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Mirror TBA approach to the AdS/CFT spectral problem

Gauge-String Matsubara Thermodynamic
Correspondence Transform Limit

Thermodynamics of the mirror theory determines the finite-size J

spectrum of the original model
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@ Successful examples: AdSsxS® and AdS, xCP?
@ AdS3xS®xT* string sigma model on a plane was studied by

Borsato, Sax, Sfondrini, Stefanski, Torrielli

@ Symmetry algebra:  psu(1,1|2) @ psu(1,1|2) @ u(1)*

@ L.c.g. algebra:  psu(11)22 @ psu(1]1)$2 @ s0(4) @ u(1)*

@ Fundamental particles transform in 4-dim short representations.
Dispersion relations

E(p) = M2+4h25|n28 —r<p<m

@ The charge M for the RR background

+1 “left”: (Y4, 2)
M= -1 *“right”: (Z,9*Y)
0 “massless”: (Xd? Tu('y’ )Zd)
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@ Due to various discrete symmetries there are only four distinct
blocks in the S-matrix of fundamental particles:

Si(p1,p2) = Srr(p1, p2)

Sir(p1,P2) = SrL(p1, P2)

SLo(m,pz) = Spo(p1:P2) = S, (P2, P1) = S A(P2, P1)
oo(P1, P2)
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@ Due to various discrete symmetries there are only four distinct
blocks in the S-matrix of fundamental particles:

Q@ Si(p1.p2) = Srr(p1,p2)

Q  Sir(p1,p2) = Sa(p1, p2)

Q@  Sio(p1.p2) = Sro(p1,p2) = S (P2, p1) = S, A(P2. p1)
Q@ S.o(p1p2)

@ Bethe-Yang egs are derived

@ Each block is fixed by symmetries up to a scalar dressing factor
Dressing factors satisfy crossing eqs

@ Solutions to the crossing egs were proposed
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@ The proposal has several disturbing features

@ o5 and 533 violate the parity invariance of the model
© 055 and 055 contain the Arutyunov-Frolov-Staudacher
(AFS) factor which is the leading-order term of the

asymptotic expansion of the Beisert-Eden-Staudacher
(BES) factor

© 93 has additional apparent square-root branch points
whose positions depend on the relative value of the
momenta of the two scattered particles

@ It is not clear how to analytically continue the dressing
factors to the mirror region

@ The dressing factors are not compatible with some of the
perturbative computations in the literature
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S-matrix normalisation

Use the following scattering processes among highest-weight states
in each representation

- 1A
S|Yp Yp) = eﬂmefiple o1 X11X2+ (o32) " Yor Vo)
X =%, 1— T
172
5 i 1- x’1x’ 1- XJXJr 2 =
S |Yp2Zp,) = e —* 5 (052) T Vo)
e T
. i i X, —XQ _2 .
SIYoxi) = emPe P (0f2) Vo)
A . i X — X4 _2 -
S X;:)): Zp2> = e e+ép2 1 2_ Xy X;_ (a‘?é) ‘X;; ZP2>

3 3 00\ —2 A 3
S‘X;1Xﬁ2> = (012) |X21X52>
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Zhukovsky variables

@ For massive particles

. i '
X++XL7X7*LZQ|M|, ;(—_:e’p, M = +1

M|+ /M2 + 412 sin®(p/2)

+ _ atip/2
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Zhukovsky variables

@ For massive particles

. i '
X++XL7X7*LZQ|M|, ;(—_:e’p, M = +1

M|+ /M2 + 412 sin®(p/2)

N _ tip/2
x=(p,IM|) = e 2hsin(p/2)

@ For massless particles

= x*(p,0) = e*’p/zm , S(x)>0

@ Energy of massive and massless particles

h " 1 1 h 1
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Crossing equations: x* = 1, x =
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“Stripping out” the BES factors

o (X %) 5 (X %)

