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Abstract

An important role in modern field theory is played by theories defined
on manifolds with boundaries, in particular asymptotic ones. In this
context, gauge field theories are of particular interest.
The theory of general relativity on the asymptotic boundary has been
widely studied for many years, for example by Penrose [1], but in last
years interest in this topic has greatly increased. Recently, in [2], a
new approach was proposed in terms of the so-called tractor calculus,
which had previously been successfully applied to problems of
conformal geometry.
We will show how the theory of gravity can be compactly reformulated
and put on the boundary in the Gauge PDE formalism, some version
of the BV-BRST formalism. Moreover, our constructions allow us to
build a Gauge PDE version of the tractor calculus. A closely related
approach to boundary values of AdSd+1 gauge fields was previously
shown in [3].

Q-manifolds

A Q-manifold is a Z-graded supermanifold equipped with a degree
one vector field Q, which satisfies the nilpotency condition Q2 = 0.
The simplest example of a Q-manifold is T [1]X, the shifted tangent
bundle to a smooth manifoldX. If θα are coordinates on the fibres of
T [1]X in the basis ∂

∂xα, then dX = θα ∂
∂xα is the de Rham operator.

A Q-bundle is a fibered bundle, that is, a locally trivial Z-graded
bundle π : (E,QE) → (M,QM) over a Q-manifoldM , such that
π∗ ◦QM = QE ◦ π∗. A Q-section is σ : M −→ E, such that π ◦ σ = Id and
σ∗ ◦QE = QM ◦ σ∗.

Gauge PDE formalism

Gauge PDE [4] is a Z-graded Q-bundle (E,Q) over (T [1]X, dX), where
(T [1]X, dX) is considered as a graded Q-manifold with the form degree
and the de Rham differential dX.
The concept of Gauge PDE allows us to encrypt information about any
gauge theory (at the level of PDE). Basic example is a BV-BRST
formulation of any gauge theory on jets. Then E = J∞(FX),
Q = s + dxaDa. Here FX is the space of fields, ghosts, antifields, etc., s
is the standart BV-BRST differential of the theory andDa are vectors
from the Cartan distribution on jets such that π∗Da =

∂
∂xa. In this

language, σ satisfies the equations of motion ⇐⇒ σ is a Q section.
But the Gauge PDE formalism is much more flexible than just
reformulating BV-BRST on jets. This is due to the fact that E may not
be a jet bundle. Moreover, there is a well-defined notion of Gauge PDE
equivalence. Locally, it boils down to the fact that we can exclude
from consideration the fiber variables forming contractible pairs, i.e.
wα and vα such that Qwα = vα.
The boundary theory is naturally defined as the pullback bundle i∗E,
where i : T [1]J −→ T [1]X is the embedding of the boundary, induced
from the ordinary i′ : J −→ X. Additional relations on the theory
fields, boundary conditions, can also be imposed on the boundary.

Gauge PDE example: General relativity

Consider a specific Gauge PDE corresponding to the general relativity.
In the fiber we have coordinates {D(a)g̃mn, D(a)ξ

n}, where (a) is
multiindex, grading gh: gh(g̃mn)=0, gh(ξn)=1 and QDa = DaQ,

Qg̃mn = ξaDag̃mn + g̃anDmξ
a + g̃maDnξ

a, Qξm = ξaDaξ
m.

In addition, we have algebraic relations on jets of the metric:
D(a)(Rmn[g̃]− Λg̃mn)=0, i.e. Einstein equations and its jet
prolongations. Now we can search for contractible pairs in this
system, throw them out and get equivalent formulations of GR. But
we will follow a slightly different way.
One can notice that if we add to the fiber coordinates {D(a)Ω, D(a)λ}
such that

QΩ = ξaDaΩ + λΩ, Qλ = ξaDaλ

and Ω > 0, nothing will change since these coordinates form
contractible pairs. We can use this and make an inversible change of
coordinates gmn = Ω2g̃mn. Then

Qgmn = ξaDagmn + ganDmξ
a + gmaDnξ

a + 2λgmn.

Reduced model for GR

Now we can use the well-known elimination of contractible pairs in
conformal geometry from [5]. After that in the fiber we have
coordinates {gmn, λ,∇aλ, ξ

n,∇rξ
n,∇(a)Ω,∇(a)W

m
nkp}. Here∇(a)(. . . )

can be obtained by changing coordinates fromD(a)(. . . ) andW a
bcd is

the Weyl curvature. Einstein’s equations in these coordinates will take
an unusual form:

Ωρ + nana = Λ, ∇m∇nΩ + gmnρ = 0, ∇a1 . . .∇anΩ = 0, n ≥ 3,

here ρ ≡ −1
d∇a∇aΩ and na ≡ gab∇bΩ. It can be shown that this system

of equations is equivalent to Friedrich’s conformal equations, which
are known to be equivalent to Einstein’s equations in the bulk, but are
well defined at null-infinity. This system can also be used to build a
Gauge PDE analog of the tractor calculus.

Boundary model for GR

Our new system is equivalent to the system for Einstein’s equations at
Ω > 0 and the crucial point is that it is well defined at Ω = 0. Let’s use
this to study its boundary behavior. Suppose that the base manifold
has a boundary and i : T [1]J −→ T [1]X is the embedding of the
boundary. Then the boundary theory is i∗E plus additional boundary
conditions:

Ω = 0, QΩ = 0,

where the first goes back to Penrose [1] and is included in the
definition of an asymptotically simple space-time, and the second is
necessary for the self-consistency of the system.
The equations of motion are induced from the bulk:

nan
a = Λ, ∇m∇nΩ + gmnρ = 0, ∇a1 . . .∇anΩ = 0, n ≥ 3

Asymptotically AdS spacetimes

Consider the case of Λ < 0. Reducing the contractible pairs and taking
into account the equations of motion we obtain a system with the
fiber coordinates {ξA,∇Aξ

B, λ,∇Aλ,∇(a)W
a
bcd}, where

A,B = 1, . . . , n ≡ dimX − 1 and
QξA = ξB∇Bξ

A − ξAλ, Qλ = ξA∇Aλ,

Q∇Aξ
B = ∇Aξ

C∇Cξ
B +∇Aλξ

B −∇BλξA +
1

2
ξCξDWB

ACD,

Q∇Aλ = ∇Aξ
C∇Cλ− λλA +

1

2(n− 2)
ξBξC∇EW

EA
BC.

i.e. for zero curvatures, Q is the Chevalley-Eilenberg differential for
n-dimensional conformal algebra, as might be expected.
Additional restrictions on the curvatures can also follow from the
equations of motion. For example, for n = 4, the Bach tensor on the
boundary turns out to be zero (as expected, since the Bach tensor is
the Fefferman-Graham obstruction tensor for n = 4).

Asymptotically flat spacetimes

Consider the case of Λ = 0. After reducing the contractible pairs we
obtain a system with the fiber coordinates
{ξu, CN , ξN ,∇MξN , λ,∇uλ,∇Mλ,∇(a)W

a
bcd}, whereM,N = 1, . . . , n− 1

and for zero curvatures Q is the Chevalley-Eilenberg differential for
the algebra of symmetries of the conformal n-dimensional Carroll
geometry equipped with connection (induced from the bulk). This
group is closely related to the well-known BMS (Bondi - Metzner -
Sachs) group. Moreover, at the boundary connection has failed to be
unique that is expressed in variable CM .
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