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Notation

N={1,2,3,...} CZ+ ={0,1,2,...} CZ={0,+1,£2,... };
m=1m={1,....m}, meN;
I={i=(")ezZl|i*€Zy, ncm}
i ="M i (p) = (..., i) for
i=("...,iMel
T = {t € R} is the space of the time variable;
o X={x=(x*) e R™| x* € R, u € m} is the space of the spatial
variables;
@ U = {u € R} is the space of the dependent variable,
one may consider u = ¢(t,x);
e U={u=(u) eRy|u R, iel}, u= uy, is the space of the
differential variables,
one may consider t; = (9,1)" ... (0xm)" (1, x).
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The main functional algebras are:
@ ¢ =C>(T x X;R) is the algebra of all smooth real-valued
functions on the space T x X;
@ F =C*>(T x X x U; R) is the algebra of all smooth real-valued
functions on the space T x X x U;
@ A=C(T x X x U;R) is the algebra of smooth real-valued
functions of finite orders on the space T x X x U.

Remark

Note, the number r € Z is called the order of a function f(¢,x,u) € A,
ord f = r, if the partial derivative 9,,f # 0 for some indexi €L, [i| = r,
while the partial derivatives 0, f = 0 for all indexes i € I, |i| > r.

Victor Zharinov (Steklov Mathematical InstituteSymmetries and conservation laws of the Lio Moscow, 2023 3/21



The main linear operators are:

o v:X—X, x=(x)—v=vHKx),
is a given vector field, governing the dynamics
of the model under study;

@ L=0t+0xov:®— D,
¢(t7 X) — L¢(t7 X) = 81‘¢(t7 X) + 8X“(V'u(x)¢(t7 X))s
is the Liouville operator;

0 L =0i+Vv-0x: O,
o(t,x) > 92(1,x) = (1, x) + vFOeu(t, x),
is the time derivation along the vector field v;
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o L= 2 +divv, where divv = dy.v*(x) is the divergence of the
vector field v;

o D,u = 8)(# + Ui_;'_(‘u‘)aui : A — A, g — Dug = a)(#g + Ui+(u)auig,
1 € m, are the total partial spatial derivations,
[Dy,D,] =0, p,v € m;

D = (D))" o...o(Dp)™", i=(i",...,iME€ET

@ Di=0t+1f0y: A= A, g— Dig = 0ig + 1i 04,9, is the total time
derivation, f = —D,, (v*(x)u), fi = Dif,i € I, [D,, D] =0, p € m;

@ D; =Dy +f* = Dt + v¥(x) D, : A — Ais the total time derivation
along the vector field v;

o L=D—f,=Dt+ D,ov*(x): A— Ais the total Liouville
operator, L = D; + div v.
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The Liouville equation
The Liouville equation

Ld):@tqb—i—@xu(vu'(b):Z(f—i—divv-¢:0, (1)

where ¢(t,x) € ® is a unknown function, v : X — X is a given vector
field.

Theorem

The general solution ¢(t,x) € ® of the Liouville equation (1) is implicitly
defined by the equality

where K is an arbitrary function, while
x(t,x, 9),s = (s'(t,x),...,8™(t,x)) are first integrals of the system of
the ordinary differential equations

dt  ax' ax™  d¢

1 v T v divve g




The situation simplifies when the vector field v is divergence free, the
general solution can be found in the explicit form. Indeed, if divv =0
then the Liouville equation (1) takes the form

Ly = ¢

= 01 + VFOxup = 0, (2)
and has the general solution ¢ = p(s), where p is an arbitrary function,
while s = (s'(t,x), ..., s™(t,x)) are first integrals of the shorten system

dt_ox' _
1 v oym’
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Symmetries

The Lie algebra of symmetries (infinitisemes simmetries, in more
detail) of the Liouville equation (1) is defined as

