The most beautiful formula
1in mathematics.
Euler identity history

Galina I. Sinkevich

Saint Petersburg State University of Architecture and Civil
. . Engipeering .
galina.sinkevich(@gmail.com



mailto:galina.sinkevich@gmail.com

In(cose + ising) = i@
cosp + ising = e'?

el™ = —1
e +1=0



1545
Girolamo Cardano
First appearance of complex numbers

HIERONYMI CAR :

DANI, PRESTANTISSIMI MATHE

MATICI, PHILOSOPHI, AT MBDICI

ARTIS MAGNAE,

SIVE DE REGVLIS ALGEBRAICIS,
Lib.unus. Qui & totius operis de Arithmerica, quod
OPVS PERFECTVM
infcripfit,eftin ordine Decimus.

Abesin hoclibro,ftudiofe Lecor,Regulas Algebraicas (Itali, dela Cof

fa uocant) nouis adinuentionibus ,ac demonftrationibus ab Authore ita
locupletatas,ut pro pauculis antea uulgg tritis.jam {eptuaginta euaferine, Nes
g folum , ubi unus numerus alteri,aut duo und,uerum etiam,ubiduo duobus,
aut tres uni gquales fuerint,nodum explicant.  Huncaiitlibrumideo feor=
{im edere placuit,ut hoc abftrufifsimo, & plané inexhaufto totius Arithmeri
ca thefauroinlucem eruto, & quaff in theatro quodam omnibus ad fpectan
dum expofito, Lectores incitaretur,ut reliquos Operis Perfectilibros, qui pet
Tomos edentur,tanto auidiusamplectantur,ac minore faftidio perdifcants



L'ALGEBRA
OPERA

1572 DiRarary Bomerrirda Bologna

Diuifain tre Libri.

(onla quale ciafeuno da fepotra wenive i ptrffrm
cognitione della teorica dell’ Arimsetica.

Convna Tauola copiofa delle materie,che
Bljraxfgili it e
Addition and

multiplication of
complex
numbers

IN BOLO GNA,
Per Giouznni Rofsi. MDLXXIX.
Con birenza de’ Swpevieei



1614, John Napier, logarithms
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1620-1622,

First slide rules




William Oughtred (1574-1660)
_Clavis Mathematicae
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1637, Rene Descartes
on the status of complex numbers
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GCEOMETRIE.
LIVRE PREMIER.

Des problefmes qu on peut conffruire [ans
'y employer que des cercles ¢ des
Ugnes drostes.

sae?re Ou s les Problefmes de Geometrie fe
(A Bty peuuent facilement reduire atels termes,

35 & & qu'iln’eft befoin paraprés que de connoi-
S %T g R fre lalongeur de quelques lignes droites,
(SO pour les conftruire.

Et comme toute ' Anithmetique n'eft compofée, que commé:
de quatre ou cing operations, qui font I'Addition, la's cledl
Souftration, [a Multiplication, la Diuifion, & 'EXtra- tmeti-
&ion des racines, qu'on peut prendre pour voe efpece j.“P‘ngm
de Diuifion : Ainfi n‘at’on autre chofe a faire en Geo- auxope-
metrie touchant les lignes qu'on cherche, pour les pre- 'G"c':,’,’;“

arer a eftre connués, que leur en adioufter d’autres , ou e
enofter, Oubien en ayant voe, que i€ nommeray I'vnité
pour la rapporter d’aatant mieux aux nombres , & qui
peutordinairement eftre prife a difcretion, puis enayant
encore denx autres, en trouuer vne quatricfme , qui foit
al'vne de ces deux,comme l'autre eft al'vnité, ce quieft
le mefme que laMultiplication ; oubien en trouueryne

quatriefme, qui foital'vnede cesdeux, comme Uvnite




1685, John Wallis,

an attempt at interpreting complex numbers

The fame Exemplified in Geometry.

HAT hath been already faid of 4/ — bc in Algeh (35’
Mean Proportional between a Pofitive and a Neggati\lr‘z, g
ticy :) may be thus Exemplified in Geometry. 4

If (for inftance,) Forward from A, Itake AB — b3 3%1

Forward from thence, BC — - ¢ 5 (making A,
= 4 AB'} BC = b}, the Diameter 0,
Circle:) Then is the Sine, or Mean Proporiioyl
BP = +be.