(LX) =

"'..
TTLEL (6t x) =
<TBEs(X1j[,X2i)7 12 UBES(Xf,xzi)
o°° X:EX O'O.X,Xi 0 (x, X
(T xe) = #-, (%1, X57) = (7122 % (X1, X2) = o%(%1, Xe)
oges(X;, X2) oges(X1, X57) oses(X1, X2)

aBEs(xf, X2) is the massive-massless BES factor obtained from
oees(Xi5, X5) in the limit X~ — X, x; — 1/x
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“Stripping out” the BES factors

o°° Xi Xi .
( 1> 2:‘:))7 g..(X1i7X2i) —

5o (X, x3)
UBES(X1i> X5

)

("(Xi Xi) _
1ore UBES(XﬁZaXQ

o*°(xF, X0 % (X1, X3 a°°(Xq, X
§.O(X1:t,X2) _ ( 1:t7 ) 7 §O.(X1,Xi) _ ( ) 2:|:) , §OO(X1,X2) _ ( 1, 2)
oses(X], X2) oses(X1,X57) oses(X1, X2)
aBEs(xf, X2) is the massive-massless BES factor obtained from
oees(Xi5, X5) in the limit X~ — X, x; — 1/x
These BES factors satisfy
L .t e X =X R
UBES(X1 » X5 )UBES(X1 » X5 ) = % 1, 2, 112
Xg Xy =X 1— =
172
_ _ 1 (X, x2)
+ + + + 1
oges(X1, X5 ) oges(X1, X5 ) =1, oges(X;~, Xo) oges(X;-, Xo) = —
BES( 1, 2) BES( 15 2) ) BES( 1 2) BES( 1 2) X22 f(X1_,X2)

UBES()_(1 ) X2) UBES(X1 ) X2) =1
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Crossing equations for the stripped out dressing factors

+ £y zee(yt ot Cit iy ST
Let ¢F (X7, x57) = <®* (X, % )5 (X, %), (X %) = D)
Crossing equations

() (og ) = E"f )06 %)

o6 ) (%)
() o) =
() (o) 7= )
() “(“tnr) =

Monodromy equation
() -t P - §) 1

i
+
XF+—=u+ o
—2 2 ) I
ot it uy — U X h
<§ (X1aX2)) ( )
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~-rapidity for massless particles

Consider the equation

_ 1 . Xy — Xo : Y102
S(X1,x2)S(x1, X2) = ) =1 X1 itanh 5

where the massless ~-rapidity is defined through

I—e x—1 -
X = - e’ = , xx=1,< 0 if R
e T 1’ 5(v) >0 if v € }
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~-rapidity for massless particles

Consider the equation

_ 1 . X1 — Xo . Y172
N N = = = h
S(X1, x2)S(x1, X2) ) /)(1)(2 — itan 5
where the massless ~-rapidity is defined through
I—e x—1 -
=] @) — — 2 A
X e ie Pl xx=1,3(y)>0if yeR J
Since oh
E — P _ 2
(7) coshy & =X

the crossing transformationp - —p, E - —E, x - X =1/x
corresponds to either vy — v+ imrory — v — iw
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~-rapidity for massless particles

Consider the equation

_ 1 . X1 — Xo . Y172
N N = = = h
S(X1, x2)S(x1, X2) ) /)(1)(2 — itan 5
where the massless ~-rapidity is defined through
I—e x—1 -
=] @) — — 2 A
X e ie Pl xx=1,3(y)>0if yeR J
Since oh
E — P _ 2
(7) coshy & =X

the crossing transformationp - —p, E - —E, x - X =1/x
corresponds to either vy — v+ imrory — v — iw

To fix the sign we use that the real mirror momentum line is between
the string and anti-string ones, and find

__2h
sinh ~

E = —ip(y+ir) = —2log ‘tanh %‘ >0, p=—iE(v+in) =
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In terms of the ~-rapidity for massless particles

i—ev
X=—-
I+ e
The crossing transformationis v — ¥ =~y + in
The mirror transformation is v — vy, = v + in/2

