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Brief description of problem

Consider a dynamical system:

Ẏ (t) = A(Y (t)), t ∈ R; Y (0) = Y0.

Initial data Y0 ∈ E (phase space)

W (t) : Y0 → Y (t), t ∈ R.

Let µ0 be a Borel probability measure on E .

Def. µt , t ∈ R, is the distribution of Y (t), µt(B) = µ0(W−1(t)B), B ∈ B(E).

The objective is to prove the weak convergence of measures µt in the space E to
a limiting measure µ∞ as t →∞.

By definition, this means that
∫
E

f (Y )µt(dY )→
∫
E

f (Y )µ∞(dY ) as t →∞

for any continuous bounded functional f in E .
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The model

Hamiltonian: H(ϕ, π, u, v) = HF (ϕ, π) + HL(u, v) + HI (ϕ, u), where

HF (ϕ, π) :=
1
2

∫
Rd

(
|∇ϕ(x)|2 + |π(x)|2 + m2

0|ϕ(x)|2
)
dx ,

HL(u, v) =
∑
k∈Zd

( ∑
k′∈Zd

u(k) · V (k − k ′)u(k ′) + |v(k)|2
)
,

HI (ϕ, u) :=
∑
k∈Zd

∫
Rd

R(x − k) · u(k)ϕ(x) dx .

Here m0>0, ϕ(·) ∈ R, u(·), v(·)∈ Rn, R(·)∈ Rn, V (k) ∈ Rn×Rn, d , n ≥ 1.

The given system can be considered as the description of the motion of electrons
(so-called Bloch electrons) in the periodic medium which is generated by the ionic
cores, i.e., ϕ(x , t) describes the motion of electron field, u(k, t) is the (small)
displacements of the ionic cores from their equilibrium positions.
Understanding of this motion is one of the central problem of solid state physics.
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Cauchy problem

ϕ̇(x , t) = π(x , t), x ∈ Rd , t ∈ R,
π̇(x , t) = (∆−m2

0)ϕ(x , t)−
∑

k′∈Zd

u(k ′, t) · R(x − k ′),

u̇(k, t) = v(k, t), k ∈ Zd ,

v̇(k, t) = −
∑

k′∈Zd

V (k − k ′)u(k ′, t)−
∫
Rd

R(x ′ − k)ϕ(x ′, t) dx ′.

(1)

Initial Data:
{
ϕ(x , 0) = ϕ0(x), π(x , 0) = π0(x), x ∈ Rd ,
u(k, 0) = u0(k), v(k , 0) = v0(k), k ∈ Zd .

(2)

Def. Ṽ (θ) := Fk→θ[V (k)] =
∑

k∈Zd

e ik·θV (k), θ ∈ Td ≡ Rd/(2πZ)d (d-torus)

Conditions on the interaction matrix V ∈ Rn × Rn:

V1 ∃C , γ > 0 : ‖V (k)‖ ≤ Ce−γ|k|

V2 V T (−k) = V (k), k ∈ Zd

}
=⇒ Ṽ (θ) = Ṽ ∗(θ) is real-analytic

matrix-valued function θ ∈ Td

V3 Ṽ (θ) > 0 ∀ θ ∈ Td , i.e., ∃ ν0 > 0 : u · Ṽ (θ)u ≥ ν2
0 |u|2, u ∈ Cn.
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Notation: Y0 = (ϕ0, u0, π0, v0), Y (t) = (Y 0(t),Y 1(t)), where

Y 0(t) ≡ Y 0(·, t) := (ϕ(x , t), u(k , t)), Y 1(t) = Ẏ 0(t) = (π(x , t), v(k, t)).

In other words, Y (·, t), Y j(·, t) are functions defined on the disjoint union

Pd := Rd
⊔
Zd , for example, Y 0(t) ≡ Y 0(p, t) =

{
ϕ(x , t), p = x ∈ Rd ,
u(k , t), p = k ∈ Zd .

Then, the Cauchy problem (1)–(2) has a form

Ẏ (t) = A(Y (t)), t ∈ R; Y (0) = Y0. (3)

Here A(Y ) = J∇H(Y ), where J =

(
0 I
−I 0

)
, H(Y ) – Hamiltonian,

=⇒ A =

(
0 I
−H 0

)
, H =

(
−∆ + m2

0 S
S∗ V

)
, Vu :=

∑
k′∈Zd

V (k − k ′)u(k ′),

(Su)(x) =
∑

k∈Zd

R(x − k)u(k), (S∗ϕ)(k) =

∫
Rd

R(x − k)ϕ(x)dx ,

〈ϕ,Su〉L2(Rd ) = 〈S∗ϕ, u〉[`2(Zd )]n , ϕ ∈ L2(Rd), u ∈ [`2(Zd)]n.

