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Möbius (Fractional Linear ) Transformations in 
Quantum Stochastic Models

• Stratonovich (Symmetric) to Ito

• Feedback Networks

• Adiabatic Elimination



Fractional Linear Transformations

• Shorting
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Commutativity of Shorting
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Siegel’s Theorem



Networks and Feedback Control

• (Left) Coherent Feedback Control

• (Right) Measurement-Based Feedback 
Control

• Classical Feedback Control System



Transfer Functions

• Widely used for linear time-invariant systems in engineering.

• In the Laplace domain



Quantum Input-Output Systems

Gardiner-Collett (1985)

Hudson-Parthasarathy (1984)

V.P. Belavkin (1979+)



Quantum Input Processes

The “wires” are quantum fields!

• Field quanta of type k annihilated at the system at time t:

• Hudson-Parthasarathy (Fock Space): 

• Default state is the (Fock) vacuum 



Quantum Input Processes

• Creation/annihilation processes

• Scattering processes



Quantum Ito Table

• Table

• Product Rule 



Quantum Stochastic Models
Single input – Emission/Absorption Interaction

• Hudson-Parthasarathy equation:

• Heisenberg Picture 

• Lindblad Generator



Quantum Stochastic Models
• Output field:

• Input-Output Relations



Quantum Stochastic Models
• Two inputs – pure scattering

Hudson-Parthasarathy form:

Heisenberg Picture

Input-Output Relations



SLH Formalism

• Hamiltonian H 

• Coupling/Collapse Operators L

• Scattering Operator S



Quantum Stochastic Models
• General (S ,L , H) case

Hudson-Parthasarathy unitary evolution - QSDE (quantum Ito stochastic calculus)



Quantum Stochastic Models

Heisenberg Picture

Lindblad Generator

Input-Output Relations



Quantum Networks

• How to connect models?

• Cascaded models

• Algebraic loops

• Feedback Control



The Series Product



Network Rule # 1 
Open loop systems in parallel



Network Rule # 2 
Feedback Reduction Formula





Properties of the 
Feedback Reduction Formula
• Mathematically a Schur complement of the matrix of coefficient operators:

• Equivalently formulated as a fractional linear transformation.

• Independent of the order of edge-elimination.



Transfer Operator

• Quantum Transfer function

• Properties





Model Reduction/Singular Perturbations

• Adiabatic Elimination 

• Cavity mode b strongly coupled to input field:

• Limit QSDE on reduced system space (atom only!)

JG, R. van Handel, Journ. Stat. Phys. 127, no.3 (2007)



Singular Perturbations
• General Case                                                      Decomposition

• Scaling

• Leads to

Critical Assumption:



Singular Perturbation

• In terms of Transfer Operators

• Limit Coefficients



Singular Perturbation

• Further assume                                               so that 

• Limit is

• Theorem (Bouten-Silberfarb)



Adiabatic Elimination
• An important model simplification split the systems into slow and fast subspaces

• Mathematical this is also a Schur complement of the model matrix G

• It commutes with feedback reduction!

• JG, H. Nurdin, S. Wildfeuer, J. Math. Phys., 51, 123518 (2010); H. Nurdin, JG, Phil. Trans. R. 
Soc., A 370, 5422-36 (2012)
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