Intrinsic derivative

Definition
Let ¢ : P2(T9) — R. A function 22 : P2(T) x R? — R is a flat
derivative iff, for any m’ € P?(R9),

p((1 = s)m + sm') — p(m)

i s
= / gﬁ(m,y)[m'(dy) — m(dy)].
Td Om

Definition
The function V¢ defined by the rule

1)
Vm‘P(m:Y) é v}’é%(mvy)

is called an intrinsic derivative of the function ¢.



Lower directional derivative

Let
> ¢ > 0, B, stand for the ball of radius c,
> sc [0, T], me P(TY),
> (€ P(T x B),
> O7(x,v) = x + 1V,
> pilk(xg, .. xp) 2 (Xil,--.,x,-k)-
de ¢(s.¢) = lim inf p(s +7,074¢") — (s, m)
C'eP(TI%B.), pic=m T

T‘LO’ WZ(C,,C)\LO



Upper directional derivative

Let

¢ > 0, B, stand for the ball of radius c,
se[0,T], me P¥TY),

a € P(T? x U), plta=m.

n € P(T? x U x B,),

O7(x,u,v) £ x + TV.

vVvYyyvyy

df ¢(s,n) 2 lim inf (s +7,078C") — (s, m)
7 €P(TYxUxB.), ph2?in=a T
70, Wa(n'n)l0




Admissible distributions

Let
> sec [0, T],
> me PATY).

F(s,m) £ {¢ € P(T? x R?) : supp(¢) € F(s,m)},

where

F(s,m) £ {(x,v) € T xR?: v € co{f(t,x,m,u) : u € U}}.



Minimax solution of the Bellman equation

22U m, V) =0, (T, m) = a(m),

A function ¢ is a minimax solution to the Bellman equation if
> there exists ¢ > 0 such that, for any s € [0, T], m € P?(T9),

inf{dZ ¢(s,() : ( € F(s,m)} <0;

> there exists ¢ > 0 such that, for any s € [0, T], m € P?(T9),
a € P(T9 x U), ptia=m, n=(d,f(s,-, m, )i,

df ¢(s,n) > 0.



Minimax solution and value function

Theorem. The value function of the mean field type control
problem satisfies the Bellamn equation in the minimax sense.



Lattice approximation



Markov chains

Let
> S be a finite set;
» S C G;
» ¥ be asimplex on {1,...,|S|}:

PR {MZ(#i)iesiﬁéiZO,Zﬂle};

XES

» 1y = (1yx)xes be a pure state; here



Y vs P(S)

» ¥ C RISl
> Ml = (/%1?))?687#2 = (M>2‘<)>‘<ES € RIS,

1/p
> lur - uﬁl"] :

XES

AL

It = 1?1l

» |somorphism between ¥ and P(S)

(iz)es = pr fi = Zu;&;.
%S



Y vs P(S)

There exists constants C; and G, such that
it = 12]lp < GWp(ut, 2),

Wi, 12) < Go([lt — 12]|p)VP.



Continuous-time Markov chain

Let
» S be the set of states;
> Qx,y(t) be the transition rate from X to y;
> X()>0ﬁX#y
> Qux(t) = = 2pux Quy(1)-

On the time interval [t, t + At]

» conditional probability of transition from X to y is
Qx,y(t)At + o(At),
» condition probability of remaining at X is

1+ Qzx(t)At + o(At).



Dynamics of probabilities

Denote
» the probability of being at X at time t by ux(t);
> pu(t) = (px(t))zes € .

Kolmogorov equation
d
aﬂ?(t) = ZM%Q;J/(t)
xeS
or in the vector form

d
SpHt) = u(t)Q(2), plto) = po.
where
> Q(t) = (Qx,y(t))x,yes is the Kolmogorov matrix,
> 10 is the initial distribution.



Nonlinear Markov chains

Assume that the transition rates depend on the current distribution
of the agents.

» Kolmogorov matrix: Q(t, ;1) = (Qzy(t, 1))z, yes:
» Kolmogorov equation:

& () = ()@t (1)),



Mean field type finite state control problem

vvyyypy

vy

a decision maker controls infinitely many agents;
distribution of agents u = (uz)zes € ¥;
initial distribution of agents is uo;

dynamics of each agents is given by the Markov chain with the
Kolmogorov matrix Q(t,u, u) = (Qxy(t, 1, u))zyes, u € U;
X(-) is a stochastic process describing the state of agents;

The decision maker tries to minimize

o(p(T))-



Mean field type finite state control problem

» Dynamics: (Kolmogorov equation)

%M(t) = p(t)Q(t, u(t), u(t))-

> Payoff:
&(u(T))-



Markov decision problem. Assumptions

> for every (t,p,u) € [0, T] x X x U, Qg y(t,p,u) >0 when
X # y and
yeS
» the functions Qzy and & are continuous;

» there exists a constant L" such that, for any t € [0, T],
XyeS ptpt e, uecl,

|Quy(t,ut u) = Qey(t, 2, u)| < Ullut = 2.



Feedback controls

» We assume that the control depends on the time t and the
state X.