But if Backward from A,Itake AB — —b; ‘ud |
then Forward from that B, BC =-}¢; (m %
BGes—ABEBCi= o Tt Pl 4
the Circle:) Then is the Tangent or Mean Pro

tional BP = ./ — j¢. |
o o TR ] - - — ‘l‘




Transition from circle x* + y? = 1

to the hyperbola x? — y? =1
by replacing y with yv—1



1702, I. Newton, A. Moivre, I. Bernoulli

researches on the development of methods for integrating
rational functions




Bernoulli established 1n 1702 that the differential of

the real circular sector

by substituting z =

14272

;—1\/—71 IS transformed into the differential of the
Imaginary logarithm.
On the other hand, as Bernoulli noted,

az 1 dz 1 dz

e | —_— e
1422 2 14zVy=1 2 1-zV-1’
It Is equal to the sum of differentials of imaginary logarithms.




1712,
I. Bernoulli, G. Leibniz, J.-L. d'Alembert

on the meaning of the logarithm of a negative number




By 1712, Bernoulli and Leibniz were arguing in their correspondence about what the
logarithm of a negative number is [50]. Leibniz substituted x = —2 into the formula for expanding

the logarithm into a series and concluded that the logarithm of -1 cannot be zero. For a positive

number a, we have Inva =%lna. Continuing the reasoning, we can conclude that

Ini=InvJ/-1= % In(—1). But what is In(—1) equal to?



Leibniz believed that it should be complex (imaginary), but he did not have a clear
definition of this term either. Bernoulli [50, p. 294], and then d'Alembert [27, p. 210-230], believed
that the logarithm of a negative number should be real. Bernoulli's arguments were based on
Integrating the logarithm of (-x) as an integral of dz: z taken between the limits of 1 and (-x), but,
as noted by l.Yu. Timchenko, he performed integration through the pole z=0 and obtained
log(—x) = logx [4, p. 212-213]. Euler later proved that the logarithm of a negative number

would be complex, adding that the logarithm had many values.



History of the
logarithmic spiral

 The logarithmic spiral, known to us from the equation

In polar coordinates p = ae??, was first described by

A. Durer (1525) as a spiral, at each point making a

constant angle with the tangent %sogonal sp_lral%: It

was studied by R. Descartes (16 8%, E. Torricelli

51644), |. Newton (1687), Jacob | Bernoulli (1691,
692), P. Varignon (1704).

Descartes found that in a logarithmic (isogonal)
spiral, when the angle changes in an arithmetic
progression, the radius vector changes exponentially
and showed the equivalence to the fact that the polar
angles for the points of the curve are proportional to
the logarithms of the radius vectors.

In 1714, the English astronomer and mathematician,
student, editor and publisher of Newton, Roger Cotes,
based on the study of its properties, developed his
own computational method for solving problems of
analysis.









1714, Roger Cotes, The logarithm of a complex
number. Relationship between arc and logarithmic

functions

(32)

converfione circum axem CX, .crit ad Circulum femidiametro CB

defcriprum, ut lincarum KL & L AM aggregatum K A4, ad femis ’

diametrum illam CB. Ut hze

ultima conftru&io locum habeat,

oportet femiaxem C.A circa quem T QAN L, E‘[
coaverfio fa&a eft, minorem effe +
altero femiaxe CB; aliter enim Mo-

! : CAdq A 7o S —
duli CE quantitas =—=———x'—x<

JCBy—Cdyq R
ovadet impofibilis, & conftruitio X >N
illa Logometrica (quod in hu-
jufmodi cafibus fieri folet) cone 4
vertet fe in Trigonometricam, C E F B
qualis illa elt qua jam fequi-
tur.

