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Notation

N = {1,2,3, . . . } ⊂ Z+ = {0,1,2, . . . } ⊂ Z = {0,±1,±2, . . . };
m = 1,m = {1, . . . ,m}, m ∈ N;
I = {i = (iµ) ∈ Zm

+ | iµ ∈ Z+, µ ∈ m};
|i| = i1 + · · ·+ im, i + (µ) = (i1, . . . , iµ + 1, . . . , im) for
i = (i1, . . . , im) ∈ I;
T = {t ∈ R} is the space of the time variable;
X = {x = (xµ) ∈ Rm | xµ ∈ R, µ ∈ m} is the space of the spatial
variables;
U = {u ∈ R} is the space of the dependent variable,
one may consider u = ϕ(t , x);
U = {u = (ui) ∈ RI | ui ∈ R, i ∈ I}, u = u0, is the space of the
differential variables,
one may consider ui = (∂x1)i1 . . . (∂xm)imϕ(t , x).
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The main functional algebras are:
Φ = C∞(T × X;R) is the algebra of all smooth real-valued
functions on the space T × X;
F = C∞(T × X × U;R) is the algebra of all smooth real-valued
functions on the space T × X × U;
A = C∞

fin(T × X × U;R) is the algebra of smooth real-valued
functions of finite orders on the space T × X × U.

Remark
Note, the number r ∈ Z+ is called the order of a function f (t , x,u) ∈ A,
ord f = r , if the partial derivative ∂ui f ̸= 0 for some index i ∈ I, |i| = r ,
while the partial derivatives ∂ui f = 0 for all indexes i ∈ I, |i| > r .
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The main linear operators are:
v : X → X, x = (xµ) 7→ v = vµ(x),
is a given vector field, governing the dynamics
of the model under study;
L = ∂t + ∂x ◦ v : Φ → Φ,
ϕ(t , x) 7→ Lϕ(t , x) = ∂tϕ(t , x) + ∂xµ(vµ(x)ϕ(t , x)),
is the Liouville operator;
d
dt = ∂t + v · ∂x : Φ → Φ,
ϕ(t , x) 7→ dϕ

dt (t , x) = ∂tϕ(t , x) + vµ∂xµϕ(t , x),
is the time derivation along the vector field v;
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L = d
dt + div v, where div v = ∂xµvµ(x) is the divergence of the

vector field v;
Dµ = ∂xµ + ui+(µ)∂ui : A → A, g 7→ Dµg = ∂xµg + ui+(µ)∂uig,
µ ∈ m, are the total partial spatial derivations,
[Dµ,Dν ] = 0, µ, ν ∈ m;

Di = (D1)
i1 ◦ . . . ◦(Dm)

im , i = (i1, . . . , im) ∈ I;
Dt = ∂t + fi ∂ui : A → A, g 7→ Dtg = ∂tg + fi ∂uig, is the total time
derivation, f = −Dµ

(
vµ(x)u

)
, fi = Dif, i ∈ I, [Dµ,Dt ] = 0, µ ∈ m;

Dt = Dt + f∗ = Dt + vµ(x)Dµ : A → A is the total time derivation
along the vector field v;
L = Dt − f∗ = Dt + Dµ ◦ vµ(x) : A → A is the total Liouville
operator, L = Dt + div v.
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The Liouville equation
The Liouville equation

Lϕ = ∂tϕ+ ∂xµ

(
vµ · ϕ

)
=

dϕ
dt

+ div v · ϕ = 0, (1)

where ϕ(t , x) ∈ Φ is a unknown function, v : X → X is a given vector
field.

Theorem
The general solution ϕ(t , x) ∈ Φ of the Liouville equation (1) is implicitly
defined by the equality

K (κ, s1, . . . , sm) = 0,

where K is an arbitrary function, while
κ(t , x, ϕ), s = (s1(t , x), . . . , sm(t , x)) are first integrals of the system of
the ordinary differential equations

dt
1

=
dx1

v1 = · · · = dxm

vm = − dϕ
div v · ϕ

.
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The situation simplifies when the vector field v is divergence free, the
general solution can be found in the explicit form. Indeed, if div v = 0
then the Liouville equation (1) takes the form

Lϕ =
dϕ
dt

= ∂tϕ+ vµ∂xµϕ = 0, (2)

and has the general solution ϕ = ρ(s), where ρ is an arbitrary function,
while s = (s1(t , x), . . . , sm(t , x)) are first integrals of the shorten system

dt
1

=
dx1

v1 = · · · = dxm

vm .
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Symmetries
The Lie algebra of symmetries (infinitisemes simmetries, in more
detail) of the Liouville equation (1) is defined as

Sym(L) =
{
ζ = evg

∣∣ g ∈ A, Lg = Dtg + Dµ

(
vµg

)
= 0

}
≃ KerL, (3)

the evolution derivation evg = Dig · ∂ui , the evolution Lie bracket[
evg , evh

]
= ev{g,h}, {g,h} = evg h − evh g, g,h ∈ A.

