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Introduction
The subject of this talk is the third-order nonlinear PDE

(%) 2= o

It is completely integrable (in the sense of possessing a Lax
pair) if f is real. This is most likely no longer true if f is
complex, without restriction. But in between, there is an
integrable reduction of the latter case. Writing it as the system

at:(f*f)x fxt+2af:0 (2)
the integrable reduction is obtained by restricting the function a

to be real (which in fact still allows complex ).

A.L. Sakovich (arXiv:2205.09538): the reduction of the above
system, where a = a; +1ap, with real functions a;, j = 1,2,
a» # 0, does not pass the Painlevé test of integrability.
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A peculiar property of the PDE

A generalization of PDE (1) to higher dimensions is the system

0 (.10 0 d .,
(o) 25 (F) =0 p=1,...,m
The left hand side behaves as the components of a covector
(tensor of type (0,1)) under general coordinate transformations in
m dimensions, if f is a scalar, also depending on a parameter t.
This system thus defines dynamics of a scalar field on an
m-dimensional differentiable manifold.

PDE (1) (and system (2)) is thus invariant under general
coordinate transformations x — x’ in one dimension.
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Kamchatnov and Pavlov, Phys. Lett. A 301 (2002) 269

Lax pair for a generalization of the SIT equations:
(a), - (2 5)(%)
v ) roA )\ v
(), - 2l 4)(3)
V2 ) A=C\c —a (e
Expansion in powers of (71,
8 —n a _ —n _ —n _ —n
or =2 g AT BT em ) (e

leads to recursion relations for the AKNS hierarchy equations.
Using instead

N M M

n>1

expansion in positive powers of ( leads to recursion relations for
the "negative” (or "reciprocal”’) AKNS hierarchy equations.
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First "negative” AKNS flow:

(q r)tl = 2afl,X ) qt,;[X = 4371 aq, rt,]_X = 4371 r

Via r = g* and renamings, this becomes our system (2),

= (F"f). fu+2af =0

The first "negative” AKNS flow has been studied by various
scientists, including

H. Aratyn, L.A. Ferreira, J.F. Gomes, A.H. Zimerman 2000

M. Chen, S.-Q. Liu, Y. Zhang 2006

Soliton solutions:

J. Ji, J.B. Zhang and D.-J. Zhang 2009 via Hirota bilinearization
A. Dimakis, F. M.-H. 2010, 2011, V.E. Vekslerchik 2012



A vectorial binary Darboux transformation

Theorem
Let ag, fo be a solution of the system (2) with real ag. Let n-comp.
column vectors 7;, i = 1,2, be solutions of the linear system

M n1ix = a0 M1 + fox 172 [mox = —agm2 + foxm
1 ) 1
?71t=—§r771+f0772 772r=§r772—fo771

where [ is an invertible constant n x n matrix. Requiring the
spectrum condition spec(’) Nspec(—IT) = 0, let Q be the unique
solution of the rank 2 Lyapunov equation

FQ+Qrt =l +nnb

Where Q" exists, a=a9— (] Q '), |F=f—nlQ 1

is also a solution of the system (2). f then solves PDE (1). O
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Lax pair

Writing the linear system in the form
(2). - (20 57)(2)
m ), fox Tt —apl* 7
(n), = (8 ) ()
mw ), —foln 3T 2
where [, is the n X n identity matrix, constitutes a Lax pair for
the system (2) with real a, since its integrability condition is
equivalent to ag, fy satisfying the system (2) and a§ = ao.
Note: the usual spectral parameter is promoted to a matrix I
This is typical for a vectorial generalization of a (binary) Darboux
transformation. Basically, this can be traced back to Marchenko's

work in the 1980s. (Also see, e.g., A.L. Sakhnovich 1994, F. Guil
and M. Mafias 1996.)
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Trivial seed solutions

If fy = 0, we choose ag = —1/2. Solution of the linear system:

= exp ( - %(I’flx +T t)) V, 1 =exp (%(Filx +I t)) w,

where v, w are constant n-component column vectors. Let € be
the (unique) solution of the Lyapunov equation

rQ+Qrf= 771771 +77277;.
Then

1 - 1 _
=t e—i(rf Ix4TTt) Q1es(T Ix+lt) W

solves PDE (1).
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. with diagonal I

In this case we have
1 * _|_ i *
Q= (Q5) = 77:7711—77*:7721 sum of 2 Cauchy-like matrices
Vi +
Example
Choosingn=2,v1=1,72=2and vy = vo = wy = wp = 1, the
above formula yields the special real 2-soliton solution
cosh(2t + %x) — 2cosh(t + x)

cosh(3t + %x) + 9cosh(t — %x) -8
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Trivial seed, non-diagonal T
Without restriction, I' can be chosen in Jordan normal form. In
contrast to “simple solitons”, obtained with diagonal I, solutions
determined by the above formula, with a non-diagonal Jordan
matrix, depend also rationally on x and t.