XX

)

1, 3(y)>0if yeR

Figure 1. The string, mirror and anti-string region in the massless kinematics. In all three cases,
the “region” is actually a line, corresponding to real momentum particles. We denote the string
region by a solid green line (upper-half-circle in the z-plane), the mirror region by a dashed purple

line (real segment in the a-plane), and the anti-string region by a solid orange line (lower-half-circle

in the z-plane).
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The Sine-Gordon factor

Equation
S(y1 + im,72)S(71,72) = itanh % , M2 =M -2
has the following solution

S(71,72) = P(712)
where @ is the Sine-Gordon dressing factor

- P2(0— (5 + 0+ )T (=3 + £+ 55)
- H R(Ev 7) I H(£7 ’Y) r2(£ 27”) ( e 27”) i E _ Z
( + 271'/) ( + 27rl) ( 2 + 27ri)
satisfying
1 , .
M) =1. 20) = gy 2P+ im) = /tanh%

—B(y12)* = g2i0nL(x1.x2) J
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Massless-massless dressing factor

The crossing equation for ¢°°(v1,72)

(goom772))—2(@0(71’72))‘2 = — (itanh %)2

is solved by
(&°(1.72)* = alm2) (P(112))° J
where
a)at+in) = —1, ab)al-n) =1, ab) = o
a(v) = —i tanh (; - I;T) ,a(Foo)==£i,  a(0)= -1

Thus, the massless-massless dressing factor is

iT

(0_00(,\/1772))—2 — _jtanh <’gz _ 4) ((]5(712))2 (O'BES(X1,X2))_2




Factors
000000000 e00000000000

y*-rapidities for massive particles

Compare

/e’Y:Q eiq:X+1
’ x—1

This suggests to define the massive y*-rapidities through

i—e’ i+er” :
+_ : X~ = - , )=~ if peR
e e )y=aTdtp
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y*-rapidities for massive particles

Compare
ieW:X_1 e,-q:x+1
X —1

This suggests to define the massive y*-rapidities through

i—e’” i+er .
+ - +)* -
X . , X - : if peR
i vt ? i eV (’7 ) v J

The crossing transformation is v+ — 3% =4+ —ix

The mirror transformation is v+ — & = 4+ —in/2



™
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Crossing equations for the stripped out dressing factors in terms
of y-rapidities

Notation

b
VB =42—98, ab==%, A =-%, W =1-7%

Crossing equations

-2 —2 ++ +— —+ ——
(<+(ﬁ1i,72i)> (cﬂﬁ,ﬁ)) = coth 7122 coth 7122 coth 7122 coth 7122

-2 -2 +o —o
(<'°(71i772)) (@"O(ﬁ,’yz)) = coth 7172 coth 12

2
_2 ) o+ o—
(<**G198)) ~(*(n.75)) = tanh 12 tanh 2
Monodromy equation
-2
—(sE o E
(g (3772 )) _sinhy, sinhyp,"
=2 sinh~f," sinhyp,

(<‘ (5% ))
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Mixed-mass dressing factors

tanh 22

[ Jeo) _2 o —0
(0 m) =+ — 5 2(15) 2(7:7)
tanh e
oe =2 tanh 712 o o—
(1, %)) =i ——2=B(737) B(757)
tanh 22—
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Mixed-mass dressing factors

Note that
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Mixed-mass dressing factors

Note that

+o
tanh 2z —4 o
—2 () = T
tanh 12—

2

The massive-massless dressing factor is

Yz
I_tanh =

(1) =2 o —o —2
(o (Xi7X2)) = 7o B(v{z) P(712 )<J(X1ivx2)>
tanh =%
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The monodromy factor

Define
~ . re+ L) a
d(~) = e L in/ g7 v(O)y
where (z) is the Digamma function.
It satisfies
S - . 1
PO _josinh)t, B2)B(-2) =1, B(2)" =