Note that the dynamics of problem (3) is invariant w.r.t. shifts in Zd .
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Zak transform:
ϕ(x) (x ∈ Rd) → ϕ̃e(θ, y) (θ ∈ [0, 2π]d , y ∈ Td

1)

1) Split x ∈ Rd as x = k + y , k = [x ] ∈ Zd , y ∈ [0, 1]d , and apply the discrete
Fourier transform k → θ: ϕ̃(θ, y , t) =

∑
k∈Zd

e ik·θϕ(k + y , t)

2) Apply the Zak transform (or Bloch–Floquet–Zak transform):

Z : Y (·, t)→ Ỹe(θ, t) ≡ Ỹe(θ, y , t) = (ϕ̃e(θ, y , t), ũ(θ, t), π̃e(θ, y , t), ṽ(θ, t)),

ϕ̃e(θ, y , t) := e iy ·θϕ̃(θ, y , t) (periodic in y ∈Td
1 ≡ Rd/Zd and quasi-periodic in θ)

Then, the Cauchy problem (3) is reduced to the Bloch problem on the torus
(y ∈ Td

1) with the parameter θ (so-called Bloch momentum), θ ∈ [0, 2π]d :

˙̃
Y e(θ, t) = Ã(θ)(Ỹe(θ, t)), t ∈ R, Ỹe(θ, 0) = Ỹ0,e(θ),

where Ã(θ) =

(
0 1

−H̃(θ) 0

)
, H̃(θ) is a self-adjoint operator in L2(Td

1)⊗ Cn with

the discrete positive spectrum, since we assume that H̃(θ) > 0 for θ ∈ [0, 2π]d .
T.V. Dudnikova (KIAM) "Field–Crystal" System: Nonequilibrium States Vladimirov-100 6 / 20



H̃(θ) = ZHZ−1 =

(
(i∇y + θ)2 + m2

0 S̃(θ)

S̃∗(θ) Ṽ (θ)

)
, where Z is the Zak transform,

(S̃(θ)ũ) = R̃e(θ, y) · ũ(θ), (S̃∗(θ)ψ̃e(θ, ·)) =

∫
Td

1

R̃e(θ, y) ψ̃e(θ, y) dy .

Conditions on the coupling function R(·) ∈ Rn:

(R1) R ∈ C∞(Rd), |R(x)| ≤ R̄ exp(−γ|x |) with some γ > 0 and R̄ <∞.

(R2) (hyperbolicity of the problem) The operator H̃(θ) > 0 for θ ∈ [0, 2π]d .

This is equivalent to the uniform bound(
Ỹ 0
e , H̃(θ)Ỹ 0

e

)
≥ κ2

∥∥∥Ỹ 0
e

∥∥∥2

H1(Td
1)⊕Cn

for Ỹ 0
e ∈ H1(Td

1)⊕ Cn,

where a constant κ > 0, (·, ·) stands for the scalar product in H0(Td
1)⊕ Cn.

Condition (R2) holds for functions R satisfying condition (R1) with R̄γ−d � 1.
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Phase space

The weighted Sobolev spaces Hs
α(Rd): ‖ϕ‖s,α ≡ ‖〈x〉αΛsϕ‖L2(Rd ) <∞,

〈x〉 :=
√
|x |2 + 1, s, α ∈ R.

Here Λsϕ := F−1
ξ→x(〈ξ〉s ϕ̂(ξ)), ϕ̂(ξ) :=

∫
Rd

e i x·ξϕ(x) dx

`2α =

{
u(k) ∈ Rn : ‖u‖2α ≡

∑
k∈Zd

〈k〉2α|u(k)|2 <∞

}
, α ∈ R.

Y = (ϕ, u, π, v) ∈ E sα ≡ H1+s
α (Rd)⊕ `2α ⊕ Hs

α(Rd)⊕ `2α with finite norm
‖Y ‖2s,α = ‖ϕ‖21+s,α + ‖u‖2α + ‖π‖2s,α + ‖v‖2α <∞.

Def. Y0 = (ϕ0, u0, π0, v0) ∈ E ≡ E0
α with α < −d/2.

Lemma. For any Y0 ∈ E there exists a unique solution Y (t) = W (t)Y0 ∈ C (R, E)
to the Cauchy problem (3). Moreover, sup

|t|≤T
‖W (t)Y0‖0,α ≤ C (T )‖Y0‖0,α.