Example
_ (0 —
r = (1 7), K :=2Re(v)
1 i1 |? nin(niz — ki) )
fr— Q = — % _ - -
K ; ( ni(niz — k7)) Iniz — k72 + w72 i ?

Withy=wvi=w=wp=w=1:

_ cosh(x +t)+ (x —t) sinh(x +t) r _
14 2(x — t)2 + cosh(2(x + t)) -10
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Jordan matrix solutions of the Lyapunov equation
k x k lower triangular Jordan matrix

Y 0 - o 0
1~ . .0
Fw=1 0 :
R : .0
0 -~ 0 1 =~

For k < n, let (,) be the solution of the Lyapunov equation with
(k) and with n; replaced by mjy := (mi1, Mi2, - - - i) T i =1,2.

Quy  Brit >
Q — (k) . Ky =T . k:=2Re
(k+1) < Bl., wen =Tl ()
Bxi1 = K&% (771(k) M k41t M20k) M2 k41 — Ly (0, ..., 0, 1)T)

1
Wil = <|771,k+1|2 + 21> = 2Re[(0, .. ., 0, 1)Bk+1])
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and their inverses

Solutions of the Lyapunov equation with Jordan matrices are thus
nested and can be recursively computed.

For their inverses we have

1 -1 -1 -1
Qi = Q) — Sa, Q(k>3k+13k+19(k> _59<k>9(1k)3k+1
+ o -
5 Bk+1Q( k) SQ(k)
with the scalar Schur complement

Sy = Wkl — B,T,HQ(_,}) Bi+1

(a special quasi-determinant). Hence also the inverses can be
recursively computed.
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Solutions with plane wave background
fo = Cellox=r1 a,f€R

Then ap = —a /2. Writing 1 = e~zilax=Bt) 5
1. .
N2 = ezi(ax=p1) 7j2, the linear system can be simplified to

- 1. - . .
Ultt—(zrz_’qz)nl:O, iafie+THx=0

~ 1/, l- . s .
o = 25 (e + 5T i) M=+,
If R is an invertible matrix root of 1

R%? = -T2 —|C|?l,
this is solved by 4

1
T (cosh(e) F—2R s.nh(e)) vV
with a constant n-component column vector V and
@ =iax(lT —ifl) 'R—tR+K

with a constant n x n matrix K that commutes with I' (and R).

fj; = cosh(©) V/, flp =

aves Bidifferential calculus Remark
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Solution of the PDE according to Theorem:

f=f ( WvT cosh(©1) @1 (cosh(©) I — 2R sinh(©)) v)

The further elaboration only requires the solution €2 of the
Lyapunov equation for specified I'.

This leads to counterparts of Akhmediev and Kuznetsov-Ma
breathers of the NLS equation.
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For n =1, we find

f_ Ceilax—8t 1 Re(¥) cosh(©*)(5 cosh(©) — 2 rsinh(©))
|C|2 | cosh(©)|2 + |7 cosh(©) — 2 r sinh(©)|?

where now © = (iax/(5 —iB8) — t)r+ K with r = /352 — |C|2.

This is the counterpart of a single Akhmediev breather if

|7] < 2|C| and a Kuznetsov-Ma breather if |§| > 2|C|.
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If I (and then also ') is an n x n Jordan matrix, a root of the
quadratic equation is given by the Toeplitz matrix

1 0
5 -4CP)t 1

. _2(52 — 4|CP2)2
R =2 \/52 —4|C|]2
AR IPPPE R
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Regularity of higher Akhmediev
and Kuznetsov-Ma breathers

Proposition. Let [ be an n x n (lower triangular) Jordan matrix
with Re(%) # 0 and 4 # £+2|C|. Then the solution

f="mh ( |C\2 Vicosh(@M) Q™ ! (cosh(®©) [ —2R sinh(©)) V)
of PDE (1) is regular if the first component of the vector V is
different from zero.

Without restriction of generality one can set V = (1,0,...,0)7.
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This mainly rests on the following (cf. Chvartatskyi and M.-H., J.
Phys. A 50 (2017) 155204, Appendices A and B).
Proposition. Let [ be a lower triangular n x n Jordan block with
eigenvalue v and Re(y) # 0. If the first component of one of the
vectors 7; is different from zero, then the solution Q of the rank k
Lyapunov equation .

ro+Qrt= Zn,-n;r
is invertible. i—1
Sketch of Proof: Q = Zf;l Q;. If m11 # 0, then det(Q;) # 0.
Furthermore, one can show that Q,-k: B,.TB,- with a matrix B;.

det(Q) = det(B]) det(/, + B; ! (Z B!B;) B;') det(By) # 0
7&0 i=2 7& 0

positive semi-definite
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A degenerate case of the linear system

Example
Let n =1 and 4 = 2|C|. Then we have

= C0+C1(L+t) ﬁ2=£ﬁ1+f
2i|C|+ ’ |C| C*
_ 1 |a]?
£ = m(z 1+2\C\ +2|q2)
— i(ax—=Bt)[1 _ ax 2
fo=Ce ! ]C|QOCO+C1(2i|C|+ﬁ+t)’

|CC| G +e (= \ac)1<+5 * t)m

This quasi-rational solution is the counterpart of the Peregrine
breather solution of the focusing NLS equation, which models a
rogue wave.

