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Ââåäåíèå Âåùåñòâåííûå àëãåáðàè÷åñêèå ãðóïïû

Àëãåáðàè÷åñêèå ãðóïïû íàä R
Ïóñòü G � àëãåáðàè÷åñêàÿ ãðóïïà, îïðåäåë¼ííàÿ íàä R.
G(C) � êîìïëåêñíàÿ ãðóïïà Ëè;

G(R) � âåùåñòâåííàÿ ãðóïïà Ëè.

Âåùåñòâåííàÿ ñòðóêòóðà (êîìïëåêñíîå ñîïðÿæåíèå)

σ : G(C)→ G(C), g 7→ ḡ

� àíòèðåãóëÿðíûé èíâîëþòèâíûé àâòîìîðôèçì ãðóïïû G(C).
,

ò. å. σ∗OG = OG..
G = (G(C), σ), G(R) = G(C)σ

Ïðèìåð

G ⊆ GLn çàäàíà óðàâíåíèÿìè íà gij ñ êîýôôèöèåíòàìè ∈ R =⇒
G(C) = {ðåøåíèÿ ñ gij ∈ C}, G(R) = {ðåøåíèÿ ñ gij ∈ R},
g = (gij) ∈ G(C) =⇒ σ(g) = (ḡij) ∈ G(C).
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Ââåäåíèå Ãðóïïà êîìïîíåíò

Ãðóïïà êîìïîíåíò

Ïóñòü G ñâÿçíà (â òîïîëîãèè Çàðèññêîãî)

=⇒ G(C) ñâÿçíà (â êëàññè÷åñêîé òîïîëîãèè).

Íî G(R) ìîæåò áûòü íåñâÿçíîé (â êëàññè÷åñêîé òîïîëîãèè).

Ïðèìåð

G = GLn =⇒ G(R) = {det > 0} t {det < 0}
(äâå êîìïîíåíòû ñâÿçíîñòè)

G(R)◦ := ñâÿçíàÿ êîìïîíåíòà åäèíèöû â G(R)

Çàäà÷à

Âû÷èñëèòü ãðóïïó êîìïîíåíò ñâÿçíîñòè π0G(R) = G(R)/G(R)◦.

Èçâåñòíûå ðåçóëüòàòû

�E. Cartan: G ïîëóïðîñòà è îäíîñâÿçíà =⇒ G(R) ñâÿçíà.

H.Matsumoto, 1964: G àôôèííà (ëèíåéíà) =⇒ π0G(R) ' {±1}n.
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Ââåäåíèå Ñòðóêòóðà àëãåáðàè÷åñêèõ ãðóïï

Ñòðóêòóðà àëãåáðàè÷åñêèõ ãðóïï

Ðàçëîæåíèå Ðîçåíëèõòà

G = Ga� ·Gant, ãäå:

Ga� � íàèáîëüøàÿ ñâÿçíàÿ àôôèííàÿ ïîäãðóïïà, Ga� / G;
Gant � íàèáîëüøàÿ ñâÿçíàÿ àíòèàôôèííàÿ ïîäãðóïïà.

,

ò. å. O(Gant) = C., Ga� ⊆ Z(G).

Ga� = Guni oGred (ðàçëîæåíèå Ëåâè),

Gred = Gss ×� S (ïî÷òè ïðÿìîå ïðîèçâåäåíèå),

Gss ïîëóïðîñòà, S = Z(Gred)◦ � àëãåáðàè÷åñêèé òîð.

1 −→ (Gant)a� = (Gant ∩Ga�)◦ −→ Gant −→ A −→ 1,

ãäå A � àáåëåâî ìíîãîîáðàçèå,

(Gant)a� = S0 × V , S0 ⊆ S � òîð, V ⊆ Guni � âåêòîðíàÿ ãðóïïà.
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Ââåäåíèå Ñòðóêòóðà àëãåáðàè÷åñêèõ ãðóïï

Ñòðóêòóðà àëãåáðàè÷åñêèõ ãðóïï: âåùåñòâåííûå òî÷êè

Z := S ·Gant � àáåëåâà ãðóïïà, G = Guni · (Gss ×� Z).