Sym(L) = {¢ =evq ’ ge A Lg=Dg+ D,(v"g) =0} ~KerL, (3)
the evolution derivation evg = D;g - 9, the evolution Lie bracket
[evg, evh] =evign, 19,h}=evgh—evyg, g,heA

In more detail, the equation Lg = 0 is written as Lg — W; - 9,9 = 0,
where

Lg=0ig+ v! - 0xug+divv-g,

W, = Z <11<> (9Xj vH . uk+(M) + Z (;{) axj divv - U,

j+k=i,j#£0 k=i
axj :(8X1)j1o...o(axm)jm, j:(j1a-"vjm) el
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Proposition

The linear operatorL = L — W; -0, : A — A is the
order-nonincreasing, i.e., ord(Lg) < ord g for any g € A.

Theorem

The equation Lg = 0 has the general solution g(t,x,u) € A, implicitly
defined by the equality
K(s,w, ) =0,

where K is an arbitrary function of a finite order, while s(t, x), w(t, x, u),
x=(t,x,u, g), are the first integrals of the system
o _dv  di___ag

1 v W, divv-g’

w € m, i€l (without summation!),

herei= (i*) e I, u = (u),w = (W) € Ry.
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Remark
Note, the functions s(, x) are solutions of the Liouville equation (2). J

Again, the situation simplifies when the vector field v is divergence
free. Indeed, if divv = 0 the the equation Lg = 0 takes the form

Lg = 0:g+ v* - Oxng — VVi/ -0y9 =0, VViI = Z <11(> Oy VH - U+ (1)
Hk=i,j0

and has the general solution g = p(s,w), where p is an arbitrary
function of a finite order, while s(t, x), w(t, x, u) are the first integrals of
the shorten system

, pem iel\{0} (withoutsummation!).

o o du_du
1T v W0
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Conservation laws

The linear space of conservation laws for the Liouville equation Ly = 0
is defined as the factor-space

CL(L) = {(p,]) € Ax A™ | Dtp+ Div] = 0}/{trivial currents},
={peA|Dypc DivAm}/{p € Kerdy}
~{pc 4| 8D =0} [ {sup =0}, @)

where Div] = D, J*, J = (J*) € A™, while the variational derivative

but A=A, prbup=(—D)i(dup).
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Theorem
There is defined the isomorphism of the linear spaces

Su: CL(L) ~ {x € KerD¢ | x». = x*}, [l = x = dup, (5)

where [p] = p + Kerdy, x € A,
© Drx = (Or+ V" Oxn — W/ -0u)x, W =31 acijvo (1) O VP - Uy ()5
@ v.: A=A g~ x.g=0ux-Dg;
o XA A g x*g=(-D)i(g-dux)-

Note, the linear operator D; : A — A is the order-nonincreasing.
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Theorem

The equation D;x = 0 has the general solution x = R(s,w), where R is
an arbitrary function of a finite order, while s(t, x), w(t, x, u) are the first
integrals of the system

at  dx# du;  dug ) . .
L N /
1 vH W~ 0 pem,iel\{0} (withoutsummationl),

herei= (i*) e I, u = (u;),w = (W) € Ry.

Remark
NOte: Dt = L|divv=0-
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Examples.

Example
x=(x"x2)eX=R2, x'=gq, x2=p, :%,
v=(v"v3), VI=0.H=2  v2=-9.H=0, divv = 0;
d k
L= 2 =0+ 20 L=Di=L- W0y, Wix="uprr.

The equation Dy = 0 has the general solution x = R(r, s,w), where
R(r,s,w) is an arbitrary function of a finite order, while r(t, g, p),
s(t,q,p), w(t, q, p,u) are the first integrals of the system

d mdg dp  dux . , o
T 0 Wy J,k € Zy (without summation!),

herei= (j,k) e I=7Z4 x Zy,u= (Ujx), W= (Wx).
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Proposition
In the above settings, the first integrals r, s, w are:
o r(t,g,p)=q—7p, s(t,q,p)=p 7=

k
° Vvl'7k(t7 q, P, U) = Zogngk (n) uj+n;k—n7-n'

Corollary
The Lie algebra Sym(L) ~ Ker Dy.