Sit ANB Ellipfis defcripta centro G, verticibus A & B, foco F,
femiaxe principali CA, femiaxe conjugato CB; & ad axis CA
pun&um quodvis X fit XY ordinatim applicata, qua Ellipfi oc-
currat ad V. Angulo CXN infcribatur re®ta CE, qua fit od
CAu CAad CF. Tum fu.-
matar KL quaz fic ad XC ut ; o M
XE od CE, & LM quz ane Kr——r—rt——
guli XEC menfura fit ad Mo-
lulum CE, hoc eft, qua fic =- Ar~

ulis arcui cujus finus et XC e
ad radium CE: & fuperficies | \
genita ex arcus BA converfione !

circum axem CX, erit ad Circu- X B
lum femidiametro CB defcriptum, l /
ut lincarum KL & L A{ aggre-

gatum K A4 ad femidiametrum il- I ‘

lm CB. Pofiet hujus etiam fu- € B

perficici dimenfio per Logome-

triam defignari, fed modo inexplicabili. Nam fi quadramis circunli

quilibet arcus, radio CE defcriptus, finum habest CX finumque

complementi ad quadrantem XE: fumendo radium €E pro Mo

dulo, arcus erit rationis inter EX =+ XCy—1 & CE menfura

dufta in 4/ —r. Verum ifthzc aliss, quibus operz pretium vide-

bitur, diligentius excutiends relinquo. Ceterum ex pracedentibus

weelligi poteft, quanta fit cogratio inter angulorum atque rationum
! menfi-

Cotes has the formula
In(cosx + isinx) = ix

expressed in these words:

“For if some arc of a quadrant of a
circle described with radius CE has sine
CX and sine of the complement of the
guadrant XE, taking radius CE as
modulus, the arc will be the measure of

the ratio between EX + XCv—1 and
CE, the measure having been multiplied
Thanks to Cotes, an algebraic formula appeared
for the first time in geometry and analysis,

connecting logarithmic and circular functions.



Philosophical Transactions
of the Royal Society of London
Volume 29, Issue 338 Mar 1714
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Cotes for the first time in mathematics introduces an angle whose measure Is
always equal to the radius, I.e. providing such a ratio, whose measure is always
equal to the modulus. This modular ratio is 2.71828..., the corresponding angle
IS 57.295 degrees, which is one radian. It was thanks to Coates that the radian

measure of angles appeared, without which the appearance of the Euler identity
would have been impossible.

merus Gradoum, qui metitur An Modularem modo definitum,
hoc eff, qui contincrur in arcu Radie zquali. E® autem hic Nu-
merus ad Gradus 180 ue Circuli Radius ad' Semicircumferentiam,
hoc eft ur 1 ad 3. 1415902653589 &c. Unde Modulus Canonis
Trigonometrici prodibit §7. 2957795130 &c. Cujus Reciprocus
eft ©. 0174532925 &c. Hujus moduli fubfidio (quem in chartula
quadam Auctoris manu defcriptum inveni) commodiffime compurabis
menfuras angulares, quemadmodum oftendam in Nota 111



Calculation of the surface
of an oblate and prolate spheroid




Cotes R.
Logometria

Philosophical Transactions of the Royal
Society of London. 1714, 29

(338). P. 5-45.— CTp. 32.

“For 1If some arc of a
quadrant of a circle
described with radius CE

has sine CX and sine of the
complement of the quadrant
XE, taking radius CE as
modulus, the arc will be the
measure of the ratio between

EX + XCv—1 and CE, the
measure having been

multiplied v—1".

Sit ANB Ellipfis defcripea centro C, verticibus A & B, foco F,
femiaxe principali CA; femiaxe conjugato CB; & ad axis CA
pun&um quodvis X fit X ordinatim applicata, qua Ellipi oc»

currat ad . CXN infcribatur re®a CE, qua fit od
CAut CAdad CF. Tum fu.
matur KL quaz fit ad XC ut L ™M