Ëåììà

G(R) = Guni(R) · (Gss ×� Z)(R)

Äîêàçàòåëüñòâî.

G(R) 3 g = u · h = ḡ = ū · h̄
=⇒ u−1 · ū = h · h̄−1 =: v ∈ V, v̄ = v−1

=⇒ u · v1/2 ∈ Guni(R), v−1/2 · h ∈ (Gss ×� Z)(R)

exp : guni
∼−→ Guni =⇒ Guni(R) ' guni(R) ñâÿçíî

Ñëåäñòâèå

π0G(R) = π0(Gss ×� Z)(R)

Äàëåå ñ÷èòàåì G = Gss ×� Z, Z = Z(G)◦.
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Ââåäåíèå Êîãîìîëîãèè Ãàëóà

Êîãîìîëîãèè Ãàëóà

1-êîöèêëû: Z1(R, G) = {z ∈ G(C) | zz̄ = 1}

Äåéñòâèå ñêðó÷åííûìè ñîïðÿæåíèÿìè G(C) y Z1(R, G): z
g7−→ gzḡ−1

1-êîãîìîëîãèè: H1(R, G) = Z1(R, G)/G(C)
(ìíîæåñòâî ñ îòìå÷åííîé òî÷êîé, íå ãðóïïà!)

Òî÷íàÿ êîãîìîëîãè÷åñêàÿ ïîñëåäîâàòåëüíîñòü:

1 −→ A −→ B −→ C −→ 1 =⇒

1→ A(R)→ B(R)→ C(R) −→ H1(R, A)→ H1(R, B)→ H1(R, C)

B(C) 3 b 7→ c 7−→ [b−1b̄]
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Ðåçóëüòàòû Âû÷èñëåíèå ãðóïïû êîìïîíåíò

Óíèâåðñàëüíîå íàêðûòèå

Îáîçíà÷åíèÿ: G = Gss ×� Z, Gss ïîëóïðîñòà, Z = Z(G)◦,
Gsc = îäíîñâÿçíîå íàêðûòèå Gss, z = LieZ.

1 G = Gss ×� Zoo G̃ = Gsc × zoo Γoo 1oo

1 Tss ×� Zoo
?�

OO

Tsc × zoo
?�

OO

Γoo 1oo

0 tss ⊕ zoo

E
OOOO

tsc ⊕ z
∼oo

Esc×id=Ẽ
OOOO

0oo

iΛ
?�

OO

iQ∨oo
?�

OO

0oo

Îáîçíà÷åíèÿ: Tss ⊂ Gss, Tsc ⊂ Gsc � ìàêñèìàëüíûå òîðû;

tss = LieTss, tsc = LieTsc; E(x), Esc(x) = exp(2πx);
Q∨ � ðåø¼òêà êîêîðíåé.
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Ðåçóëüòàòû Âû÷èñëåíèå ãðóïïû êîìïîíåíò

Òî÷íàÿ ïîñëåäîâàòåëüíîñòü

Γ = Ẽ(iΛ) ' Λ/Q∨ ' π1G

· · · −→ G̃(R) −→ G(R) −→ H1(R,Γ) −→ H1(R, G̃) −→ · · ·
‖ ‖

Gsc(R)× z(R)
ñâÿçíà

H1(R, Gsc)

1 −→ π0G(R) −→ H1(R,Γ) −→ H1(R, Gsc)

[g] 7−→ [Ẽ(iλ)]

G̃ 3 g̃ 7−→ g 7−→ g̃−1σ(g̃) = Ẽ(iλ)

Îñòà¼òñÿ: âû÷èñëèòü Ker
[
H1(R,Γ)→ H1(R, Gsc)

]
.
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Ðåçóëüòàòû Âû÷èñëåíèå ãðóïïû êîìïîíåíò

Îñíîâíàÿ òåîðåìà

Ñòðóêòóðà ðåø¼òêè ïåðèîäîâ:

ΛR = ΛσR ⊕ Λ−σR

Λ± = Λ ∩ Λ±σR ⊆ Λ̃± = Im
(
Λ

ïðîåêöèÿ−−−−−→ Λ±σR
)
⊆ 1

2Λ±

Ðàçëîæåíèå ìàêñèìàëüíîãî òîðà: Tss = Tc ×� Ts;
Ts ðàñùåïèì: t = (t1, . . . , tm) ∈ Ts =⇒ σ(t1, . . . , tm) = (t̄1, . . . , t̄m),

Ts(R) = (R×)m;

Tc àíèçîòðîïåí: t = (t1, . . . , tn) ∈ Tc =⇒ σ(t1, . . . , tn) = (t̄−1
1 , . . . , t̄−1

n ),
Tc(R) = (S1)n.

Ïîäõîä Ñàòàêå: Âûáåðåì Tss òàê, ÷òîáû Ts áûë ìàêñèìàëüíûì

ðàñùåïèìûì òîðîì â Gss.

Òåîðåìà

π0G(R) ' Λ+/(2Λ̃+ + Q∨+)

[exp(πiλ)] = [E(iλ/2)] ←→ [λ]
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Ðåçóëüòàòû Âû÷èñëåíèå ãðóïïû êîìïîíåíò

Ñëåäñòâèÿ

Òåîðåìà

π0G(R) ' Λ+/(2Λ̃+ + Q∨+)

[exp(πiλ)] = [E(iλ/2)] ←→ [λ]

Ñëåäñòâèå 1

π0G(R) ' {±1}n � ýëåìåíòàðíàÿ àáåëåâà 2-ãðóïïà.

Ñëó÷àé ðåäóêòèâíûõ ãðóïï:

Z = S � àëãåáðàè÷åñêèé òîð, T = Tss ×� S � ìàêñèìàëüíûé òîð â G,
Λ = X∨(T ) � ðåø¼òêà êîõàðàêòåðîâ, Λ+ = X∨(Ts)
(çäåñü Ts ⊆ T � ìàêñèìàëüíûé ðàñùåïèìûé òîð â G).

Ñëåäñòâèå 2 (H.Matsumoto, 1964)

Âñå ñâÿçíûå êîìïîíåíòû π0G(R) ïåðåñåêàþò T
(2)
s := {t ∈ Ts | t2 = 1}.
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Ðåçóëüòàòû Ïðèìåðû

Ïðèìåð 1: ïñåâäîîðòîãîíàëüíûå ãðóïïû

G = SOp,q, 0 < p 6 q.

Λ = X∨ = Zε∨1 + · · ·+ Zε∨` , ` = bn/2c, n = p+ q.

Êîêîðíè: ±ε∨i ± ε∨j (i 6= j), ±2ε∨i (ïðè íå÷¼òíîì n).

Q∨ =
{
k1ε
∨
1 + · · ·+ k`ε

∨
`

∣∣ ki ∈ Z, k1 + · · ·+ k` ÷¼òíî
}
.

Âåùåñòâåííàÿ ñòðóêòóðà:

σ(ε∨i ) =

{
ε∨i , i = 1, . . . , p;

−ε∨i , i = p+ 1, . . . , `.

Ìàêñèìàëüíûé ðàñùåïèìûé òîð:

Ts =
{
t = diag(t1, . . . , tp, 1, . . . , 1, t

−1
p , . . . , t−1

1 )
}
.

Λ+ = Λ̃+ = Zε∨1 + · · ·+ Zε∨p .
Q∨+ =

{
k1ε
∨
1 + · · ·+ kpε

∨
p

∣∣ ki ∈ Z, k1 + · · ·+ kp ÷¼òíî
}
⊇ 2Λ̃+.

Âûâîä: π0SOp,q(R) = {±1}, ïðåäñòàâèòåëè ñâÿçíûõ êîìïîíåíò:

t0 = diag(1, . . . , 1), t1 = exp(πiε∨1 ) = diag(−1, 1, . . . , 1,−1).
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Ðåçóëüòàòû Ïðèìåðû

Ïðèìåð 1 (ïðîäîëæåíèå)

G = PSOp,q = SOp,q/{± diag(1, . . . , 1)}, n = p+ q = 2`.