In more detail, the equation Lg = 0 is written as Lg − Wi · ∂uig = 0,
where

Lg = ∂tg + vµ · ∂xµg + div v · g,

Wi =
∑

j+k=i,j̸=0

(
i
k

)
∂x jvµ · uk+(µ) +

∑
j+k=i

(
i
k

)
∂x j div v · uk,

∂xj = (∂x1)j1 ◦ . . . ◦(∂xm)jm , j = (j1, . . . , jm) ∈ I.
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Proposition
The linear operator L = L − Wi · ∂ui : A → A is the
order-nonincreasing, i.e., ord(Lg) ≤ ordg for any g ∈ A.

Theorem
The equation Lg = 0 has the general solution g(t , x,u) ∈ A, implicitly
defined by the equality

K(s,w,κ) = 0,

where K is an arbitrary function of a finite order, while s(t , x), w(t , x ,u),
κ(t , x ,u,g), are the first integrals of the system

dt
1

=
dxµ

vµ
= −dui

Wi
= − dg

div v · g
, µ ∈ m, i ∈ I (without summation!),

here i = (iµ) ∈ I, u = (ui),w = (wi) ∈ RI.
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Remark
Note, the functions s(t , x) are solutions of the Liouville equation (2).

Again, the situation simplifies when the vector field v is divergence
free. Indeed, if div v = 0 the the equation Lg = 0 takes the form

Lg = ∂tg + vµ · ∂xµg −W ′
i · ∂uig = 0, W ′

i =
∑

j+k=i,j ̸=0

(
i
k

)
∂x jvµ · uk+(µ),

and has the general solution g = ρ(s,w), where ρ is an arbitrary
function of a finite order, while s(t , x), w(t , x ,u) are the first integrals of
the shorten system

dt
1

=
dxµ

vµ
= −dui

W ′
i
=

du0

0
, µ ∈ m, i ∈ I \ {0} (without summation!).
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Conservation laws

The linear space of conservation laws for the Liouville equation Lϕ = 0
is defined as the factor-space

CL(L) =
{
(ρ, J) ∈ A×Am ∣∣ Dtρ+Div J = 0

}/{
trivial currents},

=
{
ρ ∈ A

∣∣ Dtρ ∈ DivAm}/{
ρ ∈ Ker δu

}
=

{
ρ ∈ A

∣∣ δuDtρ = 0
}/{

δuρ = 0
}
, (4)

where Div J = DµJµ, J = (Jµ) ∈ Am, while the variational derivative

δu : A → A, ρ 7→ δuρ = (−D)i
(
∂uiρ

)
.
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Theorem
There is defined the isomorphism of the linear spaces

δu : CL(L) ≃
{
χ ∈ KerDt

∣∣ χ∗ = χ∗}, [ρ] 7→ χ = δuρ, (5)

where [ρ] = ρ+ Ker δu, χ ∈ A,
Dtχ =

(
∂t +vµ ·∂xµ −W ′

i ·∂ui

)
χ, W ′

i =
∑

j+k=i,j ̸=0
( i

k

)
∂x jvµ ·uk+(µ);

χ∗ : A → A, g 7→ χ∗g = ∂uiχ · Dig;
χ∗ : A → A, g 7→ χ∗g = (−D)i

(
g · ∂uiχ

)
.

Note, the linear operator Dt : A → A is the order-nonincreasing.
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Theorem
The equation Dtχ = 0 has the general solution χ = R(s,w), where R is
an arbitrary function of a finite order, while s(t , x), w(t , x ,u) are the first
integrals of the system

dt
1

=
dxµ

vµ
= −dui

W ′
i
=

du0

0
, µ ∈ m, i ∈ I \ {0} (without summation!),

here i = (iµ) ∈ I, u = (ui),w = (wi) ∈ RI.

Remark
Note, Dt = L|div v=0.
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Examples.

Example

x = (x1, x2) ∈ X = R2, x1 = q, x2 = p, H = p2

2m ,
v = (v1, v2), v1 = ∂x2H = p

m , v2 = −∂x1H = 0, div v = 0;

L =
d
dt

= ∂t +
p
m
∂q, L = Dt = L − Wj,k · ∂uj,k , Wj,k =

k
m

uj+1,k−1.

The equation Dtχ = 0 has the general solution χ = R(r , s,w), where
R(r , s,w) is an arbitrary function of a finite order, while r(t ,q,p),
s(t ,q,p), w(t ,q,p,u) are the first integrals of the system

dt
1

=
m dq

p
=

dp
0

= −
duj,k

Wj,k
, j , k ∈ Z+ (without summation!),

here i = (j , k) ∈ I = Z+ × Z+, u = (uj,k ), w = (wj,k ).
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Proposition
In the above settings, the first integrals r , s,w are:

r(t ,q,p) = q − τp, s(t ,q,p) = p τ = t
m ;

wj,k (t ,q,p,u) =
∑

0≤n≤k
(k

n

)
uj+n,k−nτ

n.