XE od CE, & LM qua ane-
gul. XEC menfura fit ad Mo-
Julum CE, hoc eft, qua fit =-
qualis arcui cujus finus cft XC
ad nadium CE: & fuperficies
genita ex arcus BN converfione
circum axem CX, erit ad Circu-
lum femidiametro CB defcriptum,
ut lincarum KL & L A aggre-
tum K AL, ad femidiametrum il-
CB. Poﬂ'c; hujus etiam fu-
perficici dimenfio
triam defignari, fedwmodowuuphcnb:ﬁ. . Nam fi quadrantis
quilibet arcus, radio CE defcriptus, finum habest CX fin
complementi ad quadrantem XE: fumendo radium €E pro
dulo, arcus erit ratioois inter EX =+ XCy =1 & CE
dufa in 1. Verum ifthac aliis, quibus operz pretium
bitur, diligentius excutiends relinquo.  Ceterum ex pracedentibus

el

wtelligi potelt, quanta fic cogaatio inter angulorum atque rationum

F

'r




The explanation for the last sentence is as follows.
CE is the radius of the circle,

yroi XEC=0, Z—Z = siné; i—;{ = c0s0;
i—; + %\/?1 = c0s6 + sin6v/—1.
The logarithm Is the measure of a given ratio,
l.e. ln(i—g + %ﬂ) = In(cosO + sin6v—-1).

Arc corresponding to angle XEC and radius CE,
measured In radians is equal to

6v—1.
So ln(cos@ + SinH\/—l) = 0v—1.



Cotes, having discovered, thanks to his method, the
connection between circular and logarithmic canons
(functions), called this connection the wonderful
harmony of nature:

“Moreover, from the foregoing can be understood the
extent of the relationship between the measures of angles
and of ratios, further, by simple exchange among
themselves, they are easily converted for different cases
of the same problem”.



Cotes, having discovered, thanks to his method, the
connection between circular and logarithmic canons
(functions), called this connection the wonderful
harmony of nature:

“Moreover, from the foregoing can be understood the
extent of the relationship between the measures of angles
and of ratios, further, by simple exchange among
themselves, they are easily converted for different cases
of the same problem”.



L. Euler. Elements of
complex analysis

Since 1730, Leonhard Euler developed the foundations of

the theory of elementary functions of a complex variable.
In 1734-1735. Euler obtained the condition

op _0Q 9P _ _ 0Q
dx dy’dy  ox

In 1743, Euler created a method for solving linear
differential equations of higher orders, in which imaginary
numbers arise when solving characteristic algebraic
equations, and the general solution of the equation is real.
Euler used more convenient notation, namely, the letter "¢"
as the base of the natural logarithm from 1728, the letter ©
as the ratio of the circumference to the diameter from
1730, the letter 7 as the symbol for the imaginary unit from
1777, and gives it the modern definition

1
i2=—1,-=—i
l




1743, Euler formulas
for sine (left) and cosine (right)

Hinc jam a priori aflignare poffum emnes radices feu
faCores hujus expreffionis infinite
g1 g3 5! 4 £
12.3.4.5 7 U 133.9

— iV =1
—_
3 Vo= |

denotante ¢ numerum, cujus logarithmus et = 1 & cum fe

&e,

' F V=1
Hzc enim expreflio :quivalet ifti «

F . . .
ez — (14 ?) exiftente » numero infinito, reducetur

expreffio infinita propofitaad hanc: (1~ i_-—' {1 ":_"—D'
T ¥V =1

cujus primum faftor implex et r, quem quidem ipla (eciei
in(peftio monftrae, Ad reliquos factores eruendos compa-

§ XL
Simili modo fi confideremus hanc feriem:
T +9 L £®
Y= 2 T 1234 123...6 123 ....8 &,
sV =1y V-1y"

ea reducetur ad hanc formam (14—~ ) -t

Divifores ergo  binomi

i

denotante » numeram infinitum,

V=1\* V=Iy"
(14 - I) -l-{l—r—,r

H
propofitz, & quidem omnes, Comparaea hac forma cum a»