Λ = X∨ =
{
k1ε
∨
1 + · · ·+ k`ε

∨
`

∣∣ ki ∈ 1
2Z, ki − kj ∈ Z

}
.

p < q: Λ+ = Zε∨1 + · · ·+ Zε∨p ,

Λ̃+ =
{
k1ε
∨
1 + · · ·+ kpε

∨
p

∣∣ ki ∈ 1
2Z, ki − kj ∈ Z

}
.

p ÷¼òíî =⇒ Q∨+ ⊇ 2Λ̃+ =⇒ π0PSOp,q(R) = {±1};
p íå÷¼òíî =⇒ Q∨+ + 2Λ̃+ = Λ+ =⇒ PSOp,q(R) ñâÿçíà.

p = q = ` (ðàñùåïèìûé ñëó÷àé): Λ+ = Λ̃+ = Λ, Q∨+ = Q∨.

` íå÷¼òíî
=⇒ Q∨+ + 2Λ̃+ = Zε∨1 + · · ·+ Zε∨` =⇒ π0PSOp,q(R) = {±1}.

Ïðåäñòàâèòåëè êîìïîíåíò:

t0 , t2 = expπi(ε∨1 + · · ·+ ε∨` )/2 = ±diag(i, . . . , i,−i, . . . ,−i).
` ÷¼òíî =⇒ Q∨+ ⊇ 2Λ̃+ =⇒ π0PSOp,q(R) = {±1}2.
Ïðåäñòàâèòåëè êîìïîíåíò: t0, t1, t2, t3 = t1t2.
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Ðåçóëüòàòû Ïðèìåðû

Ïðèìåð 2: ýëëèïòè÷åñêèå êðèâûå

G = C/iΛ, G̃ = LieG = C, E � ôàêòîðèçàöèÿ ïî iΛ.

Çäåñü Q∨ = 0, π0G(R) = Λ+/2Λ̃+.

Âûáîð ìàñøòàáà íà C =⇒
ìîæíî ñ÷èòàòü iΛ = Z + Zω, −1

2 6 Reω < 1
2 .

σ(Λ) = Λ ⇐⇒ ω ∈ iR èëè ω ∈ −1
2 + iR Im

//
−1

2

cc

0 1
2

Re

OO

Ñëó÷àé 1: ω ∈ iR

iΛ+ = iΛ̃+ = Zω =⇒ π0G(R) ' Z2.

Ñëó÷àé 2: ω ∈ −1
2 + iR

iΛ+ = Z(ω − ω̄) = Z(2ω + 1), iΛ̃+ = Z · ω−ω̄2 = Z(ω + 1/2)

=⇒ G(R) ñâÿçíà.
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Ðåçóëüòàòû Ïðèìåðû

Ïðèìåð 2 (ïðîäîëæåíèå)

Íîðìàëüíàÿ ôîðìà Âåéåðøòðàññà: y2 = f(x) = x3 + px+ q

p = −15
∑

λ∈iΛ\{0}

1

λ4
, q = −35

∑
λ∈iΛ\{0}

1

λ6
.

Äèñêðèìèíàíò: D(f) = −4p3 − 27q2.

Ñëó÷àé 1: ω ∈ iR =⇒ D(f) > 0

6

-

y

x
�
�

�
�

�
�

Ñëó÷àé 2: ω ∈ −1
2 + iR =⇒ D(f) < 0

6

-

y

x
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Ññûëêè

Ññûëêè

Ä. À. Òèìàøåâ,

Î ãðóïïå êîìïîíåíò âåùåñòâåííîé àëãåáðàè÷åñêîé ãðóïïû,

Òðóäû ÌÈÀÍ 318 (2022), 193�203, arXiv:2203.14024.

M. Borovoi, O. Gabber,

A short proof of Timashev's theorem on the real component group of a

real reductive group,

Archiv der Mathematik (2022), arXiv:2204.11482.

M. Brion,

Some structure theorems for algebraic groups,

Proc. Symp. Pure Math. 94 (2017), 53�125, arXiv:1509.03059.

Ñïàñèáî çà

âíèìàíèå!
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