ave background Rogue waves b\d\H erential calculus h mW
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Counterpart of Peregrine breather

Counterparts of higher order Peregrine breathers are obtained if
I is a Jordan matrix with eigenvalue ¥ = 2|C].
(For NLS: exhaustively elaborated by V.B. Matveev.)
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Proposition. Let
N o= 1f2 IC21
=7 n
be nilpotent of degree N > 0. The linear system is then solved by
it = (RUWN, t) Ri(—a®T 2N, x) —iaT N Ry(N, t) Ro(—a®T 2N, x)) v

+(Ri(N, t) Ro(—aT 2N, x) + ér Ro(NV, t) Ri(—a’T 2N, x)) w

i 1( +1r>
2 = C*Ult 2771

with constant n-component vectors v, w, and

N—-1 N-1
t2k t2k+1

Rl(/\/, t) = 2k+1

=
M

k:0



Regularity of higher order Peregrine breathers

Proposition. Let " be a (lower triangular) Jordan matrix with

eigenvalue 4 = 2|C|. Let 11,1 be the above solution of the linear
system. The solution of PDE (1), obtained via the vectorial binary
Darboux transformation, is then regular if the first component of v
is different from zero. Without restriction of generality, we can set
v=(1,0,...,0)". O
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More general solutions

. can be generated by solving the Lyapunov equation with

Mg O - - 0
0 Ty 0
r—
: .. .. .. 0
0 -+ - 0 Ty,

where [, is the k; x ki Jordan block with eigenvalue ;.



wave background Rogue waves Bidifferential calculus Remark
00000 0000

Origin of the above Darboux transformation:

bidifferential calculus
A graded associative algebra is an associative algebra

o=
r>0
over a field K of characteristic zero, where A := Q0 is an
associative algebra over K and ", r > 1, are A-bimodules such

that " Q° C Q' *°. Elements of €2 are called r-forms.

A bidifferential calculus is a unital graded associative algebra €2,
supplied with two K-linear graded derivations

d,d: Q" — Q!

and such that _ -
d?=d’°=dd+dd=0



bDT in bidifferential calculus

Theorem. Given a bidifferential calculus, let 0-forms A, and
1-forms k, A satisfy

dA + [\ A] = (dA)A,  dA+ A2 =(dN)A,
dr — [s,M] =rdr, dk — k?> =Tdk

Let O-forms 6 and 7 be solutions of the linear equations

df = (dp) 0+ (dO)A+0N,  dnp=—n(dg)+Tdn+rn

where the 0-form ¢ satisfies

dd¢ = d¢ de

Furthermore, let Q be an invertible solution of the linear system

‘ rM—QA=n6 ‘ (generalization of Sylvester equation)

dQ = (AQ)A — (AN Q+ £ Q+ QA+ (dn) 0

Then ¢/:¢—6971U+K

with dK = 0 solves the same equation.



Application to the first negative AKNS flow

Let A be the commutative algebra of smooth functions on R? and
Mat(.A) the algebra of all matrices over A, where the product of
two matrices is defined to be zero whenever their dimensions do
not fit. We choose

Q = Mat(A) @ /\ C?,

where /\ C? is the exterior algebra of the vector space C2.
Let £1,& be a basis of A*C2. For an m x n matrix F over A, let

1 - 1
dF = Fx &1 + E(JmF — FJp) &, dF E(JmF —Fl)&+ F &

where J, = diag(1, —1) etc. (A. Dimakis, F. M.-H. 2010).
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Then dd¢ = dé dé with

p f 1
= a .= I — =
¢ (q-m> Px— 5

becomes the first negative flow of the AKNS hierarchy

at = (fq)x7 fxt =—2a fa axt = _23q7

and the last theorem can be worked out to obtain a vectorial
binary Darboux transformation for it.
Finally, we impose the reduction

q=1f"

to obtain our vectorial Darboux transformation for system (2).
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Remarks

The PDE admits generalizations of the 1-soliton solution to
Jacobi elliptic functions, which could also serve as seed for the
bDT. Can this be worked out in some detail ?

There are d and d such that dd¢ = d¢ d¢ becomes the whole
"negative” (or "reciprocal”) AKNS hierarchy, see Dimakis and
M.-H., SIGMA 6 (2010) 055.

Rusuo Ye (2022): a Riccati-type Miura transformation from
Fokas-Lenells system

g+ qgxt —2iqrgx =0 r+nre+2irqgro=20

to the first negative AKNS system.
Still open: a bidifferential calculus for the FL system.

What more can be concluded about the non-integrable
reduction of PDE (1) ?
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Thanks for your attention !

Many thanks to Maxim for valuable help over the
years and very pleasant times together !

All the best for Maxim for the next decades !

And thanks to Joseph for organizing this meeting !
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