-

(imul erunt divilores {eriei




1749, Euler on the logarithms
of negative and imaginary numbers

'§ 29. Soit maintenant I'arc proposé @ de 180°, ou soit ==, et nous wuroms sin =20 et
cos g=-— 1. Cette suppesition -faite, I'équation gémérale: trousée sé¢- changera en cette fopme
| =) =(z%x2m)V—1(=1EW)nV—1,. - ._.:
d'ot mous tirons toute l'infinité des logarithmes du.mombre néggtif — 1, car mous aurons
(b)Y ad, 3xY-sl, %5aV—1, =inV—1, ol
et de la nows voyeas .chwemmt, que tous les logarithmes de — 1 sont imaginaires eimdlﬂ'érentu
des logarithmes de + 1. Cela non ubstant les logarithmes de (— 1)* qui seront
+2::'|/-—I +6n:'i/-—-i +lﬂrr]/—l etc.
sont muhlement cﬁntenus dans les luganthmeu de -l- 1; ce qui suﬁit pour sauver les contradictions
Ipparentes dont ]m fait mention la-haut, quoiqu’il n'en suive pas remproquement que les moitiés de

tous les lnganthmes de -+ 1 soient logarithmes de — 1: ce que la nature méme dea quantités ne
permet pas, puisque — 1 n'est pas Ia seulé racine carrée de = I. ' *



Euler (1747), after studying the work of Coates, found an
easler way: he compared the antiderivatives of the two

integrals [ % and [ \/% and noticed that one

Integral from the other one Is obtained with the help of an

Imaginary substitution, after which the antiderivatives are
compared.




Euler considers arcs on a unit circle, their sines and cosines, taking Into
account periodicity +2mn + ¢ for argument values %%gn u T.71. It stands for

x = sing, y = cos@. y =V1 — x2.The letter | denotes the natural logarithm.
dx dx

Because do = S T e Euler introduces the notation x = zvV—1 , so do =
dz/—-1 dzv—1 5 _ _
V112 Consequently, f Nevvr =I(V1+4+z2+4+2)+C . Respectively, @ =

V—11(V1 — x2 +—) + C. Evidently, writes Euler, the constant C = 0.
Then ¢ = ﬁl(\/l —x? —xV—1),50 @ = ﬁl(Vl —x% + xv-—1),
or @ = %l(y + xV—1)




1750 r., Giulio Carlo de' Toschi di Fagnano

Dividen Y M el -
videndo per (I1=—f¢/55)% nu ey €l :

nominatore di qu(ella frwm:e » il logaritmo della ¢
feccondo membro dell’ equazione (6), notata mth

o, B T v

del II. pmblema, e dividendo per ( x-l-tv: )7 bt |

meratore, ¢ il denominatore dn b‘, aq.;
garitmo fa il fecondo membro de é‘)—, X%

-—-x‘

S._ds do =log. (1=—2y/=7)2 ‘.-/—)((xq-t ./1::‘)

¢ in virth-dél €orollario precedente, ﬂ?ﬁcora
(8) S. Jt —log (M_BB,) e ubis

Quefte due ultnme equazioni mamfe&ané‘ fmd .— "
liima propriety del cerchio, ciafcun arco del di cu -
te 3 per fuo elemento _4r , quando la ﬁ,m h e

8-“

dell’ arco medeﬁmo.., ot

e e T Lt hmm’é




1797 (1799), Caspar Wessel
Complex number as a directed segment.
Geometric mterpretatlon of operatlons

von 1761 an. |
Bei dieser wurden durch den Norweger

Caspar ¥ Wessels (1745-1818) erstmalig auf
~den Meridian bezogene rechtwinklige .,

Koordinaten berechnet und wurden genaue
. Karten des Herzogtums und der Mindungen.

J Yon Jadeﬁleser und Elhe erstellt




C(-1)

1806, 1813/14, Argand.
Geometric diagrams

B(i)
1
<X v
K ]_/ A(]-) l | &N (fig. 8)
! jwon
_// :



1813, Jacques Frédeéric Francais
First appearance of the famous formula

Démonsiration. La quantité 1@y —x est une moyenne propor-
tionnelle , de grandeur et de position, entre =@ et —gz , c'est-
a-dire, entre a4 et Bogois's donc , d'aprds le corollaire r.5* de la

définition 3.°, la valeur de cette moyenne proportionnelle , de gran-
deur et de position, est @ =; c'est-a-dire, quclle est perpendi-
e

culaire & l'axe des abscisses, et dirigée soit en dessus soit en dessous

de cet axe ; et I'on a +aV:=a+3, et —ay/ =i=a_ =. Réci-
2 z

proquement , toute perpendiculaire A 'axe des abscisses est représentée,
d’aprés nos notations , par = :elle est, par conséquent, d’aprés
e |

le corollaire 1.°" de la définition 3, une moyenne proportionnelle entre
a, et a_ ., ou entre ~+a et —a: elle est donc une quantité ima~,

ginaire de la forme +ay/ .