?(7) ' ?(z")
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The monodromy factor

Define
~ . re+ L) a
D(v) = err — Iml g% Y€y
00 =e* [ =%,
where (z) is the Digamma function.
It satisfies
S - . 1
PO _osinh)t, B2)d(-2) =1, B(z2) = .
o(7) #(z")
The monodromy equation solution
(s~0695)) = 201) 20 ) ﬁ AL 7,") Al i)
P(7; )¢(712 =1 R ) R4 55")

where

M+ 2T+ 5+ Z) T =5+ 2
ST 52T+ 5 — 55T - -

27 27rl)
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Massive-massive dressing factors

—+
5 tanh 212 -
(§+(X1iaxzi)> == %*2{ (712 )P(V 5
tanh —=
St iy 2 Sinha" 9(457) 25, )
(O %)) "= o

sinh ’)/1+2_ é(fy

1

)B(55")
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Massive-massive dressing factors

—+
+(yE yE)) 2 tanh 12— - o X 7
(C (X5 % )) = ————=B(73, )P(75 )12 )P(73s )
tanh Ji2—
2
= sinh~=t @(~viEHY S~
(706 %)) a_ = 71+2_ A(%i) A(%i)
sinhoi;” #(71;) 8(03z")
Note that
(e xg) = P o)
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Massive-massive dressing factors

=F
v
_tanh L=

=2 - ) )
(§+(X1ia X2i)> = — @(712 )@(7‘14-2+)¢(712+)¢(7;2 )
tanh 21z
ot xyn-2 _ sinhygt 5(71?)93(7(2’)
(065 )) " =—2 hoyt= () Bt
i lz” 207" #(0z")
Note that
(0 ) 2 = PO D)
introduce
UGS SSRGS S8 re(e - )
R+(€7 ’Y) = 2 2mi 2 ori 7 A (f,’y) _ 8
M+ 35— 55T -3 - 25) SO
which satisfy
R (¢, N
R.(¢,v)R_(£,v) = R(¢,7), R+E€ 1; _ Rt
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Massive-massive dressing factors

The massive-massive dressing factors are

—+
Sil’]h Tz + dEq) =2
T&Q}“(Wiﬂé{) (oees(X5",%37))
sinh J2—
5 cosh ”‘2

~eo0 Fee =2
@065 ) =+ o =0 (77, 72) (omes(57,%57))
cosh 12

(o0 ) = -

o0

¢..(71i773:) :H R+(£a71_2_)R+(£a 71+2+)R—(€a 71_2+)R—(£7 VE_)
=1

** (7. 75) HR (£:712 YR-(6,75" )R (6 v )R (673 )
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Massive-massive dressing factors

=[] R+ (67 )R (6,75 )R- (6,735 )R- (6,74 )

** (7, 75)
=1
MO )—HR—(Z 2 )R= (675 )R (6 )R (675 )
We can also write
(7, 72) = D (972 )P+ (9122 (7322~ (717 )
B (17 ,98) = - (172 )8 (04218 (172)2+ (377)
1

_ ] 2 b
@-‘r( //) - ; ,R'(W 7”) cosh 2 @_(fy) - R(V)g
G(1 - ZL) Jr27r/ r o w(l) 1
= __emlZ — T R — = —F
RO)V= G~ () H1 (e - R =)
where G(x) is Barnes G-function
G(1+ x) =T(x)G(x)
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Perturbative expansion

was studied by Rughoonauth, Sundin, Wulff '12; Sundin, Wulff '13; Engelund, McKeown, Roiban ’13;
Roiban, Sundin, Tseytlin, Wulff '14; Bianchi, Hoare '14; Sundin, Wulff '16;

@ At tree-level, our factors match with these computations
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Perturbative expansion

was studied by Rughoonauth, Sundin, Wulff '12; Sundin, Wulff '13; Engelund, McKeown, Roiban ’13;
Roiban, Sundin, Tseytlin, Wulff '14; Bianchi, Hoare '14; Sundin, Wulff '16;