» Profile of controls: us(t) £ (uz(t))zes-
> Set of profile of controls: US.
» Kolmogorov matrix: if us € US, then

Q(t7u7 US) = (Q;(,)_/(tnu’a U)‘()))?,;?GS-



Control problem

> control {s(+) = (&x(+))xes:
» dynamics:

st = X me(t)Qes(t (1), (1), 7 €S

xeS

or in the vector form

> payoff function:



Bellman equation

Hamiltonian
For t € [0, T], n= (,u)—();(eg €Y, w= (W)_()>'<6$ S RS,

Ut p,w) 2 Z,ux mln [Z Qs y(t, 11, &x) Wy:|

XeS yesS

Bellman equation

B
8f +HO(t,1, V) =0, (T, 1) = 8(n),

where Vo = (0¢/0px)zes-



Viscosity supersolution of Bellman equation

A lower semicontinuous function ¢ is a viscosity supersolution of
the Bellman equation if

o(T,p) > 6(p) for every p €
and

a+H(t, u,ws) <0,
se[0,T] n € X, (a,ws) € D™ (t, 1),
where

D™ p(t, 1) = {(a,ws) : p(1,9) — p(t, ) >

a(r — )+ ) wx(Ux — px) + o([t — s| + [ — p]2) }-
es

X1



Minimax supersolution of Bellman equation

A lower semicontinuous function ¢ is a minimax supersolution of
the Bellman equation if, for every s € [0, T], p € ¥,

o(T,pn) > 6(p)

and
inf{d™ (s, u, 1, w) :w e G(s,u)} <0,
where
/ AN
d”o(s,n,a,w) £ liminf ps +7d, p+ 70') @(s,u),

7]0, T
(&', w')—(a,w)

G(s, 1) £ co{pQ(t, i, us) : us € U}



Viscosity subsolution of Bellman equation

An upper semicontinuous function ¢ is a viscosity subsolution of
the Bellman equation if

o(T,p) < &(p) for every pe x
and

3+Hg(tnua WS) > 0,
sc[0,T], puex, (a,ws) € DY o(t, 1)

D*o(t, n) = {(a,ws) : p(7,0) — o(t, p) <

a(r — )+ ) wilWx — px) + o([t = s| + [0 — pl2)}-
es

X1



Minimax subsolution of Bellman equation

An upper semicontinuous function ¢ is a minimax subsolution of
the Bellman equation if, for every s € [0, T], u € X,

o(T, 1) <6(p)

and

dt (s, p, 1, w) >0,
for each w = uQ(s, u, us), us € US.

Here

p(s + 71, p+7w') — (s, 1)

7]0, T .
(&' w')—=(a,w)




Minimax/viscosity solution of Bellman equation

A continous function ¢ is called a minimax/viscosity solution of the
Bellman equation if it is sub- and supersolution simultaneously.



Subtraction on T¢

Let £: T9 x TY — R? be a measurable function assigning to a pair
of elements x,y € T? a vector 2’ € x — y of the minimal norm.



Approximation condition

max min [|x — y|| < e;
xeTd yes

max f(t,x,[i,u
te[OT]xeSueZueUH (t,%, /i, u)

Z E(Yvi)Qi,y(t,M, u)H <e,
JES, y#X

ZHy—xH Qs (t, 11, u) < 2

te[0,T], xeS uez eU



Proximal elements

For m € P%(T9), denote by prg(m) an element of ¥ such that

prg(m) is a proximal to m element of P2(S), i.e., prg(m) minimize
the function

Y 3 pu = (ux)zes = Wa(ji,m) = (Z 1505, m) :

xeS



Designation

» Payoff function:
5(1) 2 o).
Here, given u = (pz)zes € X,

0x is the Dirac measure concentrated in X.

» Modulus of continuity: Let ¢(-) be a modulus of continuity of
the function o(m).

» Constant: C* £ /1 +2Te(LHY/T \where L is the Lipschitz
constant for f w.r.t. to x and m.



Approximation theorem

Let ¢ be a solution of the Bellman equation for the mean field
type finite state control problem with state space S and
Kolmogorov matrix Q. Then, for every ty € [0, T], mg € P%(T9),

| Val(to, mo) — ¢ q(to, prs(mo))| < <(Ce).

Here Val denotes the value function for the original mean field type
control problem.



Lattice Markov chain

Let
» h >0 be such that 1/h € N
> S, 2 hzdnTd.
> f(t,x,m,u) = (A(t,x,m u),..., fg(t,x,m, u)),
» ¢ stand for the i-th coordinate vector.

Q)Q,)‘/(tnu’? U) 2
(e, x, fi, u), y=X+h

=

d ~ _ —
Zj:1|fj-'(t,X,,LL,U)|, X=Y,
0, otherwise.



Distance between lattice Markov chain and original system

Let
| f(t,x, my,u) — f(t,x,ma,u)| < L"Wi(my, mo)

for some constant L”.

If the matrix @ is the lattice Markov chain defined as above, then it
approximates the origanl system with

o Vd
5:\/E-max{\/§\/a,ﬁ}.



Hamiltonian for the lattice Markov chain

‘f}(ta)_(uua U)‘

R

1 .
HE(t o w) =5 > min
xeSy x i=1

(Ws-t hel sgn(fi(t,%,,u)) — Wx)-



Conclusion

» Viscosity solution of the Bellman equation for mean field type
control problems.

» Construction of feedback strategies for mean field type control
problems based on Bellman equation.

» Unified form of minimax solutions.



Thank you for your attention!



