
An Effective Field Theory for Large Oscillons

Dmitry Levkov,1,2 Vasily Maslov,1,2,3 Emin Nugaev,1 Alexander Panin1

1Institute for Nuclear Research RAS 2Institute for Theoretical and Mathematical Physics, MSU 3Faculty of Physics, MSU

based on JHEP 12 (2022) 079 [arXiv:2208.04334]

A. A. Slavnov memorial conference, Steklov Mathematical Institute, 21–22 December 2022

An Effective Field Theory for Large Oscillons

Dmitry Levkov,1,2 Vasily Maslov,1,2,3 Emin Nugaev,1 Alexander Panin1

1Institute for Nuclear Research RAS 2Institute for Theoretical and Mathematical Physics, MSU 3Faculty of Physics, MSU

based on JHEP 12 (2022) 079 [arXiv:2208.04334]

A. A. Slavnov memorial conference, Steklov Mathematical Institute, 21–22 December 2022

Oscillons: introduction
Oscillons are compact, almost periodic, and long-lived classical solu-
tions in models with real bosonic fields, e.g., one real scalar field ϕ(t,x),

L = (∂tϕ)2/2− (∂iϕ)2/2− V (ϕ).

Example: Plateau potential V (ϕ) = 1
2 tanh2ϕ.
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Emergence of an oscillon in numerical simulation from Gaussian initial data ϕ = ϕ0 exp(−r2/σ2)
with ϕ0 = 0 and σ = 20 in 3 spatial dimensions. It goes on to live & 105 periods.

Oscillons are widely met in cosmology:

• nucleate1, 2 during generation of axion or ultra-light dark matter

• accompany3 cosmological phase transitions

• formed4 by inflaton field during preheating

Problem: Why are oscillons so long-lived? How to describe them?

1D oscillons example: V (ϕ) = 1
2 tanh2ϕ
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One-dimensional oscillon profiles for ω = 0.91. Left: Leading order EFT oscillon profile ψ(x).
Right: Comparison between exact oscillon profile ϕ(0, x), obtained from numerical simulations

(shown in circles), and the EFT oscillon profiles in the leading and second orders (shown in dashed
and solid lines, respectively), obtained by canonical transformation from ψ(x) at t = 0.

Existence, longevity, stability
Existence of an oscillon with I(r = 0) = I0: (Ω = ∂h/∂I)

Ω(I0) < m, h(I0)/I0 < m

Longevity: profile equations lead to ω − Ω ∼ (mR)−2 � 1, thus∣∣∣∣dΩ

dI

∣∣∣∣� Ω

I

– conditions for EFT

– longevity of oscillon

Such potential V (ϕ) is almost quadratic!

Linear stability : dN(ω)/dω < 0 (Vakhitov-Kolokolov6 criterion)

Higher-order corrections

Goal: Develop asymptotic expansion in R−2:

Seff = S (1)
eff︸︷︷︸

R0+R−2

+

corrections

S (2)
eff︸︷︷︸
R−4

+ S (3)
eff︸︷︷︸
R−6

+ . . .

Field corrections: I = Ī︸︷︷︸
slow

+ δI︸︷︷︸
fast

, θ = θ̄︸︷︷︸
slow

+ δθ︸︷︷︸
fast

〈δI〉 = 〈δθ〉 = 0, δI � I, δθ � θ

Solve equations for δI(Ī , θ̄), δθ(Ī , θ̄), plug the result into (averaged)

action, and use the stationary ansatz ψ ≡
√
Ī e−iθ̄ = ψ(x) e−iωt to get

Seff = S (1)
eff + S (2)

eff ,

S (2)
eff =

∫
dt ddx

[
d1 (∂iψ)4 + d2ψ∆ψ(∂iψ)2 + d3 (∆ψ)2

]
di=di(|ψ|2), four x-derivatives ∼ O(R−4)

At all orders of the EFT global symmetry persists due to averaging,
thus the EFT oscillons are eternal.

Action-angle coordinates — smooth variables for the EFT

We are considering wide oscillons: R� m−1, |∂iϕ| � mϕ.

Roughest approximation: ∂2
tϕ − �

�
�
��Z

Z
Z
ZZ

∆ϕ = −V ′(ϕ) =⇒ Nonlinear oscillator, exactly solvable.