@ At tree-level, our factors match with these computations
@ At one-loop in the near-BMN limit, our factor ¢, disagrees
—\-2 _ —\—2 i -3
log(s12)™"| | —109(s2) ™| = 5 (WiP2 — wapt) P12+ O(™)

theirs

This can arise from a local counter-term
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Perturbative expansion

@ In the mixed-mass sector we got

g g ip? w1 —p1)p2
log<Y1X2‘S‘Y1X2>1710()p = 727Th2( ,01),02 |Og (7)

while Sundin and Wulff obtained

00 Yo Ssw| Y138 )11 = b (w1 — Pr)pe [1+ log (22 )]
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log<Y1X2‘S‘Y1X2>1710()p = 727Th2( ,01),02 |Og (7)

while Sundin and Wulff obtained

00 Yo Ssw| Y138 )11 = b (w1 — Pr)pe [1+ log (22 )]

e The rational part of the one-loop result does not match

i
W(M — p1)Pip2

This can arise from a local counter-term
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Perturbative expansion

@ In the mixed-mass sector we got

g g ip? w1 —p1)p2
log<Y1X2‘S‘Y1X2>1710()p = 727Th2( ,01),02 |Og (7)

while Sundin and Wulff obtained

00 Yo Ssw| Y138 )11 = b (w1 — Pr)pe [1+ log (22 )]

e The rational part of the one-loop result does not match

i
W(M — p1)Pip2

This can arise from a local counter-term
e The logarithmic piece is quite different.
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Perturbative expansion

@ Mixed-mass sector

100 Y3 81 Y1) -1y = — 55 (1 — pr )z og (L2522

& G ip w
109( Vi Ssm| Vi) ooy = — 5tz (1 — p1)pe [1+1og (252 )]
The logarithmic piece is quite different.

e The reason is in the order of limits
e In SW a UV regulator was removed first, and then the IR
e The correct order is opposite
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Perturbative expansion

@ Mixed-mass sector

|Og< Y1 X? ‘S‘ Y1 Xg> 1—loop —

2,0;72( — p1)p2 log (M)

100 Y3 S| Vi) -ty = — g (1 — pr)pe [1+1og (252)]

The logarithmic piece is quite different.

The reason is in the order of limits

In SW a UV regulator was removed first, and then the IR
The correct order is opposite

One does not remove UV divergent terms

The exact dispersion relation implies that a natural UV
regularisation for the model is a lattice one with the
propagator replaced by 1/(m? + 4h? sin® p/2h)

The UV regulator, is identified with the coupling constant h
At one-loop this leads to the appearance of a log h term



Factors
0000000000000 0000000e

Perturbative expansion

@ in the massless sector we get

0o -2 /P1P2 i P1P2 —PiP2 -3
Iog(a (p1,pz)) = pm 8 la-pe (Iog 1612 >+O(h)

while Sundin and Wulff obtained

& B P1 P2

log(x$\5 [Sswlxéxs) = hp1 patiy

> (1og(~4p1p2)—1)+O(h~°)
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Perturbative expansion

@ in the massless sector we get

00 -2 /P1P2 el —piP2 _3
Iog(a (p1,pz)) = pm 8 la-pe (Iog 1612 >+O(h)

while Sundin and Wulff obtained

. P12

g (i Sswlxi xg) = 1 pipati D!

> (1og(~4p1p2)—1)+O(h~°)

@ At one-loop, the coefficient of the logarithm does not match;
the sign is opposite

e The argument of the logarithm is sensitive to the UV cutoff,
which in our case is provided by the coupling constant h
and in the case of Sundin and Wulff has been removed. As
such, the finite pieces of the one-loop result can be
removed by a change in the UV cutoff.
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Perturbative expansion

@ in the massless sector we get

00 -2 /P1P2 el —piP2 _3
Iog(a (p1,pz)) = pm 8 la-pe (Iog 1612 >+O(h)

while Sundin and Wulff obtained

. P12

g (i Sswlxi xg) = 1 pipati D!