T.V. Dudnikova (KIAM) "Field–Crystal" System: Nonequilibrium States Vladimirov-100 8 / 20



Assume that the initial data Y0 = (Y 0
0 ,Y

1
0 ), Y 0

0 ≡ (ϕ0, u0), Y 1
0 ≡ (π0, v0) is a

random measurable function with values in E , µ0 denotes the distribution of Y0.

Conditions on the initial measure µ0:

1 E(Y0(p)) ≡
∫
E
Y0(p)µ0(dY0) = 0, p ∈ Pd := Rd ∪ Zd .

2 µ0 has a finite mean energy density,
E(|∇ϕ0(x)|2 + |ϕ0(x)|2 + |π0(x)|2 + |u0(k)|2 + |v0(k)|2) ≤ C <∞.

3 Q ij
0 (p, p′) := E(Y i

0(p)⊗ Y j
0(p′)) =

{
Q ij
−(p, p′) for p1, p

′
1 < −a,

Q ij
+(p, p′) for p1, p

′
1 > a,

a > 0,

where Q ij
±(p, p′), i , j = 0, 1, are the correlation functions of some translation

invariant w.r.t. shifts in Zd measures µ±, p = (p1, . . . , pd), p′ = (p′1, . . . , p
′
d)

In particular, Q ij
±(p + k , p′ + k) = Q ij

±(p, p′) ∀ k ∈ Zd .

4 µ0 satisfies a mixing condition. This means roughly that Y0(p) and Y0(p′)
are asymptotically independent as |p − p′| → ∞.
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Rosenblatt mixing condition

Let σ(A) := σ{Y0 ∈ E : suppY0 ⊂ A}, A ⊂ Pd .

The Rosenblatt mixing coefficient of a probability measure µ0 on E is

α(r) ≡ sup
A,B⊂Pd :ρ(A,B)≥r

sup
A∈σ(A),B∈σ(B)

|µ0(A ∩ B)− µ0(A)µ0(B)|.

Def. A measure µ0 satisfies the strong Rosenblatt mixing condition a if the mixing
coefficient α(r)→ 0 as r →∞.

aIbragimov I.A., Linnik Yu.V., Independent and Stationary Sequences of Random Variables.
Rosenblatt, M.A., A central limit theorem and a strong mixing condition (1956).
Bulinskii A.V., Limit theorems under weak dependence conditions. MSU Press (1989) [in Russian]
Bradley R.C., Basic properties of strong mixing conditions, Probability Surveys (2005)

Assume that µ0 satisfies the strong Rosenblatt mixing condition, and∫ +∞
0 rd−1αp(r) dr <∞ with p := min(δ/(2 + δ), 1/2).

∃ δ > 0 :
∫
|Y0(p)|2+δ µ0(Y0) ≤ C <∞.

T.V. Dudnikova (KIAM) "Field–Crystal" System: Nonequilibrium States Vladimirov-100 10 / 20



Main result

Def. µt is the Borel probability measure in E0
α given the distribution of the

random solution Y (t), µt(B) = µ0(W (−t)B), B ∈ B(E0
α), t ∈ R.

Theorem. (i) The measures µt weakly converge as t →∞ in the space E sβ for
any s < 0, β < α < −d/2.
The limiting measure µ∞ is a Gaussian measure concentrated in E0

α,

µ̂∞(Z ) ≡
∫

e i〈Y ,Z〉µ∞(dY ) = e−1/2〈Q∞Z ,Z〉, ∀Z ∈ [C∞0 (Rd)⊕ C0(Zd)]2.

(ii) The correlation matrices of µt converge to a limit,

Qt(p, p
′) ≡

∫ (
Y (p)⊗ Y (p′)

)
µt(dY )→ Q∞(p, p′), t →∞, p, p′ ∈ Pd .

(iii) The measure µ∞ is stationary in time, i.e., [W (t)]∗µ∞ = µ∞, t ∈ R.
The group W (t) satisfies a mixing condition w.r.t. µ∞, i.e., ∀f , g ∈ L2(E0

α, µ∞),∫
f (W (t)Y )g(Y )µ∞(dY )→

∫
f (Y )µ∞(dY )

∫
g(Y )µ∞(dY ), t →∞.
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The initial measures µ0 in E sα, s, α < −d/2

Let Y0 ∈ E sα and Y0(p) =

{
Y−(p) for p1 < −a
Y+(p) for p1 > a

∣∣∣∣ a > 0, p = (p1, . . . , pd),

where distributions of Y− and Y+ are independent Gaussian translation invariant
w.r.t. shifts in Zd measures µ±. Then the correlation matrix of µ0 is

Q0(p, p′) =

{
Q−(p, p′) for p1, p

′
1 < −a,

Q+(p, p′) for p1, p
′
1 > a,

where Q± – cor. matrices of µ±.