Single integral of motion: h ≡ (∂tϕ)2/2 + V (ϕ) = const .

Action-angle variables: I(ϕ, ϕ̇) =
1

2π

∮ √
2(h− V ) dϕ,

θ(ϕ, ϕ̇) =
∂

∂I

∫ ϕ√
2(h− V (ϕ′)) dϕ′

Canonical transformation: ϕ = Φ(I, θ), ϕ̇ = Π(I, θ), so that h = h(I).

Mechanical solution: I = const, θ = Ω(I) t, Ω(I) = ∂h/∂I .

In field theory:
oscillon is x-dependent w w � fields I(x) and θ(t,x) slowly depend on x.
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V (φ)

φ

Example: V (ϕ) = 1
2 tanh2ϕ

ϕ = arcsinh

(√
I(2−I)

1−I cos θ

)
h(I) = I − I2/2.

Effective Field Theory: leading-order effective action

We start with the exact action: S =

∫
dt ddx

(
1

2
ϕ̇2 − V (ϕ)︸ ︷︷ ︸
I∂tθ − h

− 1

2
(∂iϕ)2︸ ︷︷ ︸

subleading

)

Averaging over period: (∂iϕ)2 −→ 〈(∂iϕ)2〉 =
1

2π

∫ 2π

0

(∂iΦ(I, θ))2 dθ ≈ (∂iI)2

µI(I)
+

(∂iθ)2

µθ(I)
,

where slow-varying ∂iI , ∂iθ are moved out of the average, µI ≡
〈
(∂IΦ)2

〉−1
, µθ ≡

〈
(∂θΦ)2

〉−1

Effective action in the leading order

Seff =

∫
dt ddx

(
I∂tθ − h(I)− (∂iI)2

2µI(I)
− (∂iθ)2

2µθ(I)

) Example: V (ϕ) = 1
2 tanh2ϕ

µI = I(2− I)2(1− I)2,
µθ = I−1 − 1

Introducing one complex field ψ(t, x) =
√
I · e−iθ gives

Seff =

∫
dt ddx

(
iψ∗∂tψ − h−

|∂iψ|2

2µ1
− 1

2µ2

[
ψ∗2(∂iψ)2 + h.c.

])
nonlinear Schrödinger model

,
Form factors:
µi = µi(|ψ|2),
h = h(|ψ|2)

Global symmetry: θ → θ + α

m
ψ → e−iαψ

w w � Conserved charge:

N =

∫
ddx I =

∫
ddx |ψ|2

Charge conservation allows the appearance5 of stable non-topological solitons i.e. oscillons.

Attraction + charge
conservation = solitons!

Stationary Ansatz θ = ωt ⇐⇒ ψ = ψ(x) · e−iωt gives
the oscillon profile equation:

−2ψ2

µI
∆ψ − (∂iψ)2 d

dψ

(
ψ2/µI

)
+ Ωψ = ωψ

Alternatively: minimize the energy E at fixed charge N .

Leading-order oscillon profile: ϕ(t,x) = Φ(ψ2(x), ωt)

N — “number of
particles”

ω — “energy of
a particle”

dE/dN = ω

E(ω) comparison for V (ϕ) = 1
2 tanh2ϕ
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The energy E(ω) of d-dimensional oscillons in the leading-order EFT (dotted lines) and second-order EFT (solid lines). Circles with errorbars show results of
exact numerical simulations. EFT gives qualitatively correct predictions at d = 3, but becomes precise at d = 1 and exact at ω ≈ m.

References
1 E. W. Kolb and I. I. Tkachev, Phys. Rev. D 49 (1994) 5040 [arXiv:astro-ph/9311037].
2 A. Vaquero, J. Redondo and J. Stadler, JCAP 04 (2019) 012 [arXiv:1809.09241].
3 I. Dymnikova, L. Koziel, M. Khlopov, S. Rubin, Grav. Cosmol. 6 (2000) 311 [arXiv:hep-th/0010120].
4 M. A. Amin, R. Easther and H. Finkel, JCAP 12 (2010) 001 [arXiv:hep-th/0010120].
5 S. R. Coleman, Nucl. Phys. B 262 (1985) 263.
6 N. G. Vakhitov and A. A. Kolokolov, Radiophys. Quantum Electron. 16 (1973) 783.