> (1og(~4p1p2)—1)+O(h~°)

@ At one-loop, the coefficient of the logarithm does not match;
the sign is opposite

e The argument of the logarithm is sensitive to the UV cutoff,
which in our case is provided by the coupling constant h
and in the case of Sundin and Wulff has been removed. As
such, the finite pieces of the one-loop result can be
removed by a change in the UV cutoff.

e The first O(h~2) term is precisely due to —ia(~y), which we
may eliminate in the opposite-chirality scattering
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Mirror BYE

Excitations appearing in the mirror BYE for fundamental particles
@ N, “left” momentum carrying modes
@ Nj; “right” momentum carrying modes

Q N(()d), & = 1,2 momentum carrying massless modes which are in
a doublet of an external su(2).

The total number of massless excitations is Ny = Né” + Néz)

(4 ] N(()“), «a = 1,2 auxiliary Bethe roots, or y-roots
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Mirror BYE
Ny 2 N 2 N
IPKHHSS/ UK’“/ HSS/ (ukauj) H S1O(Uk,U/((X)) H S1Y(Uk7}/j({’())
= a=1 j=1 a=1 j=1
/#k
Ny Ny 2 N " 2 N 1
S S i =ly
1= IPkRH S;Jl (Uk, U/)H S;J(Uk, Uj) H H S (ux, U](a)) H H S (de/,-(a))
= =1 a=1 j=1 a=1 j=1
J#K
N(1) N(z) N, Ny y
o1e elkaHSOO u'y HSOO VTS (e ) [TS (0. )
= J=1 j=1
J#k
2 N
1
ITTT 76
a=1 j=1
Nj 2 N(Q)

=TT 0 T 0o 1T 1T 5208, )

J=1 j=1 a=1 j=1
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Left-left bound states, or Q-particles

X7 — X —
R 11 k XX -2
1= e/ Hss, (U, u), S (uk, uj) = ——L 2 (ar?)
XkX]
/sék
X, =X X, = xi X5 =X
1 2, X2 3 X1 Q
i Q+1-2))i
x/.i:x(ujif), ,—u—i—( l), 1,...Q, UeR
h h
W / W
u, U, u, u,
<« .~> 4—.
—_—
Q=6 Q=5

Bethe strings Q-particles with real rapidities
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Right-right bound states, or Q—particles

Ny 2 N ; N
iD 4 « s «
1=eP AT Sl u) [TTIS (wey™), —1=]18"0".u)
j=1 a=1 j=1 j=1
j#k
.
. xm —xt 1= _
St (uk, uj) = PP k+ L XK1X’ (o) 2
X =X 11— X
- i XK Ty 1 - 1
SY(ug, y) = e 2P /R . S(y,u) = =
e = 1 = sy ¥ Y sy
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Right-right bound states, or Q—particles
NT 2 N}(/u)71 NT _
1= PRI SUueu) [TTI S (uey/™). —1=T]3" 0" v)
j=1 a=1 j=1 j=1
j#k
. X — X;r 1- XX+ _2
S;ZI(UM Uj) = e e T - 11 (Ui:j.)
X =X 11— X
i XK Ty 1
S1y ) = eiépk Y = s Sy1 s = =
(Uk?y]) ka 7}17/ S1y(uk;1/yj) (y ) S1y(U y)
Xy =X3, Xy =X5 X5 = xg
M _@_ 1 ! —1,2,...,0-1
Yim = X~ x(u+(@-2)f)° J=he
= yaij
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String hypothesis for the mirror model

In the thermodynamic limit R — oo with
NO/R, NO/R, NS /R, NI /R fixed
solutions of the BYE arrange themselves into
eight different classes of Bethe strings

@ Q-particles with X3 = x(uz + £Q,), and Y5, N9 = N,
@ Q-particles with x5 = x(us £ £Qa), and 33, N© = Ng