Corollaire 1.°. 1l suit de la que /=7 est un signe de position
qui est identique avec 1 __ =,
-2

Corollaire 2. De plus, puisqu’on a _!___‘:tr=e:t=\/—x ot

’

. — +=3y—=1
aaussi /=1 _.%= =0
X3

Corollaire 3. Les quantités dites Zmaginaires sont donc tout aussi
réelles que les quantités positives et les quantités négatives , et n’en
different que par leur position qui est perpendiculaire 4 celle de
ces dernicres.

Remarque générale. Cette théorie des signes de position est une con-

_|_1 eOTl’\/q

1 = etmV-1

Frangais, J. F. Nouveaux principes de géométrie de position,
et interprétation géometrique des symboles imaginaires.
Annales de Mathématiques pures et appliquées, tome 4

(1813-1814), p. 61-71
- p. 64



Corollaire 2. De plus, puisquon a —1=1 i'=c=' V=1 on

a aussi +g/_x=1_,_"'—e ‘V"‘l



1821, Augustin Louis Cauchy
Analyse algébrique

(19) Z((aH—C;/:—._{)):: {(f)+§1/:-+-7r1/:+l((1)). -
Si dans cette derniére équation on fait en particulier

a-+-6y/= =1, Cestd-dire, &="—1, G=—88
et par suite p=1, C:—_ o, on obtiendra la suivante

(o) (=) =7y + (),

Il en résulte qu'on aura généralement, pour des va-

leurs négatives de

(21) l((d,+C1/:T)):,l(f)+<1/—x + [(—1)).



First third ot the 19th century, Britain.
An attempt at logical interpretation

* From the beginning of the 19th century, mathematicians in England paid
attention to the elimination of differences in English and continental
mathematical terminology, dating back to the works of Newton and Leibniz,
as well as to the justification of a%gebraic operations.

* In terms of mathematical pr%paration, England lagged noticeably behind
European countries. Young British professors advocated reforming the
outdated education system. At that time, the best textbooks and scientific
studies were in French.

* Young mathematicians of Trinit Colle%e (Cambridge)cg. Peacock, C. Babbage,
J. Herschel and R. Woodhouse by 1812-1815 founded the Analytical Society
for their own research aimed at the problems of substantiating the sciences
taught, primarily algebra. At the same time, they made an attempt to give the
analysis an algebraic form.



J. Peacock, C. Babbage, J. Herschel and R. Woodhouse

PEINCIPLES

ANALYTICAL CALCULATION.







Mid 19th century, USA. B. Pelrce

L

e2 =i
“Gentlemen, that 1s surely true, it 1s
absolutely paradoxical, we can’t
understand 1t, and we don’t know what
It means, but we have provide It, and

therefore we know 1t must be the
truth.”




1933, Richard Feynman

Feynman called Euler's equation "the most remarkable result
in mathematics... To those who do not know mathematics it 1s
difficult to get agross a real feeling as to the beauty, the
deepest beauty of nature... If you want to learn about nature,
to appreciate nature, it 1s necessary to understand the language
that she speacs 1n”.




Michael Francis Atiyah

) L N Michael Atiyah called this formula "...the
g ) RO o HSESATSN. . mathematical analogue of Hamlet's phrase -
3 =z » "to be or not to be" - very short, very
concise, and at the same time very deep."
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The most beautiful \\\"tf_"‘q

math formula |

In 1988, mathematician

David Wells conducted a
survey among readers of the
mathematical magazine The
Mathematical Intelligencer,
asking them to choose the
most beautiful theorem out
of 24. In 1990, he summed
up the results of the poll in
the article Most Readers
Chose Huler's Identity.

- e

P 257
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