Corollary
The Lie algebra Sym(L) ≃ KerDt .

Corollary
The linear space CL(L) ≃

{
χ ∈ KerDt

∣∣ χ∗ = χ∗}. Note,

r∗ = r∗ = 0, s∗ = s∗ = 0, (wj,k )∗ = (−1)j+k (wj,k )
∗.

Remark
One may say that CL(L) ⊂ Sym(L).
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Example

x = (x1, x2) ∈ X = R2, x1 = q, x2 = p, H = p2

2m + κq2

2 .
∂x2H = p

m , ∂x1H = κq, v = ( p
m ,−κq), div v = 0.

L =
d
dt

= ∂t +
p
m
∂q − κq ∂p, L = Dt = L − Wj,k ∂uj,k ,

where i = (j , k) ∈ I = Z+ × Z+, Wj,k = −jκuj−1,k+1 +
k
m uj+1,k−1,

j , k ∈ Z+. The equation Dtχ = 0 has the general solution
χ = R(r , s,w), where R is an arbitrary function of a finite order, while
r(t ,q,p), s(t ,q,p), w(t ,q,p,u) are the first integrals of the system

dt
1

=
m dq

p
= − dp

κq
= −

duj,k

Wj,k
, j , k ∈ Z+ (without summation!),

i = (j , k) ∈ I = Z+ × Z+, u = (uj,k ), w = (wj,k ).
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In the above setting, the first integrals r , s are
r = q cosωt − p 1

mω sinωt , s = qmω sinωt + p cosωt ;
ω =

√ κ
m , mω =

√
mκ.

The first integrals wj,k are defined by the equations

−jκuj−1,k+1 + u̇j,k +
k
m

uj+1,k−1 = 0, j , k ∈ Z+, u̇ =
du(t)

dt
.

Simple but tedious calculations give:
(0) j + k = 0

u0,0 = w0,0, w0,0 = u0,0;
(1) j + k = 1

u0,1 = w0,1 cosωt + w1,0 sinωt ;
u1,0 = mω

(
w0,1 sinωt − w1,0 cosωt

)
;

hence
w0,1 = u0,1 cosωt + 1

mωu1,0 sinωt ;

w1,0 = u0,1 sinωt − 1
mωu1,0 cosωt ;
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(2) j + k = 2
u0,2 = w0,2 + w1,1 cos2ωt + w2,0 sin2ωt ;
u1,1 = mω

(
w1,1 sin2ωt − w2,0 cos2ωt

)
;

u2,0 = (mω)2(w0,2 − w1,1 cos2ωt − w2,0 sin2ωt
)
;

hence
w0,2 = 1

2

(
u0,2 +

1
(mω)2 u2,0

)
;

w1,1 = 1
2

(
u0,2 − 1

(mω)2 u2,0
)
cos2ωt + 1

mωu1,1 sin2ωt ;

w2,0 = 1
2

(
(u0,2 − 1

(mω)2 u2,0
)
sin2ωt − 1

mωu1,1 cos2ωt ;
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(3) j + k = 3
u0,3 = w0,3 cosωt + w1,2 sinωt + w2,1 cos3ωt + w3,0 sin3ωt ;
u1,2 = mω

3

(
w0,3 sinωt − w1,2 cosωt + 3w2,1 sin3ωt − 3w3,0 cos3ωt

)
;

u2,1 = (mω)2

3

(
w0,3 cosωt +w1,2 sinωt −3w2,1 cos3ωt −3w3,0 sin3ωt

)
;

u3,0 = (mω)3(w0,3 sinωt − w1,2 cosωt − w2,1 sin3ωt + w3,0 cos3ωt
)
;

hence
w0,3 = 3

4

(
u0,3 +

1
(mω)2 u2,1

)
cosωt + 3

4mω

(
u1,2 +

1
(mω)2 u3,0

)
sinωt ;

w1,2 = 3
4

(
u0,3 +

1
(mω)2 u2,1

)
sinωt − 3

4mω

(
u1,2 +

1
(mω)2 u3,0

)
cosωt ;

w2,1 = 1
4

(
u0,3 − 3

(mω)2 u2,1
)
cos3ωt + 1

4mω

(
3u1,2 − 1

(mω)2 u3,0
)
sin3ωt ;

w3,0 = 1
4

(
u0,3 − 3

(mω)2 u2,1
)
sin3ωt − 1

4mω

(
3u1,2 − 1

(mω)2 u3,0
)
cos3ωt ;

and so on, for j + k = 4,5, . . . .
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Again, the statements from the previous example are true. Namely:
the Lie algebra Sym(L) ≃ KerDt ;
the linear space CL(L) ≃

{
χ ∈ KerDt

∣∣ χ∗ = χ∗};
r∗ = r∗ = 0, s∗ = s∗ = 0, (wj,k )∗ = (−1)j+k (wj,k )

∗.
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