@ N\*) massless particles, & = 1,2, with
1 <X\ = x(ug +i0) = 1/xs(uk) < 1, |ux| > 2

Q@ N “auxiliary particles” ye“ witha =1,2,c= S =e,
Y = x(u) = xs(u = 10), Y = 1/x(u) = xs(u +0), |u| <2

The mirror energy of the resultlng state is given by

ZEQ& Uy +Z(€ (Ua +ZZ€0

a=1 k=1
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Bethe-Yang eqs for Bethe strings

N, strings with rapidities Uz, k=1,...,Ns

Np
(_1)% = g/%Paxfl H H Sab(ua,kv ub,n)

b n=1

Here §, = 1 for strings carrying momentum and d, = 0 otherwise, ¢,
are constants, Sy, is scattering matrix of an a-string with a b-string.

yS) y(_1) alo® o@ [ y(_2) y(f)
ys) [ ] [ ] [ ] [ ]
yg) ° . . .

Q . . . . ° . . °
oM . . ° ° ° . . .
0® . . . . ° . . .
qQ . . . . . . . .
y(_2) ° ° ° °
y_E_z) [ ] [ ] [ ] [ ]
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Thermodynamic limit

Np
(=1)%= = gl0aParF H H Sab(Ua ks Ub,n)

b n=1

@ Roots become dense as R — oo
pa(u) du: # roots for string of type ain du

@ Integral egs in the thermodynamic limit
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Thermodynamic limit

Np
(=1)%= = gl0aParF H H Sab(Ua ks Ub,n)

b n=1

@ Roots become dense as R — oo
pa(u) du: # roots for string of type ain du

@ Integral egs in the thermodynamic limit

In the AdS; x S® x T* case p, vanish only for y-particles.
@ Star operation is defined as

' ! ! ! d
Kas # p(u1) = / AU Kap(U, U)p(t) . Ko, v) = 10g Sas(; V)

2ni du

o+ Koa(U) = / At po(U')Koa( U, U)
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Free energy and canonical TBA equations

Free energy: Fz(J) = [du Za{ apa+ ¢ pa— 5(pa)} , T=1/J

Variations of the densities of particles and holes are subject to
dpa+ 6pa = Kap*dpp

Using the extremum condition 67;(J) = 0, one gets

The canonical TBA eqs and the ground state energy

log Vs = —JE5 — pia+log (1 + Vp) * Kpa

Ex(J) —J = lim iR FU) = / 9Pa 100 (14 37)

where each Bethe string leads to a Y-function

ya:@
Pa
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Canonical TBA equations

In the AdS; x S® x T* case
Yo=Yao, Yo=DYa. Y=Y, v{¥=-"—

where i, = (—1)%u, and p is a twist parameter
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Canonical TBA equations

In the AdS; x S® x T* case
Yo=Yao, Yo=DYa. YV =¥, vV= fim)
where i, = (—1)%u, and p is a twist parameter
—log Yo = LEg —log (1 + Ygr)  K§ @ — log (1 +70/) ~Kaa

~ > tog(1+ Yéé)) ¥ K@

a=1,2

fZIog< ) Kyo Zlog(

a=1,2 a=1,2

”);K{Q

—IOg?o = LEQ — |Og (1 +70/) *KS?JQ — |Og(1 + YQ/)*RS? Q

- > log (1 + Yo(é)> * Ko

a=1,2

-3 (1= S 40 - S e (1 S ik

a=1,2 + a=1,.2 yle
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Canonical TBA equations

—log ¥{ = L& — 3" log (1 + Yéﬂ)) %K _log (1 + Yg) % K2 —log (1 +?Q) « K

B=1,2
o
-3 log ( ) $K°— 3 log e 2 KO

a=1,2 + a=1,2 —
log Y'*) = —log (1 + Yg) * K¥ + log (1 +VQ) «KY + 3 log (1 n Yéé)> * KO

a=1,2
log Y{*) = —log (1 + Yg) » K¥ + log (1 ) «KY — 3" log ( ) Ko

a=1,2

Ground-state energy

E(L) = - / S—Z‘Zilog(ﬁ +Yo)(1+Va))
- gi‘;i log (14 Y§") (1+ ¥§))

lu|>2
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Simplified TBA equations