Theorem. The measures µt weakly converge to a limiting measure µ∞ as
t →∞ in the spaces E sα , s, α < −d/2.

Example. Let µ± = gβ± be Gibbs measures, corresponding to different positive
temperatures T− 6= T+. Formally, they are defined by the rule

gβ±(dY ) =
1
Z±

e−β±H(Y )
∏
p∈Pd

dY (p), β± = T−1
± , T± > 0,

where H(Y ) is the Hamiltonian of the system, Z± is normalization factor.
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Gibbs measures

Def. Es
α := Hs

α(Rd)⊕ `2α(Zd). Then E sα = Es+1
α ⊗ Es

α, s, α < −d/2.

For β > 0, the Gibbs measures gβ(dY ) are Borel probability measures of a form
gβ(dY ) = g0

β(dY 0)× g1
β(dY 1) in E sα = Es+1

α ⊗ Es
α, where g0

β(dY 0) and g1
β(dY 1)

are Gaussian Borel probability measures in Es+1
α and Es

α with characteristic
functionals of the form

ĝ0
β(Z ) =

∫
exp{i〈Y 0,Z 〉} g0

β(dY 0) = exp
{
− 1
2β
〈H−1Z ,Z 〉

}
ĝ1
β(Z ) =

∫
exp{i〈Y 1,Z 〉} g1

β(dY 1) = exp
{
− 1
2β
〈Z ,Z 〉

}
∀Z ∈ C∞0 (Rd)⊕ [C0(Zd)]n.

By the Minlos theorem, the measures g0
β and g1

β exist in Es+1
α and Es

α, resp., since∫
‖Y 0‖2s+1,α g

0
β(dY 0) <∞,

∫
‖Y 1‖2s,α g1

β(dY 1) <∞ for s, α < −d/2.

Hence, the measures gβ exist in E sα , s, α < −d/2.
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Y± – independent random functions in the probability spaces (E sα, gβ±),
gβ± – Gibbs measures, β± = T−1

± > 0, T± – temperatures.

µ0 ≡ g0 – the distribution of the random function Y0 of the form

Y0(p) =

{
Y+(p) for p1 > a
Y−(p) for p1 < −a

∣∣∣∣ p = (p1, . . . , pd), with some a > 0.

gt – distribution of the random solution W (t)Y0, t ∈ R.

Theorem. (i) gt ⇁ g∞ as t →∞ in E sα , s, α < −d/2.
(ii) g∞ is a Gaussian measure in E sα with the correlation matrix Q∞(p, p′):

Q∞(k + r , k ′ + r ′) = q∞(k − k ′, r , r ′) ≡ (qij∞(k − k ′, r , r ′))i,j=0,1, k ∈ Zd .

In the Zak transform, the correlation operators q̃ij∞(θ) = Op(q̃ij∞(θ, r , r ′)) are

q̃11
∞(θ) = H̃(θ)q̃00

∞(θ) = T+ I, T± :=
1
2

(T+ ± T−),

q̃01
∞(θ) = −q̃10

∞(θ) = T−
+∞∑
σ=1

i ω−1
σ (θ) sign(∂1ωσ(θ)) Πσ(θ),

ωσ(θ) – eigenvalues of
√
H̃(θ) , Πσ – corresponding projectors
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Theorem The limiting mean energy current density is

J∞ = −C (T+ − T−, 0, . . . , 0) with a constant C > 0,

C :=
1
2

∞∑
σ=1

1
(2π)d

∫
[0,2π]d

∣∣∣∂ωσ
∂θ1

(θ)
∣∣∣dθ, ωσ(θ) – eigenvalues of

√
H̃(θ).

i.e., the energy current flows from the "hot" to "cold" reservoir, that corresponds
to Second law of thermodynamics.

Thus, we prove that there are stationary non-equilibrium states (i.e., probability
limiting measures µ∞) in which there is a nonzero heat flux in our model.

Let for simplicity, the coupling function R ≡ 0. Then

1). For the Klein–Gordon field, we have ultraviolet divergence of the limiting mean
density of energy current: J∞ = −C (T+ − T−, 0, . . . , 0), C = +∞.