Corollary
The linear space CL(L) ~ {x € KerD; | x. = x*}. Note,

re=r"=0, s,=8=0, (W)= (1Y (wx)".

Remark
One may say that CL(L) C Sym(L).
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Example

x=(x",x2)eX=R2, «x'=q, x2=p, H=£ =L
= 0.

OpeH = %, OpH=1x2q, v= (%, —xq), divyv
d p
= g =0+ — 8q #Q0p, L=Dt=L—W,0y,,
where i = (j,k) € 1= Zy x Zy, Wik = —fretj_1 k1 + Etji1 41,
J,k € Z+. The equation Dy = 0 has the general solution
x = R(r,s,w), where R is an arbitrary function of a finite order, while
r(t,q,p), s(t,q,p), w(t,qg,p,u) are the first integrals of the system

dt _mdg _ _dp _ _duik j,k € Zy (without summation!),

T p xq Wy
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In the above setting, the first integrals r, s are
@ r =Qqcoswt — % sinwt, S= gmwsinwt-+ pcoswt;

o w= /£, mu=+mx

The first integrals w; x are defined by the equations

) ) K ) .
Pl et + Uikt Uikt = 0, j,keZy, u= i

Simple but tedious calculations give:

0 j+k=0
@ Upo = Wpo, Woo = Uppo;
N j+k=1

@ Upy = Wp,1coswt+ wygsinwt;

] U17O = mw(W0,1 sinwt — W1,0 COSWT);
hence

@ Wp1 = Up1coswt+ miwuuo sinwt;

@ Wyg = Up1sinwt— %ULO coswt;
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@) j+k=2
@ Ugo = Wpo + Wy qcos2wt + Wa g sin 2wt;
@ Uy = mw(wyqsin2wt — Wp g cos 2wt);
® Upo = (Mw)?(Wop — W 1 cos 2wt — Wy g sin 2wt);

hence
® Wno— 1 1 .
02 = 3(Uo2 + Wuz,o),
1 1 1 : -
[~ W1,1 = §(U0,2 - WU&O) cos2wt+ mU‘]J sin 2(.L)t,
1 1 . 1 .
® Wa0 = 3((Uoz — o tzo) sin 2wt — 75U 1 cos 2ut;
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B)j+k=3

@ Up3 =
@ Up =

@ Uy =

Wp 3 coswt + Wy o sinwt + Wp 4 cos 3wt + W3 g sin 3wt
T (W g sinwt — Wy p coswt + 3Wa 1 sin Bwt — 3ws g cos 3wt);

(muw)?
3

(W073 coswt+Wwj o sinwt —3Wa 1 cos 3wt — 3wz g sin 3wt);

@ Uzp= (mw)3(wo,3 sinwt — Wy o coswt — Wa 1 sin 3wt + W3 g cos Swt);

hence
@ Wo3 =

@ Wip=
@ W1 =

@ W30 =

Up3 + (mw)2 Up 1) coswt + &(ULZ + (mw)z us 0) sinwt;

(U03 + (mw)2 Up 1) sinwt — %(ULQ + WU&O) coswt,;
(o, cos 3wt + JW(SM > — (1—)2u3 0) sin 3wt;

(Burp —

(mw2U21

|[= A= DWW MW

~— ~— — —

(U03 (mw)2 Uz 1 sin 3wt — m (m oy us 0) cos 3wt;

andsoon,forj+k=4,5,....
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Again, the statements from the previous example are true. Namely:
@ the Lie algebra Sym(L) ~ Ker Dy;
@ the linear space CL(L) ~ {x € KerD; | x. = x*};
0rn=r'=0, s.=5=0, (W)= (=1 (w,)"
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