@ introduce the kernel inverse to the kernel Kng + dng

g

K+ 1 =duny — S (9 1) - J
(K+ )8 = Omv — S (O +om1n) ,  S(u) 4cosh I

> (Kan + dan) * (K + 1)y = dam = > (K + 1)y * (Kiva + Ono)
N=1 N=1
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Simplified TBA equations

@ introduce the kernel inverse to the kernel Kng + dng

g

—1
(K+1)MN:6MN78(5M+1,N+5M71,N) y S(U) - m

o0

> (Kan + dan) * (K + 1)y = dam = > (K + 1)y * (Kiva + Ono)
N=1 N=1

@ Using various identities it satisfies, we find

! ><1+ ! )*S, Q>2
Q-1 Yot

IogYQ_Iog<1+ v
1

- 1
—IogYQ:Iog(1+ )(1+ )*s
Ya-1 Yo

e Egs for Y and Yg decouple
o Y'*) do not appear
e The same egs as in AdSs x S°
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Simplified TBA equations

@ Equations for Y; and Y

—log Y1 :|Og(1+%>*sflog (1 — ;?;)(1 szz)>£3+ﬁ¥s

—log Yy = log (1 + %) x5 — log (e—m _ YS)) (e’“ _ Yf)) 25+ Fixs
2

F; and F{ depend on all Y-functions and various kernels

In the equation for Y; the functions Yf) appear only in F;
In the equation for Yy the functions y® appear only in Fy
Y; and Y couple to each other only through F; and F
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Y-system equations

@ introduce the operator s~' which is the right inverse of s
_ . i, i
(Fxs " (u) = Jlim. [f(u+ e ie) + f(u — g + ie)]

@ Applying s~ to the simplified equations, we find

e
Ve 1 a2
Yo-1Yor1 (14 Yo1)(1 + Yaii)
7+77
1
— YOZQ = _ — ., UER
Yo-1Yar1  (1+Yo-1)(1+ Yai)
_ e _ er
viYyr _ <1 Y&”)<1 Y@)
Y2 1 + Y2 ’
S efiu, _ Y(1) ei,u, _ Y(2)
YLY‘:( +>£ +), —2<u<?2
Y2 1 + Y2

@ There are no Y-system equations of the standard form for the
remainina Y-functions
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Summary and open questions

@ New solution to the crossing equations for AdS; x S® x T*.

The general structure of our dressing factors is such that they all
include a BES factor times a piece which depends on the
~-rapidities in a simple way.

e Reconsider the computation of the one-loop dressing
factors by using the lattice regularisation with h=1/a
playing the role of the UV cutoff, removing the IR regulator
and keeping logh-divergent terms.

e Use this approach, based on splitting off a BES factor from
a rapidity-difference part of the crossing equations, to find
solutions for other AdS; worldsheet S matrices, e.g. the
pure-RR AdS; x S® x 8% x S' background, mixed-flux
AdS; x S® x T*, and n-deformed AdS; x S® models.

The main problem is to generalise properly the BES factor.
~-parametrisation will be different too.
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Summary and open questions

@ Derived mirror TBA equations for AdS; x S8 x T*

e Use them to study the spectrum of excited states
numerically for finite h, and analytically (if possible) for
small h.

e Apply them to semi-classical strings to see whether the
disagreement found by Abbott and Aniceto is resolved.

e Use the TBA equations to derive quantum spectral curve
equations, and compare them with the recent educated
guess

Ekhammar, Volin '21

Cavaglia, Gromov, Stefanski, Torrielli "21



THANK YOU!
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