2). For the harmonic crystal, the limiting mean energy current density is

J∞ = −C (T+ − T−, 0, . . . , 0) with a constant C > 0.
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Harmonic crystal: "System + 2 heat reservoirs"

Y0(k) = ζ−(k1)Y−(k) + ζ+(k1)Y+(k)

µ± – distributions of Y±(k)

-

6ζ− 1

a k1
-

6
H
HH �

��
ζ+

-a k1
k1

k2, . . . , kd

q q q q q q q q q qq q q q q q q q q qq q q q q q q q q q
q q q q q q q q q qq q q q q q q q q q-a a

T− T+

“reservoir” “reservoir”“system”

-

6

Q0(k , k ′) =

{
q−(k − k ′), k1, k

′
1 < −a,

q+(k − k ′), k1, k
′
1 > a,

k = (k1, . . . , kd) ∈ Zd , a > 0,

where q±(k) – correlation matrices of translation invariant measures µ±.

Let µ± = gT± be Gibbs measures, corresp. to temperatures T± > 0.

Lemma The limiting mean energy current density is

J∞ = −C (T+ − T−, 0, . . . , 0) with a constant C > 0,

C =
1
2

n∑
σ=1

1
(2π)d

∫
Td

∣∣∣∂ωσ
∂θ1

(θ)
∣∣∣dθ, ωσ – eigenvalues of dispersion matrix

√
Ṽ (θ),

i.e., the energy current flows from the "hot" to "cold" reservoir.
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Harmonic crystal: "System + 4 heat reservoirs"

Y0(x) =
∑

i,j=1,2

ζi (k1)ζj(k2)Yij(k),

µij – distributions of Yij(k)

µ0 – distribution of Y0(k)

-

6ζ1 1

a
-

6
HHH ��

�
ζ2

-a

k1

k2

-a

a

-a
a

“reservoir” “reservoir”

“reservoir” “reservoir”

T12 T22

T11 T21

-

6

Let µij = gTij be Gibbs measures, corresp. to temperatures Tij > 0, i , j = 1, 2.
Then the limiting mean energy current density is

J∞ = −
(
c1

T21 + T22 − T11 − T12

4
, c2

T12 + T22 − T11 − T21

4
, 0, . . . , 0

)
,

cj =
n∑

σ=1

1
(2π)d

∫
Td

∣∣∣∂ωσ
∂θj

(θ)
∣∣∣dθ > 0, ωσ – eigenvalues of dispersion matrix

√
Ṽ (θ).
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Brief survey of previous results

Harmonic crystals:
Case d = 1 (infinite one-dimensional chain of harmonic oscillators).

Spohn, Lebowitz (1977) – for initial measures which have distinct
temperatures to the left and to the right
Boldrighini, Pellegrinotti, Triolo (1983) – for a more general class of initial
measures which satisfy a mixing condition
T.D. (2017) – infinite harmonic chain in the half-line
T.D. (2020) – non-homogenous chain consisting of two different semi-infinite
chains coupled to a “gluing” particle (one defect)

Case d ≥ 1.
Lanford, Lebowitz (1975) – for initial measures which are absolutely
continuous with respect to the canonical Gaussian measure
J.L. van Hemmen (1980) – ergodic properties of the harmonic crystal
T.D., A. Komech, H. Spohn (2003) –for translation-invariant initial measures
T.D., A. Komech, N. Mauser (2004) – for non translation-invariant measures
T.D. (2008) – for harmonic crystals in half-space with zero boundary
condition
T.D. (2019) – for a more general class of the initial measures
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Partial differential equations of hyperbolic type in Rd , d ≥ 1:

N. Ratanov (1984), E. Kopylova (1986) – for translation–invariant initial
measures
T.D., A. Komech, H. Spohn (2002); T.D., A. Komech (2005, 2006);
T.D. (2021) – for non translation invariant measures

Coupled systems:
Jakšić, Pillet (1998), Rey-Bellet, Thomas (2002) – ergodic properties of
one-dimensional chain of anharmonic oscillators coupled to heat baths
T.D., A. Komech (2006) – the Hamiltonian system consisting of the crystal
and the scalar Klein–Gordon field (translation invariant case)
T.D. (2010, 2016) – the Hamiltonian system consisting of a particle and the
vector field described by the KG or wave equations with variable coefficients
T.D. (2022) – the "field–crystal" system (non translation invariant case)

T.V. Dudnikova (KIAM) "Field–Crystal" System: Nonequilibrium States Vladimirov-100 19 / 20



Thank you